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Preface 

Recent years brought increasing interest in the dynamics of general systems such 
as groups, pseudogroups, relations and foliations. Starting from different points 
and working in different areas, many authors realized that several methods of 
the classical theory of dynamical systems and ergodic theory can be adopted to 
study of such general systems. In fact, this approach is very natural. The theory 
of classical (smooth) dynamical systems can be described as a geometric theory of 
ordinary differential equations and the theory of foliations as a geometric theory 
of partial differential equations. Several properties of foliations, also those of dy
namical nature, can be reflected by their holonomy pseudogroups. Also, any group 
G of transformations (in particular, a classical dynamical system generated by an 
invertible transformation) can be extended to a pseudogroup Q of local transfor
mations. In several situations, Q carries more information about the dynamics of 
the system than the group G itself. Moreover, in the compact world, several ob
jects (fundamental groups, holonomy pseudogroups, etc.) are generated by finite 
sets. Therefore, our groups and pseudogroups will be always finitely generated. 

"Dynamics" is a very extensive term. The number of methods used in dynam
ical systems and the ergodic theory is very large. In this book, we focus on some 
of them only. Roughly speaking, we concentrate on notions and results related 
to different ways of measuring growth of the systems under consideration. More 
precisely, Chapter 1 contains a brief review of pseudogroups, their morphisms, 
foliations and their holonomy. Chapter 2 is devoted to the study of growth types 
of different objects: groups, pseudogroups, Riemannian manifolds and foliations. 
In particular, we focus on the expansion growth of groups and pseudogroups, the 
notion related to the entropy which becomes a central topic in Chapter 3. After a 
brief review of the classical theory of topological and measure theoretic entropies 
of transformations (Section 3.1) we focus on the geometric entropy of foliations. 
A good part of Chapter 3 (as well as Section 4.6 of Chapter 4) is occupied by the 
proof of the following result: 

The entropy h(F) of a codimension-one foliation F of a compact manifold 
is positive if and only if F has some resilient leaves. Consequently, if h(F) = 0, 
then the Godbillon- Vey class gv(F) of F vanishes. 
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This result shows that there is a close link between the topology and dynamics 
of foliations. Its second part is based upon an unpublished result ([Dul], [Du2]) 
on vanishing Godbillon-Vey invariants of co dimension-one foliations. 

Geometric entropy generalizes topological entropy of maps. To generalize 
measure theoretic entropy is not so obvious: Several groups and pseudogroups of 
transformations admit no non-trivial invariant measures. In Chapter 4, we col
lect some results about the existence of invariant and quasi-invariant measures. 
In particular, we focus on harmonic (in the sense of [GarI]) measures on foli
ated Riemannian manifolds and Patterson-Sullivan quasi-invariant measures for 
Kleinian groups. Chapter 5 is devoted to Hausdorff dimension and related invari
ants while Chapter 6 contains some applications. For instance, using geometric 
entropy of foliations we show after Attie, Hurder [AH] and Zeghib [Ze] how to 
construct a complete Riemannian manifold of bounded geometry which cannot be 
quasi-isometric to a leaf of any compact foliated manifold (M, F) and we describe 
after Ghys [Gh3] the generic (with respect to any harmonic measure) topological 
type of a leaf of such an (M, F). 

The book is designed for mathematicians working with groups, foliations, 
dynamical systems and related fields as well as for graduate and postgraduate 
students interested in these topics. The reader is assumed to know enough general 
and algebraic topology, measure theory and manifolds. All the information needed 
to read the book is rather standard, should be contained in graduate courses and 
can be found in textbooks (like [En] or [Ke] for general topology, [GHa] for alge
braic topology, [Do] for measure theory and [Co] for manifolds). Some knowledge 
of Riemannian geometry (geodesics and geodesic flow, in particular), classical dy
namical systems and ergodic theory would be helpful. Our favourite sources of 
information in these areas are [Kl] and [GKM] for Riemannian geometry, [Pal 
for smooth dynamical systems, [Ma] and [Wa] for ergodic theory. Of course, the 
number of good books covering these areas is incredibly large and the reader can 
choose his favourites as well. Since our review of foliation theory in Chapter 1 is 
rather brief, the reader who is not familiar with foliations should consult other 
books: [CL], [HH] or [Go2], for example. 

Certainly, the bibliography here is not complete. It contains only the items 
(books and papers) which are mentioned in the body of this book. The complete 
(at the moment of pUblication) bibliography in the area of foliations is contained 
in [To] and consists of more than 2400 items. It seems that a complete bibliography 
in the area of dynamical systems would be even larger. This shows that making 
our bibliography complete is rather hopeless and - in the presence of existence 
of several databases available easily from the Internet - needless. 

Finally, I would like to express my thanks to everyone who had an influ
ence on this text. In particular, my best thanks are due to Etienne Ghys, Remi 
Langevin and Takashi Inaba who collaborated with me in the study of entropies 
and dimensions, to Lawrence Conlon and Takashi Tsuboi for long term invita
tions to the Washington University in St. Louis and to the University of Tokyo, to 
Steven Hurder, Shigenori Matsumoto, Paul Schweitzer, Fabiano Brito and many 
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others for several helpful discussions, to colleagues from the Department of Ge
ometry of the Faculty of Mathematics at the University of L6dz who participated 
in my seminar and listened to lectures based on some parts of this text. Special 
thanks are due to the referee for all the time he spent with the book, his careful 
reading and all the remarks which allowed this book to be more readable. I am 
also grateful to my wife Zofia and our children Maria, Blazej and Szymon for the 
everyday support and accepting the style of life of a mathematician's family. Szy
mon deserves also special thanks for his help in computer drawing. Last but not 
least, I would like to acknowledge my gratitude to the University of L6dz and to 
the Polish Committee of Scientific Research (KBN, grant # 1037/P03/96/1O) for 
financial support during preparation of the manuscript. 



Chapter 1 

Dynamical systems 

This is an introductory chapter providing a review of several dynamical systems 
considered throughout the subsequent chapters. These systems include general 
pseudogroups (Section 1.1), foliations and their holonomy pseudogroups (Section 
1.3), pseudogroups of some special sort (Section 1.4) as well as, due to the richness 
of dynamics provided by different aspects of hyperbolicity, hyperbolic spaces and 
groups in Gromov's sense (Section 1.5). 

1.1 Pseudogroups 

The notion of a pseudogroup generalizes that of a group of transformations. Given 
a space X, any group of transformations of X consists of maps defined globally on 
X, mapping X bijectively onto itself and such that the composition of any two of 
them as well as the inverse of any of them belongs to the group. The same holds 
for a pseudogroup with this difference, that the maps are not defined globally but 
on open subsets, so the domain of the composition is usually smaller than those 
of the maps being composed. 

To make the above precise, let us take a topological space X and denote by 
Homeo (X) the family of all homeomorphisms between open subsets of X. If g E 
Homeo (X), then Dg is its domain and Rg = g(Dg). 

Definition 1.1.1. A subfamily g of Homeo (X) is said to be a pseudogroup if it is 
closed under composition, inversion, restriction to open sub domains and unions. 
More precisely, g should satisfy the following conditions: 

(i) go hE g whenever g and h E g, 
(ii) g-l E g whenever g E g, 

(iii) glU E g whenever g E g and U C Dg is open, 

(iv) if g E Homeo (X), U is an open cover of Dg and glU E g for any U E U, then 
g E g. 
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Moreover, we shall always assume that 

(v) idx E 9 (or, equivalently, U{Dg; 9 E 9} = X). 

In particular, if il and 12 are homeomorphisms between open subsets of X 
and il = 12 on the intersection of the domains, then i = il U 12, the map defined 
on the union of the domains by i = ii on the domain of ii (i = 1,2), belongs to 
9 whenever it maps its domain homeomorphically onto its image. 

Hereafter, the members of pseudogroups are usually defined on the largest 
possible domains. Therefore, Dgoh = Dh n h- 1 (Dg), Dg-l = Rg and so on. 

Definition 1.1.2. If two pseudogroups 9 and 9 f C Romeo (X) satisfy the condition 
9 C 9 f , then 9 is a subpseudogroup of 9 f • 

For any set r c Romeo (X) satisfying 

(1.1.1) 

there exists a unique smallest pseudogroup 9(r) containing r: 9 E 9(r) if and only 
if 9 E Romeo (X) and for any x E Dg there exist maps gl, ... ,gn E r, exponents 
e1, ... ,en E {±1} and an open neighbourhood U of x, such that U C Dg and 

(1.1.2) 

Definition 1.1.3. 9(r) is said to be generated by r. 

Remark 1.1.4. The condition (1.1.1) implies (v). It could be omitted and then to 
generate a pseudogroup we should begin with replacing r by r f = r U {idx }. 

In this book, we shall deal first and foremost with finitely generated pseu
dogroups. 

Definition 1.1.5. A pseudogroup 9 is finitely generated if 9 = 9(r) for a finite set 
r. If r = {il, ... , in}, then we write 9(il,···, in) instead of 9(r). 

A generating set r is symmetric when idx E rand r-1 = {g-l; 9 E r} cr. 
For any r, r f = r U r- 1 U {idx } is symmetric and 9(rf) = 9(r). Therefore, any 
finitely generated pseudogroup admits a finite symmetric generating set. 

Remark 1.1.6. As far as we know, the notion of a pseudogroup appeared for the 
first time in the paper by Veblen and Whitehead [VW] in the context of geometric 
objects studied in differential geometry. The first formal definition was given by 
Golg,b [Gb] who defined it as a family of local homeomorphisms closed under 
composition and restriction to open sub domains and such that for each member 
of this family and for any point of its domain the inverse of its restriction to some 
neighbourhood of this point is in the pseudogroup. As was observed by Waliszewski 
[Wls], under this definition generating could be a problem: there exist sets of local 
homeomorphisms which are not contained in a smallest pseudogroup in this sense. 
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The definition given here appeared later and now seems to be quite natural and 
reasonable. Let us mention also that pseudogroups have been brought into the 
theory of foliations by Haefliger [Hael] (see also [Hae3]) whose role in developing 
of this theory cannot be overestimated. 

In an analogy with homomorphisms of groups we shall define now morphisms 
of arbitrary pseudogroups. Pseudogroups with these morphisms form a category. 

Let Q c Homeo (X) and 'H c Homeo (Y) be pseudogroups. 

Definition 1.1.7. A family <I> C Homeo (X, Y), Homeo (X, Y) being the set of all 
homeomorphisms ¢ : Dq, -+ Rq, between open sets Dq, C X and Rq, C Y, is a 
morphism of Q into 'H, <I> : Q -+ 'H, if the domains Dq" ¢ E <I> , cover X and 

¢ 0 9 0 1j; - 1 E 'H for all 9 E Q, ¢ and 1j; E <I>. 

<I> is an isomorphism if <I>-l := {¢-l;¢ E <I>} is a morphism of 'H into Q. In this 
case, 

and 
¢ogO'lj!-l E'H (¢ E <I>,'lj! E 111) ¢} 9 E Q. 

Note that if spaces X and Yare compact and pseudogroups Q C Homeo (X) 
and 'H C Homeo (Y) are isomorphic, then there exists a finite family <I>o establish
ing an isomorphism between Q and 'H. In fact, if <I> : Q -+ 'H is any isomorphism, 
¢l,' .. , ¢m+n E <I> , U7:1 Dq,i = X and U;:+':+l Rq,j = Y, then one could take 
<I>o = {¢l,' .. , ¢m+n}. Also, any isomorphism <I> : Q -+ 'H can be enlarged to the 
family <I> = {h 0 ¢ 0 g; 9 E Q, h E 'H and ¢ E <I>} which maps Q isomorphic ally onto 
'H again. <I> satisfies the condition 

9 E Q, h E 'H and ¢ E <I> =} h 0 ¢ 0 9 E <I> , 

so it becomes an isomorphism of pseudogroups in the sense of [Hae2]. 

1.2 First examples 

Homeo (X) and Q(idx ) are, respectively, the largest and the smallest pseudogroup 
on a space X. 

If X is a CT-differentiable manifold (r = 1,2, ... ,oo,w) and s::; r, then 
Diffs (X), the family of all CS -diffeomorphisms between open subsets of X, is a 
pseudogroup. If X is orientable, then the family Diff+(X) of all orientation pre
serving diffeomorphisms is a subpseudogroup of DiffS(X). 

If X is equipped with a G-structure (G C GI(n,lR), n = dimX), then 
the family Diffc(X) of CS-diffeomorphisms preserving this G-structure is a pseu
dogroup on X. In particular, if (X,g) is a Riemannian manifold (G =0 (n)), then 
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one can consider the pseudogroup Iso (X) of isometries between open subsets of 
X: f E Iso(X) iff f E Diff1(X) and j*g = g. 

Also, if (X, d) is an arbitrary metric space, then all the local isometries of 
X generate a pseudogroup Iso (X) on X. Note that (because of condition (iii) 
in Definition 1.1.1) an element f of Iso (X) does not need to map D j onto Rj 
isometrically: f E Iso (X) iff any point x E D j admits a neighbourhood U such 
that flU: U -? f(U) is an isometry. Moreover, all the locally Lipschitz maps f E 

Homeo (X) form a pseudogroup Lip (X): f E Lip (X) iff for any point x of D j 

there exists a neighbourhood U of x and a constant c ;::: 1 such that 

1 
- . d(f(y), f(z)) ~ d(y, z) ~ c· d(f(y), f(z)) 
c 

(1.2.1) 

for all y and z E U. As before, the maps of Lip (X) do not need to be globally 
Lipschitz: inequality (1.2.1) does not need to hold for all y and z of D j . Clearly, 
Iso (X) is a subpseudogroup of Lip (X). 

If 'V is a connection on a manifold X, then Aff (X), the family of all the 
diffeomorphisms f E Diff1(X) preserving 'V is a pseudogroup. If S1 is a volume 
form on X, then all the diffeomorphisms f E DiffS(X) (8 ;::: 1) preserving S1, 
j*S1 = S1, form a subpseudogroup of DiffS(X). Also, if Jl is a Borel measure on 
an arbitrary topological space X, then all the maps f E Homeo (X) preserving Jl 
(i.e., such that Jl(f(Z)) = Jl(Z) for any Borel set Z C Dj) form a pseudogroup. 

In general, the pseudogroups mentioned above are not finitely generated. 
Obviously, any group r acting continuously on X generates a pseudogroup 9(r). 
If r is finitely generated, then 9(r) is finitely generated as well. Conversely, if 9(r) 
is finitely generated and the action of r on X is locally free in the sense that any 
two elements 1'1 and 1'2 of r coincide whenever 'I'll U = 1'21 U for some non-empty 
open subset U of X, then r itself is finitely generated. 

Also, arbitrary (global) homeomorphisms h, ... , fn of a topological space 
X generate a pseudogroup. Moreover, if fi : X -? X are local homeomorphisms 
(in the sense that for any i ~ n and any x E X there is a neighbourhood U of 
x for which flU E Homeo(X)), then all the restrictions filU which belong to 
Homeo (X) generate a pseudogroup which will be denoted by Q(h, ... , fn). If X 
is compact, then this pseudogroup is finitely generated. 

Also, if Q is a pseudogroup on X and Y C X is Q-invariant (i.e., g(x) E Y 
for all g E Q and x E Dg n Y), then the maps glY n Dg, g E Q, generate a 
pseudogroup denoted by QlY. Clearly, if Q = Q(gl,'" ,gn) is finitely generated, 
then QIY = Q(glIY, ... ,gnIY) is also finitely generated. This construction could 
be done for any (possibly non-invariant) subspace Y of X: QIY would become 
generated by all the maps of the form glY n g-l(y), g E Q. 

Note that the closure of an Q-invariant set is also Q-invariant. In particular, 
the closure of a Q-orbit Q(x), 

Q(x) = {g(x); g E Q and x E Dg}, (1.2.2) 
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is {I-invariant. Closed invariant sets are partially ordered by inclusion. If X is 
compact, then ordered families of non-empty closed invariant sets admit minimal 
elements: if C is such a family, then nC is closed, non-empty, {I-invariant and 
contained in all the members of C. Therefore, by Zorn's Lemma, any non-empty 
closed invariant set contains minimal (with respect to the inclusion) non-empty 
closed invariant sets which are called just minimal here. If {I has all the orbits 
dense in X, X is the only closed {I-invariant set and {I is also called minimal. 
Obviously, any closed orbit is minimal. 

Definition 1.2.1. Minimal sets different from X and single orbits are called excep
tional. 

The problem of existence of exceptional minimal sets for dynamical systems 
has been attracting interest for a long time. Probably, the first example of such a 
set is contained in [De]. We will describe it briefly below but first we shall explain 
why such sets are "rare" if the systems are "nice". 

For this purpose, let us recall that given any homeomorphism f of the circle 
S1 the rotation number p(f) E lRjZ is defined by the formula 

1 -
p(f) = lim -Ir(t) - tl + Z 

n--+oc n 
(1.2.3) 

where t E lR and J : lR ----* lR is a lift of f. It is well defined since if j is another lift 
of f, then the limits in (1.2.3) obtained from J and j differ by an integer. There
fore, one can speak without confusion about circle homeomorphisms with rational 
(or, irrational) rotation number. It is not hard to see that homeomorphisms with 
p(f) E Q have periodic orbits. If f is a C2-diffeomorphism of S1, then - by the 
classical Denjoy Theorem ([De], see also [CaCl], [Gol], [Tam] etc.) - f is topo
logically conjugate to the rotation R 27rp(J). Therefore pseudogroups generated by 
C2-diffeomorphisms f : S1 ----* S1 (i.e., pseudogroups of the form {I(f) with f as 
above) admit no exceptional minimal sets. The situation is quite different when f 
is only of the class C1 . 

Example 1.2.2. Let I = [0,1] and 0: be an irrational number. Choose any decreasing 
sequence (ln, n E N) of positive numbers In such that In+dln ----* 1 when n ----* 00 

and l = 2.:nEN In < 00. For each n E Z let an = {no:} be the fractional part of no:, 
i.e., 0 < an < 1 and no: - an E Z. For any mEN let Jm be the segment obtained 
from I by cutting it at the points an and gluing in there segments In oflength llnl' 
Inl :s:; m. Obviously, the length of Jm equals 1 + 2h + ... + 2lm , the segments Jm 

converge with m ----* 00 to a segment J of length 1 + 2l and I can be considered as 
a compact subset of J. Next, choose differentiable functions fn mapping In onto 
In+1 in such a way that f~(t) = 1 in some neighbourhoods of the end points of 

In and f~(t) lies between [i:' - ~ and [i: ' + ~ (Figure 1.1), and define f by the 
formulae 

f(t) = { 
{t+o:} when t E I, 

fn(t) when t E I n· 
(1.2.4) 
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Figure 1.1: Graph of fn. 

It is easy to see that f generates a homeomorphism, denoted by f again, of the 
circle obtained by identification of the end points of J. f is differentiable, l' is 
positive and continuous. Therefore, f is a C1-diffeomorphism of the circle. The 
set I is f-invariant, closed and minimal. In fact, the orbit {r(x), n E Z} of any 
point x E J accumulates on I. Of course, I =I- J and I consists of infinitely many 
orbits. Hence, I is exceptional. Moreover, f admits no periodic or dense orbits. 
(The reader not convinced by this rough description of f and its properties is 
referred to [eL], pp. 55-59, where all the details are given.) 

1.3 Foliations, laminations and holonomy 

The simplest example of a foliation is provided by a single submersion F : M ----+ N, 
M and N being manifolds. Such a foliation consists of the connected components 
of the fibres f-1(x), x E N, which are (n-q)-dimensional (n = dimM, q = dimN) 
sub manifolds of M. 

General foliations are defined by submersions locally. Their fibres should 
fit nicely when they intersect to produce differentiable submanifolds, leaves of a 
foliation. This property can be expressed by the existence of local homeomorphisms 
of the base space which should connect one of such submersions to another. That 
is, if the domains of two such submersions f and g overlap, then any point of 
the intersection of these domains admits a neighbourhood on which f = ¢ 0 g for 
some local homeomorphism ¢ of the base space. All the maps ¢ like that form a 
pseudogroup called the holonomy pseudogroup of the foliation. In the case of a 
foliation defined by a single submersion its holonomy is trivial, generated just by 
the identity. 
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The property discussed above can be also expressed in terms of good (called 
distinguished) charts on the foliated manifold. To make the above rough descrip
tion precise we shall formulate a series of definitions. 

So, let M be an n-dimensional manifold, possibly with non-empty boundary 
aM. (All the manifolds here are supposed to be Hausdorff, paracompact and 
smooth, i.e., Coo -differentiable.) 

Definition 1.3.1. A p-dimensional cr -foliation F (r = 0, 1, ... , 00) on M is a 
decomposition of M into connected submanifolds (called leaves) such that for any 
x E M there exists a cr -differentiable chart c/J = (c/J', c/J/I) : U ---7 IRn = IRP x IRq 
defined on a neighbourhood U of x and satisfying the condition 

(i) for any L of F the connected components (called plaques) of L n U are given 
by the equation c/J/I = const. 

Charts satisfying (i) are said to be distinguished by :F. An atlas built of distin
guished charts is said to be foliated. The number q = co dim F = n - p is the 
codimension of F. 

The manifold topology of leaves is in general stronger than these induced 
from M. Leaves for which these topologies coincide are said to be proper. Certainly, 
compact leaves are proper. Simple examples show that non-compact proper leaves 
may exist. In terms of distinguished charts U this property can be expressed as 
follows: A leaf L is proper if and only if any plaque P e U n L has an open 
neighbourhood V e U such that V n L = P. 

If the boundary aM of M is non-empty, then any point x E aM should be 
contained in the domain of a distinguished chart c/J : U ---7 IRn which maps (1) U 
either into IRP x IR~ or into IR~ x IRq (where IR~ = {Ul,"" Uk); Uk ~ O}) and (2) 
Un aM either into IRP x IR6 or into IRb x IRq (where IR~ = {( Ul, ... ,Uk); Uk = O}). 
The plaques containing x coincide either with c/J-l (IRP x {uo}) or with c/J-l (IR~ x 
{v}), where Uo E IR6 and v E IRq. Therefore, the boundary aM decomposes as 
aT M u am M, where aT M is a union of some leaves while F is transverse to 
aM at any point x E am M. aT M is called the tangential boundary while amM 
the transverse boundary of (M, F) (Figure 1.2). Clearly, both aT M and am Mare 
unions of connected components of aM. (The situation can be different if we allow 
M to have some "corners" (see [CaC1].)) 

If A is an atlas on M such that 

(ii) for any c/J and 'lj; E A the map c/J 0 'lj;-l : V ---7 IRP x IRq (V e IRP x IRq) is of the 
form 

c/JO'lj;-l(X,y) = (a(x,y),I'(Y)), (1.3.1) 

where x E IRP and y E IRq, 

then there exists a unique foliation F on M such that all the charts of A are 
distinguished by :F. Any foliated atlas is contained in a maximal (with respect 
to the relation "e") one. Such a maximal foliated atlas A determines a unique 
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Figure 1.2: Tangential and transverse boundaries . 

. Cfl3 L 

Figure 1.3: A chain of plaques. 

foliation F: the leaves of F are unions of plaques of charts of A. Two plaques 
P and pI belong to the same leaf L whenever they can be connected by a chain 
Po, PI, ... ,Pk of plaques in such a way that P = Po, pI = Pk and Pi n PH I =I- 0 
for i = 0,1, ... , k - 1 (Figure 1.3). 

If F is a Cr - foliation on M and r 2: 1, then the set E = T F of all the 
vectors v E TM tangent to the leaves of F becomes a Cr-I-subbundle of TM. 
This subbundle is involutive in the following sense: If X(E) denotes the family of 
all the E-valued vector fields on M, then 

x, Y E X(E) =? [X, Yj E X(E), (1.3.2) 

where [.,.j is the Lie bracket on M. The classical Frobenius Theorem (see, for 
instance, [St], Section 111.5) says that for any involutive Cr -subbundle E of a man
ifold M there exists a C r - foliation F for which E = T F. Since any I-dimensional 
bundle is involutive, it determines a foliation. In particular, any nowhere vanishing 
vector field X on M determines a foliation with leaves being orbits of its flow. 
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Similarly, if O(M) = EBk=oOk(M) is the graded algebra of differential forms, 
d: O(M) --+ O(M) is the exterior differentiation and .:T c O(M) is an ideal such 
that 

d.:T c .:T (1.3.3) 

and 
ker.:T(x) = {v E TxM;w(v) = ° for all w E .:T I } (1.3.4) 

has the same dimension, say q, for all x E M, then the subbundle ker.:T of TM 
is involutive and determines a foliation :F of codimension q. In particular, the 
equation 

w=o, 

where w is a nowhere-vanishing I-form satisfying 

dw='fl/\w 

(1.3.5) 

(1.3.6) 

for some I-form 'fl, defines a foliation of codimension 1. This happens, for instance, 
when w is closed (dw = 0). 

Definition 1.3.2. A foliated atlas A is said to be nice (also, nice is the covering of 
M by the domains Dq, of the charts ¢ E A) if 

(iii) the covering {Dq,; ¢ E A} is locally finite, 

(iv) for any ¢ E A, Rq, = ¢(Dq,) c lR.n is an open cube, 

(v) if ¢ and 'lj; E A, and Dq, n D1jJ =I- 0, then there exists a chart X distinguished 
by:F and such that Rx is an open cube, Dx contains the closure of Dq, U D1jJ 
and ¢ = xIDq,. 

Since manifolds are supposed to be paracompact here, they are separable 
and hence nice coverings are denumerable. Nice coverings on compact manifolds 
are finite. 

Lemma 1.3.3. For any foliation :F on any manifold M, nice coverings of M exist. 

Proof. Let A be a foliated atlas on M such that Rq, is a cube for any ¢ E A. 
Denote by U the open covering of M by the domains of all the charts of A. Since 
M is paracompact, we can find a locally finite open covering V of M subordinated 
to U and such that for any V E V there exists U E U for which 

St (V, V) = U{W E V; W n V =I- 0} c U. (1.3.7) 

For any V E V, choose U E U satisfying (1.3.7) and let ¢' = ¢IV, where ¢ is a 
chart of A defined on U. Denote by A' the foliated atlas built of all the charts ¢' 
obtained in this way. Now, for any ¢' E A' find a locally finite covering of Rq,' by 
open cubes Q contained in Rq,' together with the closures, and construct a new 
atlas A" consisting of all the restrictions of the charts ¢' E A'to the sets of the 
form ¢/-I(Q). A" and the covering U" = {Dq,II; ¢" E A"} are nice. 0 
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Now, fix a nice covering U of a foliated manifold (M,F). For any U E U, 
let Tu be the space of the plaques of F contained in U. Equip Tu = U j(FIU) 
with the quotient topology: two points of U are equivalent iff they belong to the 
same plaque. T u is homeomorphic (CT -diffeomorphic when F is CT -differentiable 
and r 2: 1) to an open cube Q c IRq (q = co dim F) via the map ¢", where 
¢ = (¢', ¢") : U --+ IRP x IRq is a distinguished chart on U. 

Definition 1.3.4. The disjoint union 

T = U{Tu;U E U} (1.3.8) 

is called a complete transversal for F. 

Transversality refers to the fact that, if F is differentiable, each of the spaces 
Tu can be mapped homeomorphic ally onto a CT -submanifold T& C U transverse 
to U: if x E T& and L is the leaf of F passing through x, then 

(1.3.9) 

Completeness of T means that every leaf of F intersects at least one of the sub
manifolds T&. 

Definition 1.3.5. Given two sets U and V E U such that U n V =f. 0 the holonomy 
map hvu : Dvu --+ Tv, Dvu being the open subset ofTu which consists of all the 
plaques P of U for which P n V =f. 0, is defined in the following way: 

hvu(P) = p' {=} the plaques P C U and p' c V intersect. (1.3.10) 

From (v), it follows that the map hvu is well defined on an open subset Dvu 
of Tu. In fact, any plaque of U intersects at most one plaque of V. From (1.3.1), 
it follows that hvu maps Dvu homeomorphic ally (CT-diffeomorphically when F 
is CT-differentiable and r 2: 1) onto an open subset Duv of Tv. Clearly, 

huv = hv~ and hwu = hwv 0 hvu (1.3.11) 

whenever all the holonomy maps involved are defined. All the maps huv (U, V E 

U) generate a pseudogroup H on T. H is called the holonomy pseudogroup of 
F. The following result is essentially due to Haefliger (see [Hae2] or [Hae3], for 
instance). 

Proposition 1.3.6. The holonomy pseudogroups Hand H' corresponding to two 
nice coverings U and U' of a foliated manifold (M, F) are isomorphic. 

Proof. First, assume that U' is subordinated to U. Then, the covering U" = UUU' 
is nice. Let <I> be the family of all the maps of the form 

h 0 h'(;u' 0 h', (1.3.12) 
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where h E H, h' E H', U E U, U' E U', U' C U and h'(;ul E H", the holonomy 
pseudogroup H" corresponding to U". Since each set U' of U' is contained in some 
U of U, T = UTu meets all the leaves and for any two points x and yET of the 
same leaf L there exists a holonomy map h E H mapping x to y, the domains 
(resp., ranges) of all the maps of <I> cover T' = U T&, (resp., T) and, therefore, <I> 

becomes a pseudogroup isomorphism: <I> : H' -+ H. 
Now, for any U and U' one can find a nice covering U" subordinated to both 

coverings. The holonomy pseudogroup H" corresponding to U" is isomorphic to 
both holonomy pseudogroups, Hand H'. 0 

Remark 1.3.7. In a similar way, the holonomy of F can be defined on any sub
manifold T of M (dim T = co dim F) transverse to F and intersecting all the 
leaves. T like that is also said to be a complete transversal for F. The holonomy 
pseudogroup on T is again isomorphic to those arising from nice coverings. 

For any leaf L of F and any point x E L n U, (U, ¢) being a distinguished 
chart of a nice covering U, one can consider the germs [h]x at ¢(x) of holonomy 
maps h of the form 

where Uo = Uk = U. If , : [0,1] -+ L is a leaf curve covered by plaques 
Po, PI"'" Pk, Pi CUi, in such a way that ,([ti , tH1]) C Pi for some ti's such that 
o = to < t1 < ... < tk = 1, then the map h defined above is called a holonomy 
along, and is denoted sometimes by h"{" This notation can be accepted because 
of the following. 

If two chains Un, U1 , ... , Uk and U6, U{, ... , U{ cover homotopic leaf curves 
",' : [0,1] -+ L, ,(0) = ,'(0) = x and ,(I) = ,'(I) = y, (in particular, the same 
curve ,), then the corresponding germs [h]x and [h']x are equal. Therefore, we 
have a properly defined holonomy homomorphism 

where h is any holonomy map corresponding to a chain of charts covering f. Then, 
H L = im <I> L is called the holonomy group of L. 

Holonomy groups of L corresponding to different points x, different charts U 
and different nice coverings U are isomorphic. They describe the behaviour of F 
in a neighbourhood of L while the whole holonomy pseudogroup H reflects some 
global properties of the foliation. 

To explain better the notion of holonomy it seems to be good to begin with 
the construction of the suspension of a single map. 

Let f be a diffeomorphism of a compact manifold T. Consider M = T x ~ 
and identify two points (x, t) and (x', t') of M whenever there exists n E Z such 
that t' - t = n and x' = fn(x). This identification is an equivalence relation and 
one can consider the quotient space M. M is a manifold which has a natural 
structure of a fibre bundle over 8 1 (with the typical fibre T). The vector field djdt 
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projects to M. Trajectories of this projection constitute a I-dimensional foliation 
transverse to the fibres of M. Any fibre T of this bundle can serve as a complete 
transversal of our foliation. The holonomy pseudogroup on T is isomorphic to 
g(J), the pseudogroup generated by the map f. The foliation obtained in this way 
is called the suspension of f (or, of the group Z generated by f and acting on M). 

The following example shows how to generalize the suspension construction 
to arbitrary (finitely presented) groups. 

Example 1.3.8. Let r be a finitely generated group isomorphic to the fundamental 
group 1f1 (B) of a compact manifold B. (Recall that any finitely presented group is 
isomorphic to the fundamental group of a certain compact manifold.) Take another 
manifold F and a homomorphism h of r into the group of C" -diffeomorphisms of 
F. r acts on the universal covering B via the covering maps and on B x F in the 
following way: 

,,(x, z) = (')'(x) , h(')')(z)) (x E B, Z EM). (1.3.13) 

The foliation :i = {B x {z}; Z E F} projects (via the canonical projection) onto a 
C" -foliation F of M = (B x F) Ir. The holonomy pseudogroup H of F is isomorphic 
to g (r 0), where r 0 = im (h). Therefore, any pseudogroup of the form g (r), r being 
a finitely presented group of diffeomorphisms of some manifold, is isomorphic to 
the holonomy pseudogroup of a foliation. 

This foliation F is called the suspension of the homomorphism h. It is easy 
to see that the manifold M is a fibre bundle over Band F coincides with its fibre. 
Finally, F is transverse to the fibres of this bundle and dim F = dim B. This is 
why (M, F) is said to be a foliated bundle. Note that any compact foliated bundle 
(Le., a fibre bundle with a foliation transverse to the fibres and of dimension equal 
to the dimension of the base) can be obtained as a suspension of a homomorphism 
h as above. 

Now, let f : N ----+ M be a differentiable map transverse to a C 1-foliation F 
of M. This means that 

(1.3.14) 

where TyF is the fibre of TF over y (i.e., TyF = TyLy, Ly being the leaf of F 
through y). For any Z E f(N), f-1(L z ) is a submanifold of N. The connected 
components of all such sub manifolds provide a foliation 1* F of N, co dim 1* F = 
co dim F. The foliation 1* F is called the pullback of F via f. In particular, if 
(M, F) has non-empty transverse boundary, then the inclusion map am M '----' M 
is transverse to F and F induces the foliation F m of am M. 

Proposition 1.3.9. If f(N) intersects all the leaves, then the holonomy pseudogroup 
H' of F' = 1* F is isomorphic to a subpseudogroup of H, the holonomy pseu
dogroup of F. 

Proof. Let T' eN be a complete transversal for F', T = f(T'). T is a complete 
transversal for F and 1 = fiT' : T' ----+ T is a local diffeomorphism. In fact, if 
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x E N, then 
TxN = TxF' E9 TxT' and f*(TxF') C Tf(x)F. (1.3.15) 

From (1.3.14) and (1.3.15) we get 

Tf(x)M = i*(TxT') + Tf(x)F. (1.3.16) 

Therefore, dimi*(TxT') 2 codimF. On the other hand, dimi*(TxT') :S dim TxT' 
= codimF. Consequently, dimi*(TxT') = dimTxT' and the differentiali* turns 
out to be an isomorphism of tangent spaces. 

Let <I> be the family of all the restrictions ilW, where WeT' is any open set 
which is mapped by i diffeomorphically onto i(W). <I> generates an isomorphism 
of H', the holonomy pseudogroup of F' acting on T', onto the subpseudogroup of 
H, the holonomy pseudogroup of F acting on T, generated by all the maps of the 
form (fIW') 0 h' 0 (fIW)-l, where h' E H', W and W' are sufficiently small open 
subsets of T'. D 

Holonomy pseudogroups can be defined in the same way for laminations 
(called foliated spaces in [CaCl]). Laminations are "generalized foliations". The 
simplest example is that of a "bunch of leaves" £ (of a regular foliation F) with 
the compact union X = U£. The holonomy pseudogroup of such a lamination is 
isomorphic to the restriction of the holonomy pseudogroup of F to the intersec
tion of a complete transversal T (for F) with X. The generalization consists in 
replacing a transverse manifold T by a "transverse topological space". In other 
words, foliations are built of plaques parametrized by points of a manifold, while 
laminations consist of plaques parametrized by points of a topological space. More 
precisely, we have the following. 

Definition 1.3.10. A ~dimensional lamination £ is a separable locally compact 
space X equipped with an open covering U and homeomorphisms (charts distin
guished by £) ¢ : U -+ Du x Tu (U E U), where Du is an open subset of ]R.P 

and Tu is a topological space (a transversaQ. For any other distinguished chart 
'Ij; : V -+ Dv x Tv, the transition map ¢ 0 'Ij;-l is of the form (1.3.1) with x E Dv 
and y E Tv. As for foliations, the sets ¢-l(Du x {y}), y E Tu , are called plaques 
and the plaques glue together to form maximal connected sets (leaves of £) LeX. 
Usually, some smoothness conditions are required. We assume that the maps Q: in 
(1.3.1) are cr -differentiable in the first variable and that all their partial deriva
tives with respect to the first variable are continuous in all the variables. 

As for foliations, if U is a nice covering of X (i.e. a covering by distinguished 
charts such that any plaque of one chart intersects at most one plaque of another), 
we can define the holonomy maps hvu by (1.3.10) and generate a pseudogroup H 
(the holonomy pseudogroup of £) acting on the space T = UTu. 

Example 1.3.11. If F is a foliation of a manifold M and X is a closed saturated 
subset of M (i.e., X is the union of a family of leaves of F), then the leaves 
contained in X form a lamination of X. If A is a foliated atlas on (M,F), then 
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the maps <PIX n Dq" <P E A, become charts distinguished by £. If T is a com
plete transversal for F, then T n X becomes a complete transversal for £ and 
the holonomy pseudogroup of £ coincides with HIT n X, H being the holonomy 
pseudogroup of F on T. Other examples of laminations can be found in [Cal] and 
[Su6]. 

We shall complete this section with several definitions. 

Definition 1.3.12. A subset A of M is said to be F-saturated when any leaf of a 
foliation F which intersects A is entirely contained in A. The union A of all the 
leaves intersecting an arbitrary set A c M is obviously saturated. A is called the 
saturation of A. 

Therefore A is saturated if and only if A = A. 

Definition 1.3.13. A non-empty closed saturated set is said to be minimal whenever 
it contains no proper subsets that are non-empty, closed and saturated. 

Obviously, single closed leaves are always minimal. If all the leaves of Fare 
dense, then M itself is minimal and we call the foliation F minimal too. Similarly 
to Definition 1.2.1 we have 

Definition 1.3.14. Minimal subsets of (M, F) different from M and single leaves 
are called exceptional. 

As we shall see later (Chapters 3 and 4), existence of exceptional minimal 
sets implies complexity of geometry, topology and dynamics of foliations. 

It is clear that the terminology above is parallel to that for pseudogroups. 
For instance, a set A is saturated whenever its intersection with T, a complete 
transversal, is invariant under the action of the holonomy pseudogroup; A is min
imal whenever AnT is closed, holonomy invariant and contains no proper subsets 
enjoying these properties; A is exceptional whenever AnT is exceptional (in the 
sense of Definition 1.2.1) for H, the holonomy pseudogroup F acting on T, etc. 
The Zorn Lemma implies immediately the following 

Proposition 1.3.15. The closure of any leaf L of a foliation F on a compact man
ifold M contains a minimal set. 0 

Minimal sets on non-compact foliated manifolds need not exist. 
From remarks of Section 1.2 it follows that suspensions of C2 -diffeomorphisms 

of 8 1 admit no exceptional minimal sets. Suspending the Denjoy diffeomorphism 
of Example 1.2.2 we obtain a C1-foliation of the 2-dimensional torus T2 which 
has an exceptional minimal set. From Kneser [Kn] classification of 1-dimensional 
C2-foliations of 1'2 it follows that such foliations admit no exceptional minimal 
sets. This result can be generalized to arbitrary surfaces: Arbitrary 1-dimensional 
C2-foliation of a surface without boundary admits no exceptional minimal sets 
([Sc], see also [Go1]). 
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1.4 Markov pseudogroups 

Shifts and subshifts play an important role in the classical theory of dynamical 
systems [Wa]. They can carry a pretty rich dynamics while they are relatively easy 
to consider. Thus they provide a good class of examples. 

As was observed by Cantwell and Conlon [CC5] there exists a nice class of 
pseudogroups with the dynamics semiconjugate to subshifts of finite type. They 
call them Markov. Roughly speaking, Markov pseudogroups are generated by maps 
which either can be composed "everywhere" or the domain of their composition 
is empty. To make this clear we shall accept the following definitions. 

Definition 1.4.1. A finite subset S = {hl, ... ,hm } of Homeo(X), h j : D j ----> R j , 

together with nonempty compact sets K j C R j is called a Markov system if 

(i) Ri nRj =0wheni-=!-j, 

(ii) either Ki C Qj or Ki n D j = 0, 

where Qj = hjl(Kj ). If S is Markov and Ui(Di URi) = X, then Q(S) is called a 
Markov pseudogroup. 

Definition 1.4.2. For any Markov system S = {h 1 , ... , hm } one has its transition 
matrix P = [Pij; i,j = 1, ... , m]: 

(iii) Pij E {a, I} and Pij = 1 iff K j C Qi, 

and its Markov invariant set Zo: 

(iv) Zo = Z" int (Z), where Z = n~=l U{Kg; 9 E Sn}, Sn = {hi, 0 ... 0 

hin ; i 1 , ... , in :S m} and Kg = g( Q'n) when 9 = hi, 0 ... 0 hin · 

Conditions (i)-(iii) imply that Kg f- 0 iff 9 = hi, 0 ... 0 hin and 

(1.4.1) 

for any k E {1, ... ,n -I}. This is why infinite sequences (i 1 ,i2 , ... ) satisfying 
(1.4.1) for all kEN are called P-admissible. Hereafter X p C {I, ... , m}N will 
denote the space of all P-admissible sequences equipped with the topology in
duced from the product topology on {1, ... ,m}N (and the discrete topology on 
{I, ... , m}). The one-sided shift a: {I, ... , m}N ----> {I, ... , m}N defined by 

(1.4.2) 

is continuous and leaves the sets Xp invariant: a(Xp) C Xp for any transition 
matrix P. 

Definition 1.4.3. ap = alXp is called a subshift of finite type or a topological 
Markov chain. 
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For any a > 1 we can define a distance function da on X p by 

d ( ) _ E<Xl IXn - Yn I 
a X,Y - an 

n=l 
(1.4.3) 

when x = (Xl, X2, ... ) and Y = (y!, Y2' ... ). With this distance Xp becomes a 
compact metric space of diameter:::; m/(a - 1) and (1p becomes Lipschitz: 

da((1(x), (1(Y)) :::; ada (x, y) (1.4.4) 

with the equality for sequences X = (Xl, X2, ... ) and Y = (Yl, Y2, ... ) such that 
Xl = Yl. In other words, Q((1p) CLip (Xp) . 

Now, given a Markov system S with the transition matrix P, one can define 
the maps T: Ui Ri ---7 Ui Di , T : Zo ---7 Zo and h: Zo ---7 Xp by the formulae 

and 

where 

<Xl 

TIRi = hil, 

T = TIZo, 

(1.4.5) 

(1.4.6) 

(1.4.7) 

C j = n K gn , 91 = hjl and 9n = 9n-l 0 hjn E Sn for n = 2,3, . . . . (1.4.8) 
n=l 

These definitions are correct. Clearly, T(Z) C Z and T is a local homeomor
phism, so T(Zo) C Zo; if X E n:=l (Kgn nKg:,) , 9n = 9n-l ohjn and 9~ = 9~-1 ohj;.., 
then X E Rh n Rj~ and ~ by property (i) ~ jl = j~, hjl (x) E Rj, n Rj~ and ~ 
by the same reason ~ j2 = j~, etc. Evidently, 

(10 h = hOT, (1.4.9) 

so the dynamical system (Zo, T) is semiconjugate to (X p, (1 p ). 

Example 1.4.4. (a) If P = I, the identity matrix, then hi(Ki) C K i, Z = U:':l Ki 
with Ki = n:=l hi(Ki) and Zo = U:':l 8Ki, where 8A denotes the set-theoretic 
boundary of a set A C X. Moreover, Xp = {(j,j,j, ... ); j = 1, ... m} is a finite 
set, (1 = idxp and hl8Ki = const. In particular, if X, K l , ... ,Km and Ql, ... ,Qm 
are closed segments on ~, then K'l, ... ,K:;:: are either segments or singletons and 
the Markov invariant set Zo is finite. 

(b) If X = [-!, 1], m = 2, Dl = D2 = X, hl(x) = !x, h2(X) = !(x + 2), 
Kl = [O,!] and K2 = [~, 1], then Pij = 1 for all i and j E {1,2}, Xp = {O,l}N, 
Z = Zo is the standard Cantor set of all the reals X of the form 

<Xl 

X = E ;:' Xn E {0,2}, 
i=l 

(1.4.10) 
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and h : Zo -7 X p sends x given by (1.4.10) to the sequence j = (j1,j2, ... ), where 
jn = 1 + ~Xn. The map h is a homeomorphism and r is topologically conjugated 
to a, the one-sided shift in {I, 2}N. 

The similar observations can be made in the case of arbitrary m, m ::::: 2, maps 
hI' ... ' hm : [0,1] -7 K i , K I , ... , Km being pairwise disjoint closed subintervals 
o! [0,1] (compare [Mati]). Modifying Example (b) by replacing X _= lO,l] with 
X = X x Y, Y being any topological space, and the maps hi with hi, hi(x, y) = 
(hi(x), y), we obtain the Markov invariant set Zo = Zo x Y and the corresponding 
maps rand h given by r(x,y) = (r(x),y), h(x,y) = h(x). Again, hor = aoh but 
h is not a homeomorphism. 

Now, we shall provide some conditions sufficient for Zo to contain an excep
tional minimal set. 

First, recall (see [Gan]) that a matrix A = (aij) with positive entries is 

irreducible iffor any i and j there exists n ::::: 1 such that the (i, j)-th entry a~j) of 
An is positive: 

(n) ° aij > . (1.4.11) 

The dynamics of topological Markov chains with irreducible transition matrices 
P is well known ([Pry], [Wa], etc.). Here, we shall strengthen (1.4.11) replacing it 
by the following: for any i and j there exists n such that 

Pen) > 2 
2J - • (1.4.12) 

This condition implies that given two numbers i and j E {I, ... ,m} one can find 
two different P-admissible sequences (Xl, ... , x n ) and (YI, ... , Yn) with Xl = YI = i 
and Xn = Yn = j. It is obviously satisfied by the pseudogroup of Example l.4.4(b). 
As we shall see, it implies the existence of exceptional minimal sets inside of Zoo 

Proposition 1.4.5. If P satisfies (1.4.12), then Xp is a minimal Q(ap)-invariant 
Cantor set. 

Proof. Obviously, X p is compact and O-dimensional. If X = (XI,X2, ... ) E X p , 

then for any n ::::: lone can find Zn = (zin) , z~n), . .. ) E X p such that Zn =I- X, 

zin) = Xl, ... , z~n) = Xn . Obviously, Zn -7 X as n -7 00, so X p admits no isolated 
points. Also, given arbitrary sequences X = (Xl, X2, ... ) and Y = (YI, Y2, ... ) in 
Xp , and any k ::::: 1, one can find a P-admissible sequence w of the form 

w = (YI, ... ,Yk,ZI, ... ,Z/,XI,X2, ... ), ZI, ... ,Zz E {l, ... ,m}. 

Obviously, w E Q(ap)(x) and d2 (w,y) ::; m/2k+l . Consequently, Y E Q(ap))(x) 
and Q(ap)(x) = X p . This shows that Xp is minimal and completes the proof. D 

Proposition 1.4.6. If S = {hI, ... ,hm } is a Markov system with the transition ma
trix P, and K I , ... , Km and X are segments on the real line JR, then the following 
conditions are equivalent. 
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(1) Xp is a minimal 9(rTp)-invariant Cantor set. 

(2) The Markov invariant set Zo of S contains an exceptional minimal 9(S)-
invariant set C such that h(C) = X p . 

Proof. Assume that X p is a minimal 9(rTp)-invariant Cantor set and let B be the 
set of all the points z E Zo such that z tf- 9(S)(x) for some x E Zoo Obviously, 
both sets, Band C = Zo " B, are 9 (S)-invariant. From the definition of B it 
follows immediately that C is minimal. Also, C =I- X since int C c int Zo = 0. 

Next, take any point z E B. Then, z E 8Cj , Cj being defined by (1.4.8) for 
some j = (j 1, j2, ... ) E X p, and there exists a point x E Zo such that x E 8C k for 
some k = (kl' k2"") E X p and the 9(S) orbit of x does not cluster on z. On the 
other hand, since X p is minimal, j E 9 (rT P )( k). It follows that for any n E N there 
exist I, r and indices iI, ... ,iT such that an = (jl, ... ,jn, iI, ... iT) kl' kl+l , ... ) lies 
in X p . Clearly, j tf- 9(rTp)(k) and, therefore, an =I- j for all n. Put 

g = h 0'" 0 h 0 h 0'" 0 h· 0 hk 0 (h k 0'" 0 hk )-1 n J1 In 1-1 1,,,.. 1 1 l· 

Then Ck C Dgn , gn( Ck ) C hjl o· .. 0 hjn (Djn) and Cj ngn( Ck) = 0. It follows that 
8Cj n 9(S)(x) =I- 0 and #8Cj > 1, i.e. Cj is a non-degenerate interval: int Cj =I- 0. 
Since X is separable, B is contained in a countable union of finite sets 8Cj , so B 
is at most countable. Since Zo = h -1 (X p) cannot be countable, C cannot reduce 
to a single orbit. 

Finally, h(U j 8Cj ) = X p and 8Cj n C =I- 0 for all j E X p , hence h(C) = X p . 
The implication "(2) => (1)" is obvious. D 

Corollary 1.4.7. If P satisfies (1.4.12), then the Markov invariant set Zo of any 
Markov system on the real line IR with the transition matrix P contains an excep
tional minimal 9(S)-invariant set. D 

The importance of Markov pseudogroups consists in the following result. 

Theorem 1.4.8. If 9 is a Markov pseudogroup on a circle such that its Markov 
invariant set Zo contains a 9-invariant minimal set C, then there exist a closed 
foliated 3-manifold (M,F), dimF = 2, an exceptional minimal set E C M, a 
complete transversal T and a homeomorphism h : E n T ---+ C which conjugates 
91C to 'HIE n T, 1t being the holonomy pseudogroup of F acting on T. 

The proof given below is due to Cantwell and Conlon (see [CC7]). Alternative 
proofs can be found in [InI] and [Ta]. 

Proof. Let 5 = {hI"'" hm } be a Markov system on 51 which satisfies the as
sumptions of the theorem. Keep the notation introduced in Definition 1.4.1 and 
later on in Section 1.4. 

Take first Mo = ~ X 51, where ~ is 52 with 2m discs D.l, ... ,D.2m removed. 
Thus, Mo is a compact 3-manifold with boundary 8Mo which consists of 2m tori 
Tl , ... ,T2m , Tk = D.k X 51. Equip Mo with the product foliation Fo = {~x {B}; B E 
51. Fo is transverse to 8Mo and induces a foliation by circles on each of the Tk'S. 
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Figure 1.4: A step in a construction of an exceptional minimal set. 

(By the foliation induced on Tk we mean the pullback (compare Section 1.3 and 
Proposition 1.3.9) LkFo, where Lk : Tk --+ Mo is the canonical inclusion.) 

Construct now another foliated 3-manifold Ml with boundary aMI = T'UT" 
being the union of two tori, to past its m copies to Mo. 

To this end, consider first the product NI = T2 X [0,1]' equip N 1,1 = T2 X [~, 1] 
with the product foliation {T2 x {t};! :s; t :s; I} and fill N 1,0 = T2 X (O,!) with 
the cylinders spiralling towards T2 x {O} and T2 x g}. Take T2 x {O} as a leaf 

and denote the obtained foliation of N1 by Fl. 
Then, remove from N1 a small tubular neighbourhood N(-r2) of a segment 

'Y2 which is transverse to Fl and has its end points on T2 x {O} and T2 x {I} re
spectively. Remove also transverse to F1 tubular neighbourhoods N(-ri), i = 0,1, 
of two disjoint meridians 'Yi on T2 x {to}, where ° < t < !. Assume also that 
N(-ri)'S are small enough to be entirely contained in T2 x (0, !). Turbulize Fl (see 

Section 3.5.3) along 'Yo and 'Yl to get F{, a foliation tangent to aN(-ro) U aN(-rd. 
(While turbulizing, choose orientations carefully to make the next step manage
able!) Remove now transverse to F{ tubular neighbourhoods N(Ji ) of segments 
Ji , i = 0,1, which connect some points of aN(-ri) to points of T2 x {i}. Let 
N2 = Nl " (N(-ro) U N(-rd U N(Jo) U N(Jd) and F2 be the restriction of F{ to 
N 2. (Figure 1.4 depicts a piece of Nl where all these modifications take place.) 

Next, equip N~ = (T2 " ~) x [0, 1], ~ C T2 being a disc, with the product 
foliation F~ = {(T2 " ~) x {t}; ° :s; t :s; I} and paste the foliated manifold (N~ , F;') 
to (N2 ,F2) in such a way that each component (T2 ,,~) x {i}, i = 0,1, of aN;' 
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becomes identified with 8N("(i) n N2 (see Section 3.5.2 and Figure 1.4). Denote 
the foliated manifold obtained at this stage by (N3 , ]::i)' 

The boundary 8N3 contains two tori, T2 x{O} and T2 x {I}, each of them with 
two discs removed. So, we can paste one of them to another in such a way that two 
ends of N("(2) as well as one end of N(oo) and one end of N(OI) become identified. 
N 4 , the obtained manifold, is now equipped with ]:4, the foliation obtained by 
transverse gluing (see Section 3.5.2 again) of two copies of ]:3' The boundary 8N4 

consists of two tori Tl and T2 foliated by circles. One of them, say Tl, arises from 
8N("(2) while another one, T2 from 00 U 01 U (J3 (compare Figure 1.4 again). 

Finally, produce (Ml,Fl) by taking two copies (N~,F~) and (N~',F~') of 
(N4, F 4) and pasting them along the tori T{ and T{' in such a way that points 
of T{ n N l ,1 in N~ (compare the first step of the construction!) become identified 
with points of T{' n N l ,1 in N~'. Ml is a compact 3-manifold with boundary 8Ml 
which consists of two tori foliated by circles and denoted now by T' and Til. Each 
of these tori can be decomposed into the union of four domains, T' = U:=1 (J~ 
while Til = U:=1 (Jr, in such a way that a part of Ml is equipped with a product 
foliation by leaves with two boundary components contained respectively in (J~ 

and (J~, another part of Ml - with a product foliation by leaves with boundaries 
contained in (J~ and yet another part - with a product foliation by leaves with 
boundaries contained in (J~. 

To complete the construction of (M, F), the foliated manifold satisfying the 
conditions of our Theorem, take m copies of (M l ,Fl ), denote them by (Pj,:Fj ), 
j = 1, ... , m, and paste them to (Mo, Fo) by identifying each Tj with Tj and 
Tj' with Tm +j , where obviously Tj and Tj' are the boundary components of 8Pj 

corresponding to T' and Til. Perform this identification in such a way that the (J~
domains on T)'S, j = 1, ... , m, become identified with 8b.j x Qj, the (J~-domains 
on T)'S become identified with 8b.j x (81 "D j ), the (J~ domains on Tj"S - with 
8b.m +j x K j and the (J~-domains on Tj"S - with 8b.m +j x (81 "Rj). Clearly, the 
identifications (J~ ~ 8b.j x Qj and (J~ ~ 8b.m +j x K j can be arranged in such a 
way that hj : Qj ---+ K j become holonomy maps for F. Since U{Kj;Pij = I} C Qi, 
U{Kj;Pij = O} C 8 1 " Di and U{Kj;j =f. i} C 8 1 "Ri (i,j :s; m), there are no 
other holonomy maps in a neighbourhood of the Markov invariant set Zo C 8 1 than 
these generated by hI, ... ,hm . Therefore, the F-saturation E of C, an invariant 
set contained in Zo, is an exceptional minimal set for F and has all the required 
properties. 0 

1.5 Hyperbolic spaces and groups 

Hyperbolicity is one of the most important properties in dynamics and geometry. 
Hyperbolic dynamical systems have been studied extensively for a long time and 
provide one of the best known classes of systems with rich dynamics. Compact hy
perbolic manifolds carry (in contrast to those of positive curvature) complicated 
topological structure, in particular, their fundamental groups have complicated 
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algebraic structure as well as rich dynamics. Certainly, these two notions of hy
perbolicity (dynamical and geometric) differ substantially. However, there exist 
several connections between them. For example, the induced action of the fun
damental group of a hyperbolic (in the geometric sense) manifold on the ideal 
boundary of its universal covering is often hyperbolic (in the dynamical sense). 

Not long ago, Gromov [Gro2] introduced the notion of hyperbolicity for gen
eral metric spaces and, in particular, finitely generated groups. His definition is 
very geometric and applies to Riemannian manifolds of negative curvature as well 
as to their fundamental groups, so its occurence is very natural. Of course, the 
hyperbolic plane H2 (and all the hyperbolic spaces Hn, n ;::: 3) should become 
hyperbolic in any reasonable sense. Triangles built of geodesic segments in H2 
are "thin" (in the sense described in Definition 1.5.1). Making them "as thin as 
possible" we end up with a graph that has the shape of the letter "Y". It consists 
of three edges and four vertices and, as a limit of hyperbolic triangles, should 
become hyperbolic too. This graph equipped with the length metric d (the dis
tance between two points equals the sum of the lengths of segments connecting 
them) has the following property: given arbitrary three points Xl, x2 and X3 of 
Y and a base point Xo (say, the common origin of the graph's edges), the sums 
ai = d(xj, xo) + d(Xk' xo) - d(xj, Xk), where i = 1,2,3 and (i, j, k) is an even per
mutation of the set (1,2,3), satisfy - for any such permutation - the inequality 

ai;::: min{aj,ad· 

A 5-approximation (5 > 0) of this condition serves as another definition of Gro
mov's hyperbolicity (see Proposition 1.5.11 below). 

Gromov's hyperbolic spaces and groups became of great interest as soon as 
they were introduced. In this section, we provide the reader with basic definitions 
and these properties of hyperbolic spaces and groups, their ideal boundaries and 
actions which are related to the aspects of dynamics considered in this book. The 
reader interested in more of this theory is referred to [GH]. 

Let (X, d) be a metric space. Given any curve "( : [0,1] --+ X its length l("() 
is defined by 

n 

l("() = sup{l.:d("((ti),"((ti+1);0:; to:; tl:;···:; tn :; 1,n EN}. (1.5.1) 
i=O 

Such a curve "( is said to be a geodesic segment when l("() = d("((O) , "((1)). The 
space (X, d) is said to be geodesic when any two points of X can be joined by 
a (not necessarily unique) geodesic segment. The classical Hopf-Rinow Theorem 
(see [GKM] or [GLP], for example) shows that any complete Riemannian manifold 
equipped with the standard distance function becomes a geodesic metric space. 
Finally, a geodesic triangle in a metric space X is a triple 6. = ("(0, "(1, "(2) of 
geodesic segments for which "(i+l(O) = "(i(l) for i = 0,1,2 (with the obvious 
convention "(3 = "(0). 
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Definition 1.5.1. A geodesic metric space is said to be hyperbolic (in Gromov's 
sense) when there exists a number <5 2: ° such that for any geodesic triangle 
~ = (ro, 11, 12) and any t E [0,1] the inequality 

min{d(ro(t)'li(s));O::; s::; 1,i = 1,2}::; <5 (1.5.2) 

holds. Condition (1.5.2) is called Rips condition and <5 is called a Rips constant for 
X. Roughly speaking, (1.5.2) says that geodesic triangles in X are <5-thin. 

Remark 1.5.2. The original Gromov definition of hyperbolicity [Gro2] differs from 
the above but we shall see later (Prop. 1.5.11) that they are equivalent. 

The following result motivates the term "hyperbolic". 

Theorem 1.5.3. Any complete simply connected Riemannian manifold of sectional 
curvature bounded from above by a negative constant is hyperbolic. 

Proof. Toponogov's Comparison Theorem (see [eEl or [GKMJ, for example) im
plies that it is enough to prove inequality (1.5.2) for manifolds M of constant 
negative sectional curvature K, say K = -1. Since every geodesic triangle in such 
a manifold is entirely contained in a 2-dimensional totally geodesic submanifold, 
we may assume without losing generality that M = H2, the hyperbolic plane. 

In H2, the classical Gauss-Bonnet Theorem shows that the area A bounded 
by any geodesic triangle ~ = (ro, 11, 12) is at most 1r. If ~ does not satisfy 
(1.5.2), then there exists to E [0,1] such that d(ro(to) , li(8)) > <5 for all 8 E [0,1] 
and i = 1,2. Let Xo = 1(<5/2) be the point inside .6. on the normal geodesic I 
originated at lo(to) and perpendicular to 10. By the cosine rule in hyperbolic 
geometry, d(xo'lo(t)) 2: <5/2 for all 8 E R Also, d(xo'li(8)) 2: <5/2 for all 8 E [0,1] 
and i = 1,2. Therefore, the disc B(xo, <5/2) is entirely contained in the region 
bounded by ~ and its area A" satisfies A" ::; A ::; 1r. If <5 > ° is large enough, then 
A" > Jr, a contradiction. Hence, the Rips condition with such a constant <5 has to 
be satisfied everywhere in H2. 0 

To get more examples of hyperbolic spaces let us consider a finitely generated 
group G equipped with a finite symmetric generating set G 1 . Set Go = {e} and 
denote by Gn , as before, the set of all the elements of G of the form gl ..... gn 
with gi E G1 . Equip G with the distance function d defined by 

d(g,g') = min{n;g-lg' E Gn }. (1.5.3) 

Next, connect any two elements 9 and hg (g E G, h E G1 ) by a segment of length 
1, denote by C = C(G, G1 ) the graph obtained this way and extend the distance 
function d to C in a natural way. (C, d) becomes a geodesic metric space called a 
Cayley graph of G. 

Definition 1.5.4. A group G is called hyperbolic when its Cayley graph C is hyper
bolic. 
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To see that this definition is correct (i.e., that hyperbolicity is independent 
of the choice of Cd let us consider two arbitrary metric spaces (X, d) and (X', d') 
and accept the following. 

Definition 1.5.5. A map f : X ----> X' is quasi-isometric when there exist constants 
,\ ;:::: 1 and c ;:::: 0 such that 

~d(X, y) - c ~ d'(f(x), fey)) ~ '\d(x, y) + c (1.5.4) 

for all x and y EX. Such an f is said to be a quasi-isometry whenever there exists 
c > 0 such that the image f(X) is c-dense in X', that is dist(x' , f(X)) ~ c for 
all x' E X'. If c = ,\ = c, the map f is called an c-quasi-isometry. The spaces 
X and X' are quasi-isometric when there exist quasi-isometries f : X ----> X' and 
f' : X' ----> X and a constant c;:::: 0 such that 

d(f' (f(x)), x) ~ c and d' (f(f' (x')), x') ~ c (1.5.5) 

for all x E X and x' E X'. 

Note that the maps f and f' above need not be continuous. 
It is easy to see that the Cayley graphs C and C' of a finitely generated group 

G defined by two different generating sets G1 and G~ are quasi-isometric. In fact, 
one can take f = f' = ide and gets (1.5.4) and (1.5.5) with c = ,\ = k, where k is 
any natural number such that G1 c G~ and G~ C Gk . 

Proposition 1.5.6. If two geodesic metric spaces are quasi-isometric and one of 
them is hyperbolic, then the other one is hyperbolic as well. 

Proof. Assume that (X, d) is hyperbolic, 15 ;:::: 0 is its Rips constant, f : X ----> X' 
and f' : X' ----> X are maps satisfying conditions (1.5.4) and (1.5.5). Let 1::::.' = 

(rb, 'Y~, 'Y~) be a geodesic triangle in X' and I::::. = (ro, 1'1,1'2) any geodesic triangle 
in X such that 'Yi(O) = f'(ri(O)) for i = 0,1,2. 

Take any t E [0,1]. There exist S E [0,1] and j E {1,2} such that 
d(ro(t),'Yj(s)) ~ 15. Then, 

d' (f(ro( t)), 'Yb( t)) ~ d' (f(ro(t)), f(ro(O))) + d' (f(ro(O)), 'Yb(O)) + d(rb(O), 'Yb(t)) 

~,\t + c + d'(f(ro(O)),'Yb(O)) + t ~,\ + 1 + 2c 

and, similarly, 
d'(f(rj(s)),'Yj(s)) ~ ,\ + 1 + 2c 

by (1.5.4) and (1.5.5). Therefore, 

d' (rb(t), 'Yj(s)) ~ 2('\ + 1 + 2c) + d' (f(ro(t)), f(rj(s)) 

~ 2('\ + 1 + 2c) + '\d(rO(t),'Y1(S)) + C ~ 5c + 2(1 +,\) + '\15, 

i.e., X' satisfies the Rips condition with the constant 15' = 5c + 2(1 + ,\) + '\15. 0 
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Example 1.5.7. Any finite group and any finite extension of a cyclic group Z is 
hyperbolic. (Hyperbolic groups of this type are called elementary.) Also, any non
abelian free group is hyperbolic (with a Rips constant zero). 

In Section 2.2, we shall prove that the fundamental group of any compact 
Riemannian manifold M is quasi-isometric to the universal covering M of M. This 
implies the following. 

Corollary 1.5.8. The fundamental group of a compact Riemannian manifold of 
negative sectional curvature is hyperbolic. 0 

Our next goal is to define the boundary of a hyperbolic space and to equip 
it with a reasonable topology and metric. So, let (X, d) be a geodesic hyperbolic 
space for which all the closed bounded sets are compact. By a geodesic ray in X 
we mean any quasi-isometric map "'/ : [O,ooJ ----t X. Two rays "'/0 and "'/1 are said to 
be asymptotic ("'/0 rv "'(1) when 

sup d("'(o(t)''''/l(t)) < 00. (1.5.6) 
O~t<oo 

The triangle inequality implies immediately that the relation "rv" is an equiva
lence. Moreover, it is not too hard to prove (and we leave this to the reader) that 
two asymptotic geodesic rays "'/0 and "'/1 with the same origin satisfy the condition 

(1.5.7) 

6 being a Rips constant for X. Similarly, for any two asymptotic distance mini
mizing geodesics "'/0 and "'/1 there exists s E lR such that 

SUpd("'(O(t),"'/l(t - s)) ::; 166. (1.5.8) 
tEIR 

The property essential for the proofs of (1.5.7) and (1.5.8) is that any hyperbolic 
space X with a Rips constant 6 is 86-convex in the sense that the inequality 

(1.5.9) 

holds for all geodesic segments CJi : [0, aiJ ----t X, i = 0,1, parametrized by arc 
length, i.e., in such a way that d(CJi(t),CJi(O)) = td(CJi(I),CJi(O)) for any t. 

Definition 1.5.9. The ideal boundary (called also the boundary at infinity or just the 
boundary, for short) ax of X is defined as R(X)j rv, the set of all the equivalence 
classes of rv, R(X) being the family of all geodesic rays on X. 

This definition coincides with the standard one, used in classical hyperbolic 
or Riemannian geometry for H n or arbitrary Hadamard manifolds (i.e., complete 
and simply connected Riemannian manifolds of non-positive curvature). In fact, 
in the case of an Hadamard manifold (M, g) any such geodesic ray "'/ is asymptotic 
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to a genuine geodesic c. Such c can be obtained as an accumulation point of the 
sequence (cn ) of geodesics defined uniquely by cn(O) = 1'(0) and cn(n) = l'(n) for 
n = 1,2, .... That is, c satisfies c(O) = 1'(0) and C(O) = limk->CXl cnk (0) for some 
sequence nk -7 00. Therefore, in the standard case of the Poincare model of Hn, 
8Hn coincides with the Euclidean sphere which bounds the unit ball representing 
Hn. Also, 8M is homeomorphic to the unit sphere whenever M is a so-called 
visibility manifold (see [Eb]) , for example, an Hadamard manifold of sectional 
curvature bounded by negative constants. 

Since any geodesic ray 1'0 is asymptotic to a ray 1'1 with prescribed origin, say 
1'1(0) = Xo, 8X can be represented as the quotient R(X,xo)/ "', where R(X,xo) 
is the set of all geodesic rays originated at Xo. Also, as we shall see later, 8X can 
be described in terms of converging to infinity sequences (xn ) of points of X. This 
approach is useful when one wants to equip 8X with a suitable topology (and 
metric). To this end we shall need 

Definition 1.5.10. The (based at a point xo) Gromov product on X is a map 
(,1,) : X x X -7 IR given by 

1 
(xIY) ="2 (d(x,xo) + d(y,xo) - d(x,y)). (1.5.10) 

The Gromov product provides a convenient condition equivalent to hyper
bolicity. 

Proposition 1.5.11. A geodesic metric space (X, d) satisfies the Rips condition with 
a constant 6 2: 0 if and only if the inequality 

(xlz) 2: min{(xly), (Ylzn - TJ (1.5.11) 

holds for some 'f] 2: 0, any base point Xo and all x, y and z in X. 

Comparing (1.5.10) and (1.5.11) one can express hyperbolicity of X by saying 
that for any quadrangle with vertices Xo, x, y and z in X the largest sum of two 
sides or diagonals with disjoint end points does not exceed the smallest among 
such sums enlarged by 26: 

max{d(xo, x) + d(y, z), d(xo, y) + d(x, z), d(xo, z) + d(x, yn 
:::: min{ d(xo, x) + d(y, z), d(xo, y) + d(x, z), d(xo, z) + d(x, yn + 26. 

Proof. Let ~ be a geodesic triangle with vertices x, y and z. There exists a tripod 
Tt;. consisting of three line segments Sx, Sy and Sz with common vertex at, say, 
the origin of the Euclidean plane and an isometry f t;. : ~ -7 T t;. mapping the 
points x, y and z onto the end points of the corresponding segments of T t;.. The 
length of Sx is equal to the (based at x) Gromov product (ylz). The lengths of Sy 
and Sz can be expressed similarly. 

Rips condition (1.5.2) can be expressed in the form 

d(u, w) :::: do(h(u), h(w)) + 6, (1.5.12) 
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do being the natural distance in Tt::,. More precisely, (1.5.12) implies (1.5.2) while 
(1.5.2) implies (1.5.12) with 6 replaced by 46. Moreover, it is easy to see that 
(1.5.12) is equivalent to the following: 

d(u,w) :S 6 whenever u,w E 6. and jt::,(u) = jt::,(w). (1.5.13) 

(i) First, assume that (1.5.11) holds with some 7] 2: O. Take two points u 
and w on geodesic segments joining x to y and x to z, respectively. Assume that 
jt::,(u) = jt::,(w) and put t = d(x,u) = d(x,w). Then 

do (jt::,(x) , jt::,(u)) = do (ft::,(x) , jt::,(w)) = t :S (ylz) 

and 
(uIY) = (wlz) = t. 

From (1.5.11) it follows that 

(ulw) 2: min{(uIY), (Ylz), (zlw)} - 27] = t - 27]. 

Also, d( u, w) = 2t - 2( ulw). Consequently, d( u, w) :S 47] and 6. satisfies the Rips 
condition with the constant 6 = 47]. 

(ii) Now, assume that 6. satisfies (1.5.2) with some 6 2: a and choose any base 
point Xo for the Gromov product (., .). Let t = min{(xlz), (zIY)}. Find points x', Y' 
and z' on geodesic segments joining Xo to x, Y and z and such that d(xo, x') = 
d(xo, Y') = d(xo, z') = t. Consider the geodesic triangle 6.x with vertices xo, x 
and z, and the corresponding isometry fx = ft::,x· Since d(x',xo) = d(z',xo) :S 
(xlz), fx(x') = fx(z') and d(x',z') :S 6 by (1.5.13). Similarly, d(y',z') :S 6 and so 
d(x',y') :S 26. 

If t > (x I y), then there exist points Zx and Zy on the geodesic segment joining 
x to y and such that fo(zx) = fo(x') and fo(zy) = fo(y'), where fo = jt::,o' 6.0 

being the geodesic triangle with vertices Xo, x and y. Again, (1.5.13) implies that 
d(x', zx) :S 6 and d(zy, y') :S 6. Consequently, 

and 

462: d(x', y') + 26 2: d(zx, Zy) = d(x, y) - d(x, zx) - d(y, Zy) 

= d(x,y) - d(x, x') - d(y,y') 

= d(x, y) - d(xo, x) + d(xo, x') - d(xo, y) + d(xo, y') = 2t - 2(xIY) 

(xly) 2: t - 26. (1.5.14) 

Ift:S (xIY), then (1.5.14) is satisfied trivially. This yields (1.5.11) with 7] = 26. 0 

Coming back to the boundary aX of a hyperbolic space X let us say that a 
sequence (xn) of points of X diverges to infinity when (xnlxm) ....., 00 as m,n""" 00. 

Two such sequences (xn) and (Yn) are equivalent,(xn ) rv (Yn), when 

lim (xnIYm) = 00. (1.5.15) 
n,m-+oo 
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From (1.5.10) and (1.5.11) one can see easily that the relation ""," is reflexive, 
symmetric and transitive. Also, it is not too hard to show that there is a canon
ical bijection of R(X)/ '" onto Soo(X)/ "', where Soo(X) is the collection of all 
sequences divergent to infinity. It could be defined by 

bl~ ,..., [(r(n))l~· 

So, ax can be identified with the quotient Soo(X)/ "'. We write Xoo = limn-->oo Xn 
whenever the sequence (xn) represents a point Xoo E ax. 

We can extend the Gromov product to ax by the formula 

(1.5.16) 

where the supremum is taken over the set of all the sequences (xn) and (Ym) such 
that Xn --+ X[XJ and Ym --+ Yoo' Clearly, 

(Xoolyoo) = 00 iff Xoo = Yoo in ax, 

and, by (1.5.11), 

for all xoo , Yoo and Zoo of ax. 
For any c: > 0, Xoo and Yoo of ax put 

and 

deJxoo, Yoo) 

(1.5.17) 

(1.5.18) 

(1.5.19) 

(1.5.20) 

= inf {~PE(X~'X~l);X~ E ax,x~ = Xoo,X~ = Yoo,n E N} (1.5.21) 

Certainly, dE(xoo,Yoo) ::; Pe(xoo,Yoo) for all Xoo,Yoo E ax. From (1.5.17)-(1.5.19) 
it follows that if c: is small enough (c: < 1/8) then de is a distance function on 
ax. The only difficulty is to show the implication "de(xoo, Yoo) = 0 ::::} Xoo = Yoo" 
which can be achieved as an immediate consequence of the inequality 

(1.5.22) 

where c = 3 - 2exp(c:8). (Hint: (1.5.22) follows from the inequality 

;=0 
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which can be proved by induction on n while using the inequality 

Pc: (xoo , Yoo) :S exp(EO) . max{pc:(xoo, zoo), PE(Zoo, Yoo)} 

which is evidently equivalent to (1.5.19).) Finally, it is not too hard to show that 
the metric space (aX, dE;) is compact. To this end just take a sequence (x~) in 
ax and a family of sequences (xr)~1 such that xr -+ x~ for n = 1,2, ... , choose 
a subsequence (nk) of integers for which all the sequences (X~k), i = 1,2, ... , have 
limits Xi in X, show that (Xi) E Soo(X), set Xoo = limi->oo Xi and show that 
Pc:(x~, xoo) -+ 0 when k -+ 00. 

Let us discuss some examples. 

Example 1.5.12. (i) If M is a simply-connected n-dimensional Riemannian man
ifold of bounded negative curvature, then - as we mentioned before - aM is 
homeomorphic to the sphere sn-l. To get a suitable homeomorphism fix Xo EM, 
for any unit vector v E TxoM take a unique geodesic I with 1(0) = Xo and i'(0) = v 
and map v to the point 1(00) = limn->oo ,( n). 

(ii) If G is a hyperbolic group and X = C( G, G1) is its Cayley graph, then 
ax = 0 when G is finite, #ax = 2 if and only if G contains an infinite cyclic 
subgroup of finite index and #ax 2: 3 (in fact, as we shall see later, ax is infinite 
and uncountable) when G is non-elementary. In fact, if G is infinite, one can choose 
elements gn of G such that d( e, gn) = 2n, find the midpoints g~ of geodesics join
ing e to gn, put h n = (g~)-l and kn = hngn . Then, (hnlhn ) = (knlkn ) = n while 
(hnlkn ) = 0, (·1·) being the Gromov product based at e. Therefore, suitable subse
quences of (hn ) and (kn ) represent two different points of ax, i.e., #ax 2: 2. Now, 
if ax consist exactly of two points, say Xoo and Yoo, then one can choose a min
imizing geodesic 10 : IR -+ X such that 10 I (-00,0] represents Xoo while 10 I [0,00) 
represents Yoo. Any other geodesic 11 = go 10 for some g EGis asymptotic to 10, 
so it satisfies (1.5.8) with some s. Mapping g to 10(S) we obtain a quasi-isometry. 
So, G is quasi-isometric to N and another exercise left to the reader is to show 
that, consequently, G contains a cyclic subgroup of finite index. 

Now, take any isometry f of X and extend it to ax by the formula 

f(xoo) = lim f(xn) whenever Xoo = lim Xn-
n~~ n~oo 

(1.5.23) 

Since f is an isometry, the Gromov product based at a point Xo satisfies 

1(f(x)lf(y)) - (xly)1 ::::; d(xo, f(xo)) (1.5.24) 

and thus the definition (1.5.23) is correct: If (xn ) rv (Ym), then (xnIYm) -+ 00 
with m,n -+ 00, (f(xn)lf(Ym)) -+ 00 and (f(xn)) rv (f(Ym)). Moreover, (1.5.24) 
implies that 

e-c:d(xo,!(xo)) . PE(Xoo , Yoo) ::::; Pc: (f(xoo) , f(yoo)) ::::; eEd(Xo,!(xo)) . Pc: (xoo , Yoo) 
(1.5.25) 

and this yields the similar condition for the distance de. In this way we have proved 
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Proposition 1.5.13. Any isometry of a hyperbolic space extends to a Lipschitz 
homeomorphism of its boundary. 0 

As in classical hyperbolic geometry, isometries of X can be classified accord
ing to the behaviour of their extensions on ax. 

Definition 1.5.14. An isometry f of a hyperbolic space X is 

(i) elliptic when the orbits {r(x)} of some (equivalently, any) points x E X are 
bounded, 

(ii) hyperbolic when ax contains a point Xoo fixed by f and such that the force 
if>(j, x oo ) of f at Xoo defined by 

differs from 1. 

(iii) parabolic if neither elliptic nor hyperbolic. 

Here, d = d~ is a metric on ax " {xoo } given by the formulae analogous 
to (1.5.20) and (1.5.21), where the standard Gromov product is replaced by the 
relative one (·1·)0, 

where boo : X x X ---7 lR is the Busemann function at Xoo; boo is given by 

boo(x,')') = limsup(d(x,')'(t)) - t) 
t--.oo 

for any geodesic ray')' : [0,00) ---7 X and 

The proof of the fact that d is a good distance function is quite technical and 
omitted here. An interested reader is referred to [GH], Chapter 8. 

Theorem 1.5.15. If f is an hyperbolic isometry, then 

(i) ax contains exactly two points, say Xoo and Yoo, fixed by f, 

(ii) if if>(j, x oo ) < 1, U and V are arbitrary open neighbourhoods of XCXJ and Yoo, 
respectively, then r(aX " U) c V and rn(aX " V) c U for all n E N 
sufficiently large, 

(iii) if>(j, x oo ) < 1 whenever if>(j, Yoo) > 1, 

(iv) r is hyperbolic for all n EN" {O}. 
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Proof. If Xexo is fixed by f and q,(f, xoo) =I- 1, say q,(f, xoo) < 1, then the formula 

defines a complete metric on oX" {xoo} such that 

(1.5.27) 

So, f is a contraction of a complete metric space oX " {xoo} and, by the classical 
Banach theorem, it has a unique fix point Yoo' Moreover, if U and V are neigh
bourhoods of Xoo and Yoo, then there exist positive numbers rand R such that 
oX" U C Bf(yoo, R) and V C Bf(yoo, r), where B f denotes a ball in the metric 
df . Condition (ii) follows immediately. 

To prove (iii) one has just to observe that f cannot have two attracting fix 
points. Part (iv) becomes evident after one can notice that the equality 

(1.5.28) 

follows directly from the definition (1.5.26) of the force. D 

In classical hyperbolic geometry, the isometries of all three types (elliptic, 
hyperbolic and parabolic) may exist. For instance, the shift z ---* z + 1 in {z; re z > 
O} c <C represents a parabolic isometry of the hyperbolic plane in the half-plane 
model. Hyperbolic groups, however, are very special from this point of view. 

Theorem 1.5.16. Hyperbolic groups contain no parabolic elements. 

Proof. If G is a hyperbolic group, X is its Cayley graph and 9 EGis non-elliptic, 
then gni ---* Xoo for some nl < n2 < ... and Xoo E oX. Obviously, (gni) rv (gni+l), 
that is g(xoo ) = Xoo' 

We claim that, given a > 0, there exist at most finitely many elements h E G 
such that 

(1.5.29) 

To prove the claim take elements hl"'" hk satisfying (1.5.29) and a geodesic 
ray,: [0,(0) ---* X such that ,(0) = e and bl~ = Xoo' Put ,i = hi 0, and find 
numbers Sl, ... ,Sk such that d(r(t)"i(t - Si))::; 1M for all t 2: to (see (1.5.8)). 
The definitions of the force, distances d~ and Busemann functions imply that there 
exists a constant kc > 1 such that 

(1.5.30) 

whenever f is an isometry of X fixing Xexo at the boundary. Inequalities (1.5.29) 
and (1.5.30) imply that 

lf3oo(x, hi(x))1 ::; A, i = 1, ... , k, (1.5.31) 
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where A = c 1 (a + logk,,). Applying (1.5.31) to I and Ii we get the inequality 
d(r(t)"i(S)) ~ S - t - 2A for all S ~ O. This shows that ISil ::::: b, where b > 0 is 
a constant which depends only on 5, c and a. Next, choose mEN large enough, 
put x = I(m) and observe that d(x,hi(x)) ::::: b + 165 for all i::::: k. It follows that 
k ::::: #GN , where N is any natural number greater than b + 165. 

Now, if our element g were not hyperbolic, we would have gn(xoo) = Xoo and 
<p(gn, x oo ) = 1 for all n E N. If so, gk = e for some k and g would be elliptic, a 
contradiction. D 

We shall complete this section by 

Theorem 1.5.17. Any subgroup H of a hyperbolic group G either is finite, or con
tains an infinite cyclic subgroup of finite index, or contains a free group with two 
generators. 

To prove the Theorem we need the following classical fact known as the 
Ping-pong Lemma ([Har]. 

Lemma 1.5.18. If hand h are two transformations of a set 8 which contains two 
nonempty subsets 8 1 and 8 2 such that 8 2 " 8 1 i- 0, f'l(82 ) C 8 1 and 12(8r) C 8 2 

for all n i- 0, then the group generated by hand h is free. 

Proof. If 1 = 11 0 1;" 0 1';'2 0 ... 0 f;'k 0 11 and m, m1, ... ,mk, n i- 0, then 
1(82 ) C 8 1 and 1 i- id. If 1 = f2' 01';" 0 1;'2 0 .. ·0 1';'k 012' then!, = h 01 0 f11 
maps 8 2 to 8 1, 1f i- id and 1 = 1110!, oh i- id. If f = 1101;" 01';'2 0 .. . 01';'k 012' 
then!, = if 0 1 0 r;p, Pi- 0, -m, maps 8 2 to 8 1, and again 1f i- id and 1 i- id. 
The same holds when 1 = 12' 0 1';" 0 1;'2 0 ... 0 1;'k 0 11. D 

To prove the theorem assume that H is infinite. Then H contains a hyperbolic 
element h. Let Xoo and Yoo be the points of ax , X being the Cayley graph of 
G, fixed by h. If all the elements of H fix both, Xoo and Yoo, then the subgroup 
generated by h is cyclic, infinite and has finite index in H. The same holds when 
all the elements of H leave the set {xoo, Yoo} invariant. If so, the subgroup of H 
consisting of all f E H for which 1(xoo ) = Xoo has index 2 and contains an infinite 
cyclic subgroup of finite index. 

Therefore, if H contains no cyclic infinite subgroups of finite index, then there 
exists another hyperbolic element 1 E H such that {1(xoo ), 1(yoc)} n {xoo, Yoo} = 
0. The element h = 11d-1 leaves the points 1(xoo ) and 1(Yoc) fixed. Applying 
Lemma 1.5.18 to 8 = ax and the unions 8 1 and 8 2 of pairwise disjoint neighbour
hoods of the points xoo , Yoo and 1 (xoo ), f (Yoo) we can see that the group generated 
by 11 and f2' n E N being sufficiently large, is free. D 



Chapter 2 

Growth 

The type of growth of a non-decreasing function f : N ----+ [0, +00) (or, of a non
decreasing sequence of such functions) describes its asymptotic behaviour at in
finity. The formal definitions which can be found in Section 2.1 of this chapter 
are consistent to some extent with our intuition: linear functions grow slower 
than quadratic ones, all the polynomials grow slower than exponential functions 
n f---+ an, a > 1. However, all the exponential functions mentioned above have the 
same type of growth. This could be considered by a reader as a bit strange, but 
suits our purposes properly. 

The type of growth of a finitely generated group is defined as the type of 
growth of functions counting the elements of the group obtained from words of a 
given length built of given generating elements. Similarly, the type of growth of 
an orbit G(x) of a group (or, a pseudogroup) G acting on a space X (x E X) is 
defined as the type of growth of the number of points of G(x) which can be obtained 
from x by action of elements of G of a given length. It was shown by Milnor [Mil] 
(compare also [Sv]) that the type of growth of the fundamental group of a compact 
Riemannian manifold M determines, to some extent, the geometry of M. In fact, 
this growth type is the same as that of volumes of balls in the universal covering 
M of M. A similar phenomenon occurs in the theory of foliations: the growth type 
of volumes of balls on a leaf L of a foliation F of a compact Riemannian manifold 
M is the same as that of an orbit H(x), x E L, of a holonomy pseudogroup 
H of F [PI]. In dynamical systems and ergodic theory [Wa] , so called expansion 
growth (i.e., the type of growth of a sequence of functions Sk counting the maximal 
numbers of points separated to the distance i, k = 1,2, ... ) of a system is related 
to the well-known invariant, the entropy of the system. 

In this chapter, we discuss the growth types mentioned above for groups, 
pseudogroups and foliations. 
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2.1 Growth types 

Let us begin with two non-decreasing sequences (an) and (bn) of non-negative 
numbers. We shall say that (an) "grows slower" than (bn) ((an) :::S (bn)) whenever 
there exist positive constants A and B such that the inequalities 

(2.1.1) 

hold for all n E N. We say that types of growth of our sequences (an) and (bn) are 
the same whenever 

(2.1.2) 

Such a definition would be enough for those who want to talk about growth of 
groups or volumes. Here, we need a bit more. In Chapter 3, we consider entropies 
of different systems which are defined as suitable limits of quantities indexed by 
two parameters, n E Nand E E IR+, as n ---7 00 and E ---7 0. Roughly speaking, such 
entropy is equal to the rate of exponential growth of these quantities. From this 
point of view, complexity of systems with zero entropy cannot be distinguished, 
one from another. However, we shall see in Section 2.4 that these quantities may 
grow differently even if entropies are the same (and equal to 0). For the purpose 
of more detailed distinction of type of growth of such quantities, we generalize the 
above notion of growth types to that for "sequences of sequences". This may seem 
to be a bit too technical and superfluously complicated but is useful as we shall 
see later. 

Let now T be the set of non-negative increasing functions defined on N: 

T = {t: N ---7 [O,oo);t(n)::; t(n + 1) for all n EN}, (2.1.3) 

and T the set of increasing sequences with entries in T: 

T = {(tj)jEN; tj E T and tj(n) ::; tj+l(n) for all j and n EN}. (2.1.4) 

Elements t of T can be identified with sequences (t, t, ... ), so T can be considered 
as a subset of T. 

A preorder :::S defined by the condition 

(*) (tj)jEN:::S (TkhEN if and only if there exists bEN such that for all j EN the 
inequalities 

tj(n) ::; aTk(bn), n E N, 

hold for some kEN and a > 0, 

induces an equivalence relation c::: in T: 

In particular, if t and T E T, then 

t :::S T {:} t(n) ::; aT(bn) 

(2.1.5) 

(2.1.6) 

(2.1.7) 
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and 
t ~ T ¢? a- 1T([njbJ) :::; t(n) :::; aT(bn) (2.1.8) 

for all n E N and some a, bEN. (Here, [x] is the largest integer which does not 
exceed x, x E R) 

Definition 2.1.1. Elements of the quotient £ = Tj ~ are called growth types [Egl]. 
The growth type of (tj) E T (resp., of t E T) is denoted by [(tj)] (resp., by ltD. 
Also, we let E = {[t]; t E T}. E is the set of growth types of monotone functions 
(in the sense of [HH]). The preorder ::S induces a partial order (denoted again by 
::S) in £. 
Example 2.1.2. [0] ::S [1] ::S [logn] ::S [n] ::S [n2 ] ::S ... ::S [(1, n, n2 , ... )] ::S [2n] ::S 
[(1, 2n , 3n , ... )] and all the growth types listed above are different. The growth 
type of any polynomial of degree d ;::: 0 is equal to [nd ] and is called polynomial 
(of degree d). [an] = [en] for any a > 1 and this growth type is called exponential. 
A growth type [( tj)] is said to be quasi-exponential if 

lim lim sup ~ logtj(n) > o. 
)---+00 n-+oo n 

(2.1.9) 

In particular, a growth type [t] E E is quasi-exponential when 

lim sup ~ logt(n) > o. 
n---+oo n 

(2.1.10) 

If (2.1.9) (or, (2.1.10)) does not hold, the corresponding growth type is said to be 
subexponential or quasi-polynomial. Also, if 

1 
lim liminf -logtj(n) :::; 0, 

)-+00 n---+oo n 
(2.1.11) 

then the growth type [(tj)] is called non-exponential. 

It is easy to see that the following definitions of the sum and the product of 
growth types are correct: 

Also, the following relations are easy to check: 

o· [0] = [0] and 0 + [0] = O· [1] = 0 for any 0 E £, 

if 01 ::S 6 and O2 ::S 6, then 01 + O2 ::S 6 + 6 and 0102 ::S 66, 

if 01 :::; O2 , then 01 + O2 = O2 . 

In particular, 
o + [1] = 0 for any 0 E £, 0 # [0]. 

(2.1.12) 

(2.1.13) 

(2.1.14) 

(2.1.15) 

(2.1.16) 
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Certainly, the world of non-decreasing functions (and sequences of functions) 
under consideration is very large and one can find there elements with growth rates 
which cannot be compared in any reasonable way. However, the partial order ~ 
defined above is dense in the sense that if you have arbitrary (non-trivial) different 
types of growth which can be compared by this relation, then you can find the 
third one, different from and comparable with both of them, and located between 
them [Bad]. 

2.2 Growth in groups 

Let G be a finitely generated group and G I a finite symmetric (Le., such that 
e E G I and GIl = {g-l; g E G I } C G I ) set generating it. For any n E N let 

(2.2.1) 

and 
(2.2.2) 

Obviously, Gn C Gn +1 for all nand ta E T. If Gi is another finite symmetric set 
of generators for G, then there exists bEN such that Gi c Gb and G I C G~. For 
this b and all n E N we have 

G~ C Gbn, Gn C G~n' tc(n) ::; ta(bn) and ta(n) ::; tc(bn), (2.2.3) 

where tc(k) = #G~. Consequently, [tal = [tc] and the following definition is 
correct. 

Definition 2.2.1. The growth type gr(G) of G is defined as [ta], ta being defined 
by (2.2.2) for any finite symmetric generating set G I . If G acts on a space X 
and x EX, then the growth type gr( G, x) of G at x is defined in a similar way: 
gr(G, x) = [tx ], where 

(2.2.4) 

for any fixed finite symmetric generating set G I . 

Clearly, 
(2.2.5) 

for all n and x, and therefore 

gr(G, x) ~ gr(G) (2.2.6) 

for any x of X. 

Example 2.2.2. A finite group has the growth type [1] while the abelian group 
Zd has the polynomial growth of degree d. Any free (non-abelian) group has the 
exponential growth [en]. 
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Proposition 2.2.3. For any finitely generated group G and any normal subgroup H 
ofG we have 

gr(GIH) ::5 gr(G) ::5 [en]. (2.2.7) 

Proof. If G1 generates G, then K1 = {gH; 9 E G 1} generates K = GIH and 
tK(n) ~ tG(n) for all n. This proves the first part of (2.2.7). Also, since Gn+m C 

UgEGn g(Gm ), we can observe that 

tG(n + m) ~ tG(n) . tG(n) (n, mEN) 

and therefore tG(n) ~ tG(l)n. This proves the second part of (2.2.7). 

This proposition can be generalized as follows. Let 

1--t H' --t H--t HIH' --t 1 

1 1· 1 
1--t G' --t G --t GIG' --t 1 

(2.2.8) 

D 

be a commutative diagram of finitely generated groups with G' = L( H'), L : H ---+ G 
being a homomorphism. 

Proposition 2.2.4. If L is a monomorphism, then gr(HIH') ::5 gr(GIG'). If, more
over, L(H) has finite index in G, then gr(HIH') = gr(GIG'). 

Proof. Choose a finite generating set H1 of H and extend L(H1) to a finite gener
ating set G1 of G. The cosets hH' with h E H1 (resp., gG' with 9 E G 1) generate 
HI H' (resp., GIG') while L induces a monomorphism t: HI H' ---+ GIG' such that 
t(hH') = L(h)G' for all h E H. Therefore, tH/W(n) ~ tG/G,(n) for all n and this 
proves the first part of the statement. 

To get the second part, denote by d the index of L(H) in G and choose 
elements r1 = e, r2, ... , r d representing all the cosets of G I H. For any 9 E G define 
¢(g) E H by ¢(g) = ri1g, where i ~ d is the only index for which riH = gH. 
Then 

#¢-l({h}) = d for any hE H. 

Next, choose a generating set G1 of G and define H1 by 

H1 generates H. In fact, if 9 = gl ... gk E Hand gl, ... ,gk E G 1, then 9 equals the 
product of all the elements of the form ¢(gj . ra(j)), j = 1, ... , k, where a(j) ~ d 
satisfies gj+1 ..... gkH = r a(j)H. (The above method of writing elements of 
H in terms of generators of H1 is called the Reidemeister rewriting procedure, 
see [MKS], Theorem 2.7 and Corollary 2.7.2.) Moreover, the above shows that 
¢(Gn ) C Hn+no' where no is chosen in such a way that ri E Gno for all i ~ d. 
Therefore, 
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and 
gr(H) = greG). 

Passing as before to the quotients GIG' and HI H' we obtain the required equality 
of growth types. 0 

Proposition 2.2.5. If ( is an epimorphism, then gr( GIG') ~ gr( HI H'). If, more
over, ( has finite kernel, then gr(GIG') = gr(HIH'). 

Proof. If HI generates H, then G I = {(HI) generates G. As before, the cosets 
hH' with h E HI generate HIH', the cosets gG' with g E G1 generate GIG' 
and {induces an epimorphism j;: HIH' ---+ GIG'. Since ((Hn) = Gn, t%,(n) :=; 
tH/H'(n) for all n. This proves the first part of the statement. 

Now, if m = #kert < 00, then #(-I({g}) = m and #j;-I({gG'}) :=; m for 
any g E G. Therefore, tH/H'(n) :=; m· t%,(n) for all n. This implies the relation 
gr(HIH') ~ gr(GIG') which, together with the first part of the statement, yields 
the required equality of growth types. 0 

Since any finitely generated abelian group G of rank d is a finite extension 
of Zd, Proposition 2.2.4 applied to the diagram 

o ------+ 0 Z d ------+ Z d ------+ 0 

1 1 1 
o ------+ 0 ------+ G ------+ G ------+ 0 

yields the following. 

Corollary 2.2.6. Any finitely generated abelian group of rank d has the growth type 
[nd ]. 

Another consequence of the above concerns nilpotent groups. 

Corollary 2.2.7. [Wo2] Any finitely generated nilpotent group is of polynomial type 
of growth. 

Proof. Let G be finitely generated and nilpotent. Let G(O) = G and G(k + 1) = 
[G,G(k)] for k 2: O. Then, G(m+ 1) = {e} for some mEN, each G(k+ 1) is a 
normal subgroup of G(k) and the quotients G(k)/G(k + 1) are abelian and finitely 
generated. 

Choose a finite symmetric generating set 8 m C G(m). For each k < m choose 
a finite set Sk generating G(k)/G(k + 1) and for any z E Sk choose an element 
gz E Gk representing z. Set 8k = {gz; z E Sk} and 8 = 8 0 U 8 1 U ... U 8m . 

The set 8 generates G. In fact, if g E G, then gG(l) = hI ..... hkl . G(l) 
for some hI' ... ' hkl E 8 0 C 8. This means that g = hI ..... hk,gI for some 
gl E G(l). Again, gIG(2) = hkl+l ..... hk2G(2) and gl = hkl+l ..... hk2 g2 for 
some hk ,+l, ... , hk2 E 8 1 C 8 and g2 E G(2). Continuing by induction one can 
write g in the form g = hI ..... hk"" where hj E 8 for all j. 
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Moreover, an argument similar to that above shows that any element g E G 
of length (in the alphabet S) :S n can be written in the form 

for some h j and ki such that k1 :S k2 :S ... :S km' ki+1 - ki :S nand h j E Si when 
ki + 1 :S j :S ki+1. Therefore, 

tc(n) :S tC/C(l)(n) .... · tC(m-1)/C(m)(n)' tC(m)(n) 

and the result follows since by Corollary 2.2.6 all the functions tG (k)/C(k+1) (as 
well as tC(m)) grow polynomially. 0 

The same reasoning allows us to improve the above to obtain 

Corollary 2.2.8. If a finitely generated group contains a nilpotent group of finite 
index, then it has a polynomial type of growth. 0 

The converse is also true: in the remarkable paper [Grol]' Gromov proved 
that any finitely generated group of polynomial type of growth contains a nilpotent 
subgroup of finite index. Also, Wolf [Wo2] and Milnor [Mi2] proved that any finitely 
generated solvable group which contains no nilpotent subgroups of finite index has 
exponential growth. 

Some very natural examples of finitely generated groups are provided by 
fundamental groups of compact manifolds. Below we show how the growth type 
of the fundamental group of a compact Riemannian manifold is related to its 
geometry. To this end let us consider a complete Riemannian manifold (M, (-, .) ), 
fix a point x E M and let 

tM(n) = volB(x,n), (2.2.9) 

where B(x, r) is the ball on M of radius r and centre x while vol is the measure 
on M induced by the Riemannian structure: if A is a subset of the domain U 
of a chart ¢ = (¢1,'" ,¢m) : U --> IRm, m = dimM, and (gij) is the matrix of 
components of (-, .) in the frame (d¢l' ... , d¢m), (-,.) = 2::" giJ' d¢i@d¢J"onU, ',J 
then - by classical results of Riemannian geometry -

(2.2.10) 

If Xl is another point of M, then B(x l , r) c B(x, r+ro), where ro = d(x, Xl) and d 
is the distance function on (M, (-'.)). Therefore, the function t~ defined by (2.2.9) 
with x replaced by Xl satisfies t~(n) :S tM(n + no) :S tM(2n) when n > no 2': ro 
and the following definition is correct. 

Definition 2.2.9. gr(M) = [tM] is called the growth type of a Riemannian manifold 
(M,(-,') ). 
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One of the very first and most important results relating growth types of 
Riemannian manifolds and groups is the following theorem due to Milnor [Mil] 
and Svarc [Sv]. 

Theorem 2.2.10. If M is compact, then the fundamental group 7rl(M) and the 
universal covering M of M have the same growth type. 

Proof. First, fix a base point Xo E M and a neighbourhood U of x covered regularly 
by 7r: M ---> M. Choose Xo E 7r- 1 ({xo}) and let 

(2.2.11) 

where G1 is a finite symmetric set generating G = 7rl(M), 

Igl = inf{lb); 'Y E g}, (2.2.12) 

and lb) is the length of a curve 'Y on M. For any 9 E Gn , 9 =I=- e, the distance 
of Xo and g(xo) does not exceed lon and the connected components of 7r-l(U) 
containing Xo and g(xo) are disjoint. Therefore, if lr is any natural number greater 
than lo, then 

t M (lr n) 2: tc (n) . vol U (n E N) (2.2.13) 

and 
gr(G) = [tc] ~ [tM] = gr(M). (2.2.14) 

Second, let Mo = B(xo,t5) eM be the closed ball ofradius 15 = diamM. All 
the sets g(Mo), 9 E G, cover M and this covering is locally finite. 

In fact, if B(xo,r), r > 0, were to intersect infinitely many sets of the form 
g(M02, then B(xo, 15 + r + c:) would contain infinitely many disjoi~t copies of the 
ball B(xo, c:), each of them of the same volume V(c:) > O. Hence, B(xo,t5 + r + c:) 
would have infinite volume. Here, c: > 0 is so small that the ball B(xo,C:) is covered 
regularly by 7r. 

Let H = {g E G; g(Mo) n Mo =I=- 0} and "I = min{d(Mo, g(Mo)); 9 fJ. H}. 
Assume that d(xo, g(Mo)) < "In + 15 for some n E N. Choose x E g(Mo) with 
d(xa, x) < "In + 15 and such points Xo = Yo, Yl, ... , Yn+l = x along the minimal 
geodesic joining x to xo that d(Yi' Yi+l) < "I for i = 1, ... , n. For any i, Yi E hi(Mo), 
where hi E G, ho = e and hn+l = g. If gi = hjl hi+l' then 9 = gl" . ··gn and gi E H 
since both hjl(Yi) and hjl(Yi+l) lie in Monhi(Mo) while d(hjl(Yi), hjl(Yi+l)) < 
"I. Consequently, 

volB(xo, "In + 15) :::; tc(kn) ·volB(xo,t5), 

where kEN is such that H c Gk . In other words, 

tM(n) :::; VolB(xo, 15) . tc(([kj2ry] + 1) n) 

for n large enough, n > 215, and finally 

gr(M) = [t M] :::; [tc] = gr(G). 

(2.2.15) 

(2.2.16) 

(2.2.17) 
D 
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The argument in the proof above shows in fact the following. 

Corollary 2.2.11. The universal covering M of any compact Riemannian manifold 
M is quasi-isometric to the fundamental group 7Tl (M) (i.e., to its Cayley graph). 0 

Moreover, well-known estimates of volume on Riemannian manifolds of neg
ative curvature (see, for example, [BC]) yield 

Corollary 2.2.12. If M is a compact Riemannian manifold of negative sectional 
curvature, then both M and 7Tl (M) have exponential growth. 

Proof. If the sectional curvature K of M satisfies 

then the volume V (r) of any ball of radius r in the universal covering M of M 
satisfies 

(2.2.18) 

where Vc(r) is the volume of a similar ball in the space form of constant curvature 
-c2 : 

Vc(r) = nc1-nwn 'Io r(sinhct)n-l dt , (2.2.19) 

Wn being the volume of the unit ball in ffi.n . If r is large enough, then 

(2.2.20) 

Also, 

(sinhbt)n-1dt < . e(n-l)br. lor 1 

o - (n-l)b 
(2.2.21) 

From (2.2.18)-(2.2.21) we get the estimates 

(2.2.22) 

which imply that 
o 

Using the results of Section 1.5 we can generalize the above as follows. 

Corollary 2.2.13. Any non-elementary hyperbolic group has exponential growth. 0 

Definition 2.2.14. Riemannian manifolds M and M' are Lipschitz equivalent if 
there exists a diffeomorphism f of M onto M' and a constant c 2: 1 such that 

1 
-Ivl :::; Idf(v)1 :::; clvl 
c 

(2.2.23) 

for all v E TM. 
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Inequality (2.2.23) is equivalent to 

1 
-d(x,y) :::; d'(J(x),J(y)):::; cd(x,y) (x,y E M) 
c 

(2.2.24) 

where d and d' denote the Riemannian distance functions on M and M', respec
tively. Therefore, Lipschitz equivalent Riemannian manifolds are quasi-isometric 
in the sense of Definition 1.5.5. 

Proposition 2.2.15. If M and M' are Lipschitz equivalent, then gr( M) = gr( M'). 

Proof. Passing to two-fold coverings, if necessary, we may assume that both M 
and M' are orientable. Let wand w' be the Riemannian volume forms on M 
and M', respectively. Then f*w' = /-lW for some /-l : M ----+ R If (el,"" em), 
m = dim M = dim M', is an orthonormal frame of TxM, then 

Moreover, 
BM,(J(x), c-lr) C f(BM(x, r)) 

for all x E M and r > O. Consequently, 

(2.2.25) 

(2.2.26) 

(2.2.27) 

This implies the relation gr(M') ::S gr(M). The converse holds because of the same 
reason. 0 

Let us recall now that a Riemannian manifold M has bounded geometry when 
its sectional curvature is bounded and the injectivity radius of its exponential map 
has a strictly positive lower bound all over M. 

Proposition 2.2.16. If complete Riemannian manifolds M and M' have bounded 
geometry and are quasi-isometric, then gr(M) = gr(M'). 

Proof. Since M and M' have bounded geometry, for any r > 0 there exist positive 
constants v(r) and V(r) such that the volumes of all the balls of radius r on M 
and M' are contained in the interval [v(r), V(r)]. 

Let f : M ----+ M' and l' : M ----+ M' be quasi-isometries satisfying all the 
conditions of Definition 1.5.5 with c = A = c:. Let x E M and x' = f(x). Choose 
R > 0 arbitrarily large and a maximal (2c: )-separated subset X = {x~, ... ,x~} of 
the ball BM,(x', R). Then, the balls BM'(x;, c:), i = 1, ... , m, are pairwise disjoint 
while the balls B M' (x;, 2c:), i = 1, ... , m cover the ball B M' (x', R). Therefore 

vol BM' (x', R) :::; m· V(2c:). (2.2.28) 

Let Xi = f'(x;) for all i :::; m. Since l' is c:-quasi-isometric, the balls BM(Xi, 1) 
are pairwise disjoint. Also, 

d(X, Xi) :::; d(x, I'(x')) + d(J'(x'), I'(x;)) :::; c:(R + 2), 
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i.e., Xi E BM(X,E(R + 2)). Therefore, 

volBM(x, E(R + 2)) 2: m· v(l). (2.2.29) 

Comparing (2.2.28) and (2.2.29) we obtain 

I V(2E) 
vol BM' (x ,R) ::; ~ . volBM(x, 2ER) 

for any R sufficiently large. This yields the relation gr(M') ::; gr(M). Similarly, 
gr(M) ::; gr(M'). D 

In the same way, if two finitely generated groups G and G' are quasi-isometric, 
then they have the same growth types. It is easy to guess that the converse is not 
true. 

Example 2.2.17. Let G be the Heisenberg group, i.e., the group of all the matrices 
of the form 

(2.2.30) 

with k, land m E Z. G is obviously isomorphic to Z3 equipped with the multipli
cation given by 

(k, l, m) . (k', l', m/) = (k + k', l + l' + km',m + m /). (2.2.31 ) 

Also, it is generated by the elements a = (1,0,0), b = (0,0,1) and e = (0,1,0) 
which satisfy the relations 

ae = ea, be = cb and c = aba-1b- 1. (2.2.32) 

Let G1 be the smallest symmetric generating set containing a, band c. It is easy 
to see from (2.2.31) and (2.2.32) that if 9 = (k, l, m) E Gn , then Ikl ::; n, Iml ::; n 
and Ill::; n 2. Therefore, if akbmd E Gn , then Ikl ::; n, Iml ::; n and III ::; 2n2. It 
follows that, #Gn ::; (2n + 1?(2n2 + 1) ::; (2n + 1)4. Also, (2.2.31) implies the 
relation 

Therefore, G8n contains all the elements of the form akbmc1 with Ikl ::; n, Iml ::; n 
and Ill::; n 2, and consequently #G8n 2: (2n + 1)2(2n2 + 1) > 8n4 . This shows that 
G has polynomial growth of degree 4. 

We encourage the reader to prove directly that G is not quasi-isometric to 
Z4. This fact can be extracted also from the Pansu results: G and Z4 are nilpotent 
of finite type, to each group r of this sort one can associate a nilpotent simply 
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connected Lie group r which depends only on the quasi-isometry class of r ([Pan], 
Theorem 3). Clearly, i4 = ffi.4 while 

Let us note that related problems for lattices in Lie groups are situated 
among the hottest areas in geometric group theory. Interested readers can consult 
for example the survey [Es] and references there. 

Remark 2.2.18. Growth of a finitely generated group G can be described more 
precisely in terms of the growth Junction J (with respect to a given finite generating 
set G1 ) defined by the power series 

00 

J(z) = 2::::anZn, (2.2.33) 
n=O 

where an is the number of elements g of G satisfying Igl = nand Igl = min{ n; 9 E 

G n } is the length of 9 in the alphabet G 1 . It is known that J is rational when G is 
either hyperbolic ([GH], p. 174) or virtually abelian [Benl]. The growth function 
J has been computed explicitly for several groups like Coxeter groups ([Bon], [Par] 
etc.), Fuchsian groups ([ew], [FP] etc.) and some nilpotent groups ([Ben2]' [Sh] 
etc.). Recently, the complete growth Junction F, 

F(z) = L.: gzlgl, (2.2.34) 
gEG 

was defined as an element of Z[G][z], the ring of formal series with coefficients in 
the group ring Z[G], and has been shown to be rational (in a natural sense) when 
G is hyperbolic [GrN]. From (2.2.33) and (2.2.34) it follows immediately that the 
homomorphism h : Z[G] ---* Z induced by the map G 3 9 f-+ 1 gives rise to the 
homomorphism Ii : Z[G][z] ---* Z[z] such that Ii 0 F = J. Therefore, rationality of 
F yields immediately rationality of f. All these results belong to geometric group 
theory. An interested reader is referred to [GrH] for a recent review of related 
problems. 

2.3 Orbit growth for pseudogroups 

If 9 is a finitely generated pseudogroup and 91 C 9 is a finite symmetric generating 
set, then one can define the growth function tQ"Q by 

(2.3.1) 

where, similarly to (2.2.1), 

9n = {gl 0 ... ogn; gl,···,gn E 91}. (2.3.2) 
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The example below shows that the growth type [tg"g] depends strongly on the 
choice of (h. Therefore, talking about the growth type of a pseudogroup might be 
deceiving. 

Example 2.3.1. Let Q = Q(f) = Q(fo, h), where f : X ---+ X is a homeomorphism, 
fi = flUi , Uo and U1 are open subsets covering X. If Q1 = {id, f, f- 1} and 
Q~ = {id,fo,fo\h,fl1}, then it might happen that [tg,g,] = [n] and [tg,g;] = 

[2n] = [en]. In fact f· 0'" 0 f· = fnlU . U . = f-(n-1)(U ) n··· n , 21 'in 21,···,2 n ' 21,···,2n 21 

f-1(Uin _,} n Uin , and all the sets Uil, ... ,in, ik E {O, I}, might be different. This 
happens, for example, when X = 8 1, f = Ra is a minimal rotation, Ui = 8 1" {Xi}, 
and the points Xo and Xl are independent over 0: (i.e., Xl - Xo 1. o:Z). 

Also, the type of growth of orbits of general pseudogroups may be not well 
defined, i.e., it may depend on the choice of generators. This is due mostly to the 
possibility of "gluing" maps in pseudogroups (property (iv) in Definition 1.1.1). So, 
if we would try to define it as the type of growth of the function n f-+ Qn(x), then 
one could observe that, due to the fact that domains of maps of Q are open in X, 
it might happen that, given g E Q, the length of the shortest word in alphabet Q1 
expressing g in a neighbourhood of X E Dg escapes to infinity when X approaches 
the boundary of D g . Consequently, the types of growth of functions X f-+ Qn(x) 
and n f-+ Q~(x) could be a priori different for different sets Q1 and Q~ generating Q. 
Therefore, to define orbit growth type properly we need some special assumption 
about either Q or a generating set. 

In some particular cases this type is well defined but the proof of this fact 
may be surprisingly complicated and technical. This happens in the following 

Proposition 2.3.2. [Lel If Q is a pseudogroup of local isometries of the circle 8 1 

generated by a finite set Q1 of rotations hi : (Xi,Yi) ---+ (Xi + O:i,Yi + O:i), i = 
1, ... , m, and X E 8 1 , then the type of the growth of the orbit Q(x) is independent 
of the choice of such a generating system Q1. 

To prove the above we need the following. 

Lemma 2.3.3. If X and yare points of 8 1 and c is a positive number such that 
Y + t E Q(x +t) for all t E (0, c), then there exists J > ° and an element g E Un Qn 
such that (x,x+J) c Dg andg((x,x+J)) = (y,y+J). 

Proof. If y E Q(x), the statement is obvious. So, assume that 

y 1. Q(x). (2.3.3) 

First, consider the set A = {Xi, Xi + O:i; i = 1, ... ,m}. Since A is finite, there 
exists ry E (0, f) such that for any points u and v of A with v E Q (u) there exists 
"( E Un Qn such that 

[u - ry,uj c D"( and "((u) = v. (2.3.4) 
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Next, consider the set g of all 9 E Un 9n for which there exist numbers 
t = tg and t' = t~ such that 0 ::; t < t' < rJ, (x + t, x + t') c Dg, x + t ¢:. Dg and 

g((x + t, x + t')) = (y + t, y + t'). By (2.3.3), g =I- 0. 
For any 9 E g, 9 = h 0 ···0 fp E 9p for some fJ = h ij E 91, let c(g) = 

#{j; (x, x + t~) r:t. Dfjo ... ofp}. We claim that 

min{c(g);g E Q} = O. (2.3.5) 

In fact, if 9 E g, c(g) > 0, 

and 

then tg > 0 (obviously), r ~ s (otherwise, f8+1 0···0 fp(x + tg) E Dfs ' x + tg E 

Dfso ... ofp and y + tg E DU,O ... ofr_,)-l C DU,O ... ofs_,J-', so X + tg E Dj,o ... ofp 

contradicting the definition of g) and c(g) ~ r (by similar arguments). Let now 

Then, v E 9(u) (since y + t E 9(x + t)). Let "( be an element of Un 9n satisfying 
(2.3.4) andg' = ho·· ·Of8-10"(of,.+10·· ·ofp E Q. Now, [x+tg,x+t~) C Dfr+l 0 ... o fp 

and, since 0 < t' < rJ, (x,x + til) C D,,(ofr+lO ... ofp for some til> O. Consequently, 
c(g') ::; s - 1 < c(g) and this proves (2.3.5). 

Obviously, (2.3.5) implies the statement of our lemma. 0 

Let now 9~ be another generating system for 9 and let g' E 9~. Lemma 2.3.3 
implies that there exists a finite covering U1 , ... , U m of D g' such that g'l Uj = 
/'j IUj for some "(j E 9n(j) , j = 1, ... , m. Let n(g') = max{ n(j); j ::; m} and 
no = max{n(g');g' E 9D. Then, for any x E 8 1 and n E N, 

(2.3.6) 

Relation (2.3.6) shows that the growth of 9(x) defined by 9~ does not exceed 
that defined by 91. The opposite relation holds accordingly. This completes the 
proof of Proposition 2.3.2. 0 

Note that the above result is valid for pseudogroups of local isometries of 8 1 

only. In the proof of Lemma 2.3.3, we strongly use the order of points along the 
circle as well as the fact that the maps of 9 preserve the length of arcs. As far as 
we know, the analogous problem for pseudogroups of local affine maps of 8 1 is still 
open (and of some interest). In the case of arbitrary pseudogroups, the situation 
is even more complicated. Therefore, we shall accept the following definitions. 
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Definition 2.3.4. As before, let 91 be a finite symmetric set generating a pseu
dogroup 9 on X. For any 9 E 91 choose a compact set Kg C Dg in such a way 
that the maps gl int Kg, 9 E 91 still generate 9. If this is possible, 91 is said to be 
a good set of generators. Pseudogroups which admit good generating sets are also 
called good. 

Clearly, any finitely generated group of transformations of a compact space 
is good. Also, the holonomy pseudogroup 1i corresponding to a nice covering U of 
a compact foliated manifold (M, F) is good. 

Let 
(2.3.7) 

and 
tg,x(n) = #{g(x); 9 E 9~ and x E Dg} (2.3.8) 

for n = 1,2, ... and x E X. If 9~ is another good generating set, 9 E 91 and 
x E Kg, then gIU(x) = g'IU(x), where U(x) is a neighbourhood of x and g' E 9~(x)' 

Covering Kg by finitely many such neighbourhoods U(xd, ... , U(xm ), putting 
kg = max{k(xd, ... , k(xm )} and k = max{kg; 9 E 9d we can see that 

{g(x); 9 E 9~ and x E Dg} C {g'(x); g' E 9~~ and x E Dg,} (2.3.9) 

for all n E N. Therefore, 

(2.3.10) 

where tg,x is defined by (2.3.8) with 9~ replaced by 9~c. Consequently, the following 
definition is correct. 

Definition 2.3.5. The growth type of 9 at x is defined by 

gr(9, x) = [tg,x], 

where tg,x is given by (2.3.7) and (2.3.8) for any good generating set 91' 

Analogously to (2.2.8) and (2.2.7) we have 

tg,x(n + m) ::; tg,x(n)· tg,x(m) 

and 
gr(9, x) ::5 [en]. 

Also, if y = g(x) for some 9 E 9, then 

gr(9,y) = gr(9,x). 

(2.3.11) 

(2.3.12) 

(2.3.13) 

(2.3.14) 

In fact, glU = g'IU for some neighbourhood U of x and g' E 9k; therefore, 
tg,x(n) :::: tg,y(n + k), n = 1,2, ... , and gr(9, y) ::5 gr(9, x). The converse in
equality holds as well. Therefore, we can speak about the type of growth of the 
orbits of 9 instead of the growth type of 9 at the points of X. 
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Remark 2.3.6. In [Hae4] Haefliger discussed the notion of compact generation. A 
pseudogroup 9 on X is compactly generated when (1) X is locally compact and 
contains a relatively compact open subset Xo meeting all the orbits of 9, and (2) 
9 contains a finite subset 90 generating 91Xo and such that any element g E 90 
can be extended to a map 9 E 9 defined on the domain Dg which contains the 
closure of Dg . Evidently, good pseudogroups are compactly generated (take Xo = 

U{Kg; g E 91} and 90 = {glintKg; 9 E 9d, where 91 is a good generating set) 
but the converse is not true (for example, the pseudogroup 9(1), where f(t) = t 3 

for all t E JR., is compactly generated but it is not good). As was observed in [Hae4J, 
the growth type of orbits can be defined for compactly generated pseudogroups 
as the growth type of orbits of 91Xo (with respect to the generating set 90). The 
argument showing that such a type of growth is well defined is essentially the 
same as that above. In fact, several notions and results discussed hereafter could 
be formulated in the case of compact generation. 

For the holonomy pseudogroup H of a compact foliated manifold (M, F) 
without boundary we have the following, analogous to Theorem 2.2.10, result. 

Proposition 2.3.7. gr(H,x) = gr(L), where L is the leaf of F passing through x 
equipped with any Riemannian metric inherited from M. 

Proof. Let U be the nice covering defining H, (-,.) a Riemannian metric on M 
and T the complete transversal with H acting on it. Since M is compact, there 
exists c E (0,1) such that the leaf distance dL(x,y) (defined by the Rieman
nian structure on L induced from C·)) of arbitrary points x and y in L n T, 
x =1= y, satisfies the inequality ddx,y) > 2c. Also, v(c) = min{vol Bu(x,c); x E 
L' and L' is a leaf of F} is positive and J = max{ diam P; P is a plaque of U} is 
finite. If x E L, n E Nand hE H n , then ddx, h(x)) ::::: nJ and therefore 

v(c) . t'H,x(n) ::::: vol Bdh(x), c) 
hE'Hnn{h;xED h } (2.3.15) 

::::: vol Bdx, nJ + c) ::::: tL(n([J + 1] + 1)). 

Now, let A > ° be a Lebesgue number of the covering of M by the plaques: if 
x, y E L', L' is a leaf of F and du(x, y) < A, then there exists a chart U E U and a 
plaque P c U such that x and y lie in P. Also, let V(J) = max{vol Bu(z,J); z E 
L' and L' is a leaf}. Since M is compact, V(J) is finite. For any x ELand any 
n E N we have 

vol Bdx, n) ::::: voIBL(h(x), J) ::::: V(J) . t'H,x(k(n)), (2.3.16) 
hE'Hk(n) n{ h;xEDh} 

where k(n) = [n/A] + l. 
Inequalities (2.3.15) and (2.3.16) prove our statement. o 



2.3. Orbit growth for pseudogroups 49 

Corollary 2.3.8. If a Riemannian manifold N is quasi-isometric to a leaf L of a 
foliation F of a compact manifold M, then 

gr(N) :::S [expJ. (2.3.17) 
o 

Equality in (2.3.17) may hold. To see this let us recall the following 

Definition 2.3.9. A leaf L of a codimension-one foliation F is said to be resilient if 
there exists a holonomy map f E H defined in a neighbourhood U C T of a point 
x E L n T and another point y E L n U such that y i= x, 

f(x) = x and r(y) ---> x when n ---> 00. (2.3.18) 

In other words, L is resilient whenever it contains a loop r and two points 
x and y such that x Ern T, yET, x i= y and Yn = h~(y) ---> x as n ---> 00. The 
term "resilient" comes from the French word "ressorf' which means that our leaf 
has the shape (not the properties) of a spring (Figure 2.1). This translation is not 
perfect, some authors (see, for instance, [CaCl]) call it "unfortunate". 

Recall also that, due to a classical Sacksteder result ([Sa], see also [HH]) , 
any exceptional minimal set on a compact C2-foliated manifold (M, F) contains a 
resilient leaf. Therefore, resilient leaves do exist. 

If F is transversely oriented and L is resilient, H contains a subpseudogroup 
H' isomorphic to a pseudogroup generated by two local homeomorphisms g and 
h of IR such that 

h: [a, bJ ---> (b, c], g: [a, cJ ---> [a, b) and g(a) = a (2.3.19) 

for some a, band c E IR, a < b < c. In fact, since co dim F = I, we can identify a 
transversal T with an interval contained in R Assume that f, x and y > x have 
the properties listed in Definition 2.3.9. Put a = x and let h be any holonomy 
map satisfying h(a) = fk(y) < y with some kEN (such maps exist since a and 
fk (y) belong to the same leaf L). Fix an element c of the interval Uk (y), y) and 
find b such that b> a, [a, bJ C D f n Dh and h(b) :::; c. Finally, take mEN as large 
that rn (y) < b and put g = fm. Certainly, these a, b, c, hand g satisfy all the 
conditions of (2.3.19). 

Now, if Xo E [a, bJ and n E N, then all the points 

(gEn 0 h 0 l"n-l 0 h··· 0 h 0 gEl 0 h)(xo), Ci E {I, 2}, (2.3.20) 

are different because g([a, b])nh([a, b]) = 0. (Note that all the maps which appeared 
in (2.3.20) are defined on the whole interval [a, b] !) Consequently, 

(2.3.21 ) 

and 
[exp] :::S gr(L). (2.3.22) 

From (2.3.22) and Corollary 2.3.8 we obtain the following. 
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T 

Figure 2.1: A piece of a resilient leaf. 

Proposition 2.3.10. If a Riemannian manifold N is quasi-isometric to a resilient 
leaf L on a compact foliated manifold (M, F), then 

gr(N) = [exp]. (2.3.23) 
o 

In the same way, one can define resilient orbits of arbitrary pseudogroups on 
1Ft An orbit 9(x) of x is said to be resilient if there exist elements 9 and h of 9 
such that x E Dg n Dh, g(x) = x, y = h(x) E Dg and gn(y) ---+ x while n ---+ 00. Of 
course, resilient leaves of a foliation F correspond exactly to resilient orbits of its 
holonomy pseudogroup. Analogously to Proposition 2.3.10 we have 

Proposition 2.3.11. If an orbit 9 (x) is resilient, then 

gr(9, x) = [exp]. (2.3.24) 
o 

Example 2.3.12. (i) The pseudogroup 9 on X = [0,1] generated by the maps hl 
and h2 considered in Example 1.4.4 (b) admits resilient orbits. For example, 9(0) 
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is resilient: h1 (0) = 0, h2 (0) = ~ and hl(~) = 2· 3-(n+1) ---> 0 with n ---> 00. This 
orbit is contained and dense in Zo, an exceptional minimal set. The reader can 
check that 9 admits more resilient orbits: The orbit 9(:r;) of a point x E Zo is 
resilient if and only if 

2:00 Xn 
x- -

- 3n ' 
n=l 

Xn E {0,2}, 

and the sequence (Xn) is eventually periodic, i.e., becomes periodic after deleting 
terms Xl, ... ,Xm for some mEN. (ii) The pseudogroup 9(1) generated by the 
Denjoy diffeomorphism f of 8 1 (Example 1.2.2) admits no resilient orbits because 
the only element of 9(1) which has fix points is id. Therefore, the suspension of 
such an f provides a C 1-foliation with an exceptional minimal set but without 
resilient leaves. 

2.4 Expansion growth 

Let 91 be a good finite symmetric set generating a pseudogroup 9 on a compact 
metric space (X, d). Let Kg C Dg be compact sets such that the maps glInt (Kg), 
9 E 91 still generate 9. Following [GLW2] we shall accept the following. 

Definition 2.4.1. Points X and y of X are (n,E)-separated (n E N,E > 0) if there 
exists 9 E 9~ such that 

{X,y} C Dg and d(g(x),g(y)) 2: E. (2.4.1) 

A set A C X is (n, E)-separated when any two points x and y of A, x i= y, have 
this property. 

Since X is compact, any (n, E)-separated set is finite and we may put 

s(n,E,91) = max{#A; A C X is (n,E)-separated}. (2.4.2) 

Definition 2.4.2. [Egl] The type of growth of the sequence (s(·, i, 91)) kEN is called 
the expansion growth of 9. 

This definition is correct: the type of growth of the sequence (s(n, i)) does 
not depend on the choices involved in its definition. Indeed, we have the following. 

Lemma 2.4.3. If 9~ is another good finite symmetric set generating 9! then 

[(s(·, ~,9~))] = [(s(-, ~,9d)]. (2.4.3) 

Proof. For any 9 E 91 and x E Kg find a neighbourhood Ug(x) and a map g' E 
9'':n(x,g) such that 9 = g' on Ug(x). Cover Kg with sets Ug (X1), ... , Ug(xr(g)), 
denote by )..g a Lebesgue number of this covering, and put).. = min {)..g; g E 91} and 
m = max{m(x;, g); 9 E 91 and i = 1, ... , r(g)}. Thus, if x, y E X and d(x, y) < ).., 
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then there exist maps g E {h and g' E 9j; such that {x, y} e KgnDgl, g(x) = g'(x) 
and g(y) = g'(y). It follows that, for any E <,X. and n E N, all (n,E,91)-separated 
sets are (mn, E, 9D-separated. Consequently, 

s(n,E,91) ::; s(mn,E,9D (n E N,E < ,X.). 

This implies (2.4.3) immediately. 

(2.4.4) 

D 

Also, it is easy to show that isomorphic good pseudogroups (in particular, 
holonomy pseudogroups corresponding to different nice coverings of a compact 
foliated manifold (M, F)) have the same expansion growth. The proof of this fact 
is similar to that of the lemma above. Therefore, we may accept the following. 

Definition 2.4.4. The expansion growth of a foliation F of a compact manifold M 
is defined as the expansion growth of the holonomy pseudogroup of F. 

Remark 2.4.5. The expansion growth of a pseudogroup could be defined also with 
the aid of (n, E)-spanning sets. A subset B of X is said to be (n, E, 91 )-spanning, 
91 being - as before - a good symmetric finite set generating a pseudogroup 9, 
if for any x of X there exists y E B such that for any g E 9~, 

{x,y} e Dg implies d(g(x),g(y)) < E. (2.4.5) 

Since X is compact, finite (n, E, 91)-spanning sets exist for all n E Nand E > 0, 
and we may put 

r(n,E,Ql) = min{#B; Be X is (n,E,Ql)-spanning}. (2.4.6) 

Again, the type of growth of the sequence (r(·, f)) kEN is independent of the choice 
of 91. Moreover (see [Egl] for a detailed proof) 

1 1 
[(r(·, k))] = [s(·, k))]· (2.4.7) 

Hereafter, the expansion growth type of a pseudogroup 9 (resp., of a foliation 
F) will be denoted by egr(Q) (resp., byegr(F)). 

Example 2.4.6. (i) Let 9 elso (X) be a pseudogroup of local isometries. Then 
for any g E 9 and x E Dg there exists a neighbourhood U of x such that g maps 
U isometrically onto g(U). Recall (Section 1.2) that, in general, the elements g 
of 9 need not map Dg isometrically onto Rg. However, if 9 is finitely generated 
(and good), then there exists a finite symmetric (and good) set 91 generating 9 
and such that any map g E 91 is an isometry of Dg (equipped with the distance 
function induced from X) onto Rg . For such 91, d(g(x),g(y)) = d(x,y) for all 
g E 9~, n E N, x and y E Dg . Therefore, s(n, E, 9d = s(O, E, 91) = S(E) > ° and 

1 
egr(Q) = [(s(l),s("2)' .. . )] = [1]. (2.4.8) 

In other words, 
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1. any good pseudogroup of local isometries has constant expansion growth. 

Recall that foliations with holonomy pseudogroups consisting of local isome
tries (of a transversal equipped with a Riemannian structure) are called Rieman
nian. Therefore, 

2. all the Riemannian foliations of compact manifolds have constant expansion 
growth. 

(ii) If Q = Q (f) is the pseudogroup on 51 generated by the map f : z 1-+ z2, 

then egr(Q) is exponential. In fact, if two points x and Y E 51 are close enough, 
then d(f(x),f(Y)) = 2d(x,y). Therefore, if E > 0 is small enough (say, E < EO = 
7r = diam 51) and n EN, then on any closed arc C C 51 of length E one can find 
2n + 1 points which constitute an (n, E)-separated set. Consequently, s( n, E) > 2n 

for all nand E < EO, and egr(Q) C::: [2n] = [exp]. On the other hand, since 51 is a 
compact manifold and f is smooth, egr(Q) :::; [exp] (see Proposition 2.4.7 below). 

This pseudogroup Q can be realized as the holonomy of a foliation :F of a 
compact 3-manifold M. Indeed, let N = D2 X 51 be the solid torus, ¢ : N -+ N 
be given by 

1 1 2 
¢(z, w) = ("2w + 4z, w), Izl::::: 1, Iwl = 1, (2.4.9) 

and No = N" Int¢(N). No is a compact 3-manifold with boundary 8No = 80 u81 , 

8i being diffeomorphic to T2. No carries the natural foliation :Fo by the surfaces 
w = const. Let M be the manifold (without boundary) obtained from No by 
identifying 80 and 81 via ¢ and :F - the foliation induced on M from :Fo. :F has 
the required property. It is called Hirsch foliation. Therefore, 

3. Hirsch foliation has exponential expansion growth. 

Proposition 2.4.7. If M is a compact Riemannian manifold and Q is a finitely 
generated pseudogroup of C1-difJeomorphisms on M, then 

egr(Q) ::S [en]. (2.4.10) 

Proof. Let m = dim M and U = {U 1, ... , U d be a finite covering of M by charts 
¢i : Ui -+ Q, Q being the unit cube in Thtm. Choose a good set Q1 generating Q 
and let a = inf{ Ild(¢i 0 g 0 (,bj 1 )(x) II; g E Qf, i, j ::::: k and x E D¢9¢-I}. Certainly, 
a is a positive constant. Also, there exists another constant b ?:: 1 such that 
b-1 1¢i(X) - ¢i(y)1 ::::: dM(x,y) ::::: bl¢i(X) - ¢i(Y)1 for all i::::: k, x and y E Ui. 

If a set A C Q is (n, E)-separated with respect to the pseudogroup on Q 
generated by the maps ¢i 0 g 0 ¢i 1 , then Ix - yl ?:: aCn for any x and y of A, and, 

consequently, #A ::::: (afCn) m. Finally, if A is a Lebesgue number of U, B c M is 

(n, E)-separated and E < A, then ¢i(Bn Ui) is (n, bE)-separated and #¢i(Bn Ui) ::::: 
( ~:) m for i = 1, ... , k. Therefore, 

(2.4.11) 
o 
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As an immediate consequence we get the following. 

Corollary 2.4.8. egr(F) ~ [en] for any C1-foliation F of any compact manifold 
M. D 

Remark 2.4.9. In a similar way, one can define the expansion growth egr(Q, K) of 9 
on any compact set K c X. To this end we shall replace s(n, c, 91) by s(n, c, 91, K) 
defined by (2.4.2) modified by considering (n, c, 91 )-separated subsets of K only. 
Obviously, s(n, c, 91, K) ::::: s(n, c, 91) for all n, c, 91 and K, and 

egr(Q, K) ~ egr(Q) (2.4.12) 

for all K. Even if X is non-compact but locally compact only, egr(Q) can be defined 
by 

egr(9) = supegr(9, K), 
K 

(2.4.13) 

where K ranges over all the compact subsets of X. Clearly, this definition is 
consistent with that for compact spaces. 

Now, let 9 be a pseudogroup on R and let the orbit of a point x E R be 
resilient. Then, 9 contains a subpseudogroup 9' generated by two elements fJ : 
I ---t I j , j = 1,2, such that I and I j are closed intervals satisfying I j C I and 
h n 12 = 0. In fact, one can take II = gk 0 hand h = gl, where 9 and h E 9 
satisfy (2.3.19) while k and lEN are sufficiently large. 

Let EO = dist(h,12) and Xo E I. Fix n E N. For any h, ... , in E {1,2} 
let y(il'"'' in) = iiI 0 ... 0 fin (xo). The set An of all such points is (n, c) 
separated for any c < co. In fact, if y = y(il, ... ,ik,ik+l, ... ,in ) and y' = 
y(i1, ... ,ik,jk+l, ... ,jn) with ik+l =f. jk+l, then the map f = fi~1 0··· 0 fi~1 
is defined on an interval containing both y and y', f(y) E Iik and f(y') E I jk , 
hence d(f(y),f(y')) 2:: co 2:: c. Clearly, #An = 2n. Consequently, if lI,h E Qm, 
then 

s(mn,c,Q) 2:: s(n,c,Q') 2:: 2n (2.4.14) 

for all nand c ::::: co. 
Combining (2.4.14) with Proposition 2.4.7 we obtain the following. 

Proposition 2.4.10. If a pseudogroup 9 of C1-difJeomorphisms of a closed interval 
J C IR admits a resilient orbit, then 

(2.4.15) 

D 

Geodesic flows on compact negatively curved manifolds are of great interest 
in differential geometry. They provide natural examples of Anosov dynamical sys
tems. Anosov systems generate naturally defined foliations. The structure of these 
foliations determines to some extent the geometry of the underlying manifold. We 
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complete this section by calculation of the type of expansion growth of these foli
ations in the case of the geodesic flow of a compact hyperbolic (curvature = -1) 
manifold. 

First, let us recall basic notions. 

Definition 2.4.11. A non-singular C1-flow (cPt) on a compact manifold M is Anosov 
([An], [Ma], [KI] etc.) if T M splits into the direct sum 

(2.4.16) 

of dcPrinvariant subbundles such that EO is one-dimensional spanned by X = 
dcPt!dt, 

(2.4.17) 

for all t > 0, v E E S , w E E U , some constants a > 0 and>' > 1, and the norm 
II· II induced by some Riemannian metric on M. The similar notion of an Anosov 
diffeomorphism f : M ----+ M can be introduced by replacing (2.4.16) with 

(2.4.18) 

and (2.4.17) with 

Iwn(v)11 ::; a>.-nllvll and IW-n(w)11 ::; a>.-nllwll (n EN); (2.4.19) 

now ES and EU become, of course, df-invariant. 
The sub bundles E S and EU are said to be, respectively, stable and unstable. 

In the case of a flow, EO EEl E S and EO EEl EU are said to be weakly stable and weakly 
unstable. All the sub bundles ES, gu, EO EEl ES and EO EEl E U are integrable. The 
corresponding foliations are called (and denoted by), respectively, strongly stable 
(FSS) , strongly unstable (FSU), weakly stable (FWS) and weakly unstable (FWU). 

In general, stable and unstable foliations are not differentiable. Below, we 
provide some examples, where these foliations are smooth. 

Example 2.4.12. (i) A matrix A E SL(m, /Z) is hyperbolic if it has no eigenvalues 
>. with 1>'1 = 1. Any matrix like that provides an Anosov diffeomorphism of the 
m-dimensional torus T m = IRm j/Zm. FSS and F SU are the linear foliations of Tm 
by (projections of) parallel affine hyperplanes in IRm spanned by the eigenvectors 
corresponding to the eigenvalues>. of A with 1>'1 < 1 and 1>'1 > 1, respectively. 
Foliations F SS and FSU are, obviously, Riemannian and therefore 

(2.4.20) 

in this case. 
(ii) Now, let M be a complete Riemannian manifold of constant sectional 

curvature -1 and (cPt) the geodesic flow on the unit tangent bundle 8M of M. 
Recall- compare Figure 2.2 - that the maps cPt are defined by the formula 
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w yw 

M 

Figure 2.2: Geodesic flow. 

where 'Yw : lR -+ M is the unique geodesic such that 'Yw(O) = w. 
Split TT M into the direct sum of vertical and horizontal (with respect to 

the Levi-Civita connection \7 on M) subbundles: 

TTM=VEBH. (2.4.21 ) 

For any w E TxM, Vw and Hw can be identified with the tangent space TxM via 
7r * and the connection map K. (Here, 7r : T M -+ M is the canonical projection, 
and K : TT M -+ T M is determined uniquely by the condition 

(2.4.22) 

for all u E TM and any vector field Z on M.) 
The vector field <I> = d¢t/ dt is horizontal (i.e., K 0 <I> = 0) and 7r. 0 <I> = idT M. 

Moreover, if ~ = Z.(w) E TSM, w E TxM, Z is a unit vector field on M and 
u = Z(x), then 

(2.4.23) 

i.e., the space TuSM consists of all ~ E TuT M which have the vertical part or
thogonal to u. Let 

where C and ~h are, respectively, the (projected to T M) vertical and horizontal 
part of ( We shall show that the geodesic flow (¢t) is Anosov with E S and E U 

being its stable and unstable subbundles. 
To this end, recall that the curvature tensor R of M is given by 

R(u,v)w = (u,w)v - (v,w)u (u,v,w E TxM, x E M) (2.4.25) 
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and that the variation fields Y corresponding to variations among geodesics of a 
fixed geodesic 'Y : lR --+ M satisfy the Jacobi equation 

y" - R(i', Yh = 0, (2.4.26) 

where Y' = 'V -y Y is the covariant derivative of Y along T (Obviously, Y" = (Y')'.) 
Therefore, the maps 1>t* : TSM --+ TSM satisfy 

(2.4.27) 

where Y!: is the unique Jacobi field (i.e., the solution of (2.4.26)) along the geodesic 
'Y = "(W (~ E TwSM) satisfying the initial conditions Y!:(O) = 7r*~ and Yf(O) = K~. 
From (2.4.26) and (2.4.25) it follows easily that, in our case of constant sectional 
curvature, the Jacobi fields Y~, ~ E ES(w) EB EU(w), are given by 

Y~(t) = cosh t· E1 (t) + sinh t· E2(t), (2.4.28) 

where E1 and E2 are the vector fields parallel along 'Y and such that E1 (0) = 7r *~ 
and E 2 (0) = K~. 

Now, equip TM with the Sasaki metric which can be defined as the unique 
Riemannian structure for which the subbundles V and H are orthogonal and all 
the maps 7r*IHw : Hw --+ TxM and KlVw : Vw --+ TxM, w E TM, x = 7r(w) E M, 
are isometric. Then, from (2.4.27) and (2.4.28) we get 

In particular, 

(2.4.30) 

when ~ E E S and 

(2.4.31 ) 

when ~ E E U. Therefore, E S and EU are stable and unstable for (1)t) indeed. 

A similar but more complicated argument shows that the geodesic flow of any 
complete negatively curved Riemannian manifold is Anosov (see [Kl], for example). 

Theorem 2.4.13. [Eg2] If F is the strong stable (or, unstable) foliation for the 
geodesic flow on the unit tangent bundle SM of a compact oriented m-dimensional 
Riemannian manifold M of constant negative curvature c, then F has polynomial 
expansion growth of degree m - 1, i.e., 

egr(F) = [nm - 1]. (2.4.32) 
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Proof. We shall assume that F = FSS is strongly stable and that c = -1. We shall 
begin with the proof of a technical lemma in dimension 2. 

First, recall that the universal covering Nt of M is isometric to the hyperbolic 
space lHIm = {(Xl' ... ' Xm); Xm > O} equipped with the Poincare metric ds2 = 
0:::::1 dx~)lx;'. Also, there exists a discrete subgroup f of orientation preserving 
isometries of lHIm such that M = f\lHIm and, consequently, SM = f\SlHIm . 

Next, denote by d the distance function on SM (and, without any misunder
standing, on M) determined by the Sasaki Riemannian structure (recall Example 
2.4.12 (ii)) and by dSS (resp., dSU ) the distance functions on the leaves of F SS 

(resp., FSU) determined by the induced Riemannian metric. 
Now, assume that m = 2 and let h SS (resp., hSU) be the contracting (resp., 

expanding) horocycle flow on SM, i.e., the flow determined by the positively 
oriented unit vector field tangent to F SS (resp., FSU). 

Lemma 2.4.14. If A> 1, c> 0 and J > 0 are small enough, X and y belong to the 
same leaf of the foliation FSU on SlHI2 , and l = dSU (x, y), then 

(i) the points h:/(1-tl) (y) and h:s (x) belong to the same leaf of the weak unstable 

foliation pnu on SlHI2 if only It I is small enough, 

(ii) for any n E N such that J 2 l 2 AJln there exists t E ~ such that It I ~ nand 

(iii) for any n E N such that l < clAn the inequality 

d(-rr(hfS(x)), 7f(h:/Cl - tl ) (y))) < c 

holds for all t E [-n, n]. 

(2.4.33) 

(2.4.34) 

Proof. Under the standard identification of SlHI2 with the group PSL(2,~) the 
geodesic flow (¢t) and the horocycle flows (hr) and (h:U) on SlHI2 can be repre
sented by the one-parameter subgroups of PSL(2,~) given, respectively, by 

(2.4.35) 

(see, for instance, [Ni], Chapter 10). The continuity argument shows that if v and 
ware sufficiently close points of a leaf of pnu, then 

v-lw = ± (~ ~) E SlHI2 = PSL(2,~) and 

1 A max{11-lall, lei} < d(7f(v),7f(w))) < Amax{11-lall, lei}· 
(2.4.36) 
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Coming back to the notation of our lemma we can assume, without losing 
generality, that x = ±I E PSL(2,ffi.), where I is the identity matrix. Then, y = 
HtU (or, H:'t, but we focus on the first case only), hfS(x) = Ht", h:/O-tl)(y) = 
H SU HSS d 

I . t(l-tl) an 

hSS( )-1 hSS ± (1 - tl 
t X . t/(l-tl)(y) = l (2.4.37) 

if only t is small enough. Therefore, hfS(x) and hUl-tl)(y) belong to the same leaf 
of FWU and, by (2.4.36), 

~ max{ l, Itll} < d( 7r(h:s (x)), 7r(h:/O- t1 ) (y))) < A max{ l, Itll}. (2.4.38) 

The statements (ii) and (iii) of the lemma follow directly from (2.4.38). 0 

Coming back to the proof of the theorem, let us fix a nice covering U 
{ (Ui , ¢Ji); i = 1, ... p} of S M by charts distinguished simultaneously by both, F SS 
and FWu. Let T C Ul be an m-dimensional transversal contained in a leaf L wu of 
FWU and let T' = Tn LSu, LSU being a leaf of FSU contained in LWu. 

Fix E > 0 small enough (say, E < ~A, A being a Lebesgue number of the 
covering U) and n EN, and take two points x and y of T' such that dSU (x, y) 2 ~. 
If dSU(x, y) 2 E, then x and yare (k, E)-separated for all k 2 1. Assume that 
dSU(x, y) < E. By Lemma 2.4.14, passing to the universal covering M = IHIm we 
can find two curves a and (3 : [0,1] -+ SM such that a(O) = x, a(l) = y, a(t) and 
(3(t) belong to the same leaf of FWU and d(7r(a(l)), 7r((3(1))) 2 E. We can request a 
and (3 to have length bounded by Cl . n, where Cl E N is a constant independent of 
x, y and n. Therefore, since the projection 7r restricted to T is bi-Lipschitz, there 
exists another constant C2 > 0, again independent of all the choices involved, and 
an element f E HKncl such that x and y lie in D j , f(x) = a(l), fey) = (3(1) and 

(2.4.39) 

Here, H is the holonomy pseudogroup of FSS generated by the set HI of all the 
holonomy maps corresponding to pairs of intersecting charts of the covering U and 
KEN is large enough that K- l ::; dSS(z, h(z)) ::; K whenever h E HI, Z E Dh 
and z #- h(z). Inequality (2.4.39) shows that x and yare (Kncl, E, Hl)-separated. 

Moreover, since dimT' = m - 1 and the map ¢JIlT' : T' -+ ffi.m-l is bi
Lipschitz, we can find a finite set ACT' of cardinality #A 2 C3· (% )m-l, C3 being 
a constant independent on nand E, such that dSU(x, y) 2 ~ for all x and YEA, 
x#- y. Such a set A is (KncI,E, HI)-separated and, therefore, 

(2.4.40) 

This yields the relation 
(2.4.41 ) 
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To prove the converse, 

(2.4.42) 

choose for all i ::; P transversals TI and Ti C Ui contained, respectively, in some 
leaves Liu C Liu of FSU and F 71Ju • Next, choose ~-dense subsets B~ of TI and 
shift all the points of B~ along the orbits of the geodesic flow to the distance 
±c, ±2c, ... , as long as it is possible within Ti . Let BeT = Ui Ti be the set of 
all the points obtained in this way. Since the lengths of all the geodesic segments 
contained in Ti are bounded from above, there exists a constant C4 > 0 such that 

1 (n)m-l #B ::; PC4 . ~. ; (2.4.43) 

Analogously to the proof of (2.4.41) one can see, using Lemma 2.4.14 again, 
that the set B is (n, c5c)-dense (with respect to the holonomy pseudogroup 'H.) for 
some universal constant C5 > O. Therefore, 

( 'I.J) PC4 m-l r n,C5c,/Q ::; ----:;:;;·n . 
c 

(2.4.44) 

This yields (2.4.42) and completes the proof of the theorem. D 

Remark 2.4.15. From the variational principle (Thm. 3.1.13 below) and some 
other classical results of the ergodic theory (see, for instance, [Mal, Chapter IV) it 
follows that the topological entropy (see Section 3.1 below) of any Anosov system 
is strictly positive. Therefore, any Anosov flow has exponential expansion growth. 
It is not too hard to show that this implies the equalities 

(2.4.45) 

for the weak stable and weak unstable foliations FWS and FWU of any Anosov flow 
on a compact manifold. 
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Entropy 

This chapter is devoted to the central topic of this book. Entropy of different 
systems (groups, pseudogroups, foliations) is considered here. This is an invariant 
measuring, in some sense, complexity of a system. Roughly speaking, entropy is 
defined as the exponential rate of growth (as n --+ 00) of the maximal number of 
points which are pairwise separated (by the system under consideration) to the 
distance s (s being arbitrarily small) along pieces of orbits of length::; n. 

First, entropy of measure preserving transformations was defined by Kol
mogorov and Sinai in the late 1950s. A few years later, a topological counterpart, 
the topological entropy of continuous transformations (and flows), was introduced 
by Adler, Konheim and McAndrew [AKM]. Bowen [Bowl] found a very nice and 
useful approach to topological entropy of transformations of metric spaces and 
soon after Dinaburg [Di] and Goodman [Gd] proved the variational principle which 
relates measure theoretic and topological entropies. 

Since entropy appeared quickly to be the most successful invariant in ergodic 
theory and dynamical systems, there were several attempts to find its suitable 
generalization for other systems. For instance, the entropy for commutative groups 
of transformations was defined and studied by several authors ([Con], [Misl], [Rul] 
etc.) but this entropy vanishes when the group has non-linear growth and the 
entropies of generating maps are finite, therefore it is almost useless in study 
of dynamics of foliations (compare Section 4.7 for more extensive discussion). 
Also, the word "entropy" is often used in Riemannian geometry in the context 
of dynamics of geodesic flows, but this one is just the rate of exponential growth 
of volumes of balls in the universal covering (or, of the fundamental group) of 
the manifold under consideration and has very little in common with entropies 
considered here. 

In [GLW2], the authors proposed a definition of a topological entropy for 
finitely generated groups and pseudogroups of continuous transformations. In the 
simplest case of the group Z generated by a single transformation this entropy 
coincides with the doubled topological entropy of the generator. The entropy of 
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pseudogroups, when applied to holonomy pseudogroups, yields an entropy of foli
ations. The last one depends on a Riemannian metric (in fact, on the restriction 
of this metric to the bundle of all the vectors tangent to the leaves of a foliation) 
chosen for foliated manifold, so it has more geometric than topological nature. In 
the particular case of an oriented foliation of dimension 1, the geometric entropy 
coincides with the doubled topological entropy of the flow of a unit vector field 
tangent to a foliation. It seems that the geometric entropy is a quite useful tool in 
studying dynamics and topology of foliations. For instance, vanishing entropy of 
a co dimension-one foliation implies vanishing of its Godbillon-Vey class, which is 
the first known characteristic class discovered in the theory of foliations. Also, van
ishing entropy of a pseudogroup implies existence of so-called transverse invariant 
Borel probability measures (see Chapter 4). 

Here, in Section 3.1, we give a brief resume of entropy for classical dynamical 
systems. This material is standard and can be found in several books on ergodic 
theory and dynamical systems. A reader interested in a more elaborate and sys
tematic exposition is referred to one of them: [Ma] or [Wa], for instance. There are 
two reasons why we devote some pages to this classical theory: one is historical 
and the other that Bowen's ideas inspired the notions mentioned above of topo
logical and geometric entropies for pseudogroups and foliations which are studied 
in Sections 3.2-3.5. Finally, in Section 3.6 we prove the result mentioned above 
on vanishing Godbillon-Vey class (Theorem 3.6.1). This last Section is not self 
contained. The proof depends on some deep results of the theory of foliations. We 
describe them briefly without giving proofs here. The reader not familiar with the 
theory of foliations is referred either to original papers or to books on foliations 
([CL], [CaCl], [Go2], [HH], for instance). 

3.1 Entropy of classical systems 

3.1.1 Topological entropy of a transformation 

Let j : X ~ X be a continuous transformation of a compact Hausdorff space X. 
For any open covers U and V of X let 

U V V = {U n V; U E U and V E V} and j-1U = {f-l(U); U E U}. 

Also, let N(U) be the minimal cardinality of a finite open sub cover of U, 

u(n) = U V r1U V ... V r(n-1)u 

and 
N(j,U,n) = N(u(n)) 

(3.1.1) 

(3.1.2) 

(3.1.3) 

for n = 1,2, .... Note that N(UVV) ::; N(U)·N(V) and, therefore, N(j,U, n+m) ::; 
N(j,U, n) . N(j,U, m) for all U, V, m and n. Consequently, the limit 

. 1 
h(j,U) = hm -logN(j,U,n) 

n~oo n 
(3.1.4) 
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exists for any U. Moreover, if V is a refinement of U, then 

Definition 3.1.1. The number 

h(f,U) ::; h(f, V). 

htop(f) = suph(f,U) 
u 

is called the topological entropy of a transformation f. 
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(3.1.5) 

(3.1.6) 

If X is a compact metric space with the distance function d then, following 
Bowen [Bow2], we can define the entropy in a different way. 

For any n EN, x and y of X let 

dn(x, y) = max{d(fk(x), fk(y)); k = 0,1, ... , n - I}. (3.1. 7) 

It is easy to see that dn is a new distance function on X. 

Definition 3.1.2. Given n E Nand c > 0, a subset A of X is said to be (n, c)
separated if dn (x, y) ~ c for all x and y of A, x =J y. A is (n, c)-spanning if for any 
x E X there exists yEA for which dn(x, y) < c. 

Since X is compact, (n, c)-separated sets are always finite and there exist 
finite (n, c)-spanning sets for all n and c. Therefore, we may put 

s(n,c) = max{#A;A c X is (n,c)-separated}, 

r(n, c) = mini #A; A c X is (n, c)-spanning}, 

s(c) = lim sup ! log s(n, c) 
n--.oo n 

and 
. 1 

r(c) = hmsup -logr(n, c). 
n-+oo n 

Theorem 3.1.3. The equalities 

htop(f) = lim s(c) = lim r(c) 
£-+0+ 0-+0+ 

hold for any continuous transformation f of a compact metric space x. 

(3.1.8) 

(3.1.9) 

(3.1.10) 

(3.1.11) 

Proof. Obviously, s(n, c) ::; s(n, c'), s(c) ::; s(c'), r(n, c) ~ r(n, c') and r(c) ~ r(c') 
whenever c ~ c'. Therefore, the limits in (3.1.11) exist. 

If A is a maximal (n, c)-separated set, then A is (n, c)-spanning, so r(n, c) ::; 
s(n, c) and r(c) ::; s(c) for all nand c. Also, if A is (n, c)-separated and B is 
(n, c/2)-spanning, then one can define a map ¢ : A -+ B such that dn(x, ¢(x)) < ~ 
for all x. Such a map is injective, so #A ::; #B, s(n,c) ::; r(n,c/2) and s(c) ::; 
r(c/2) for all nand c. This proves the second equality in (3.1.11). 

To get the first one, let us take a cover of X by balls of radius c and any 
(n, c)-separated set A. Then, any member U of u(n) contains at most one point of 
A. Therefore, N(u(n)) ~ s(n,c), h(f,U) ~ s(c) and htop(f) ~ s(c) for all c. 
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On the other hand, since X is compact, any open cover U admits a positive 
Lebesgue number, i.e., a number>' > 0 such that any subset of X of diameter less 
than>. is contained in one of the members of U. If c < >./2 and A is (n, c)-spanning, 
then 

n-l 

X = u n rk(B(fk(x),c)) 
xEA k=O 

and each ball B(fk(x), c) is contained in a member ofU. Therefore, any intersec
tion n~:~ f-k(B(fk(x),c)) is contained in a member ofu(n) and #A ~ N(u(n)). 

Consequently, r(n, c) ~ N(u(n)) and r(c) ~ h(f,U). D 

The following properties follow easily from the above definitions. 

Theorem 3.1.4. (i) If the family of all the powers r, n = 1,2, ... , is equicon
tinuous, then htop(f) = O. In particular, htop(f) = 0 for any isometry f. 

(ii) htop(fk) = k· htop(f) for any kEN, htop(f-l) = htop(f) if f is a homeo
morphism and, therefore, htop(fk) = Ikl . htop(f) for any homeomorphism f 
and any k E Z. 

(iii) If fi : Xi -7 Xi, i = 1,2, then htop(fI x h) = htop(fI) + htop(h). 

(iv) IfY c X is closed and f-invariant, f(Y) c Y, then htop(fIY) :=::: htop(f). 

(v) If Ii : Xi -7 Xi, i = 1,2, are semi conjugated via a continuous surjective map 
F : Xl -7 X 2 (i.e., 12 0 F = F 0 fI), then htop(fI) ~ htop(h). In particular, 
htop(fI) = htop(h) when fI and h are conjugated via a homeomorphism 
F. D 

Given a flow ¢ = (¢t) of continuous transformations, its topological entropy 
htop (¢) is defined as that of its time-1 map: 

(3.1.12) 

Some properties of the flow entropy similar to those in Theorem 3.1.4 can be 
derived directly from this theorem. 

Remark 3.1.5. In [LW2] , the reader can find a number of equivalent definitions 
of topological entropy for flows and continuous transformations, some of them 
involving use of partitions of unity. For example, if f is a continuous transformation 
of a compact metric polyhedron X, then htop (f) equals the largest lower bound 
for the numbers h satisfying the following condition: 

For any finite, piecewise continuous partition of unity ¢ = {¢l,' .. , ¢m} on 
X there exist arbitrarily large kEN for which 

. 1 
hmsup -logN(fk, ¢, n) :=::: hk, 

n--+oo n 



3.1. Entropy of classical systems 65 

where N(j,<p,n) = N(<p(n)), <p(n) is the partition of unity consisting of all the 
functions of the form 

<Pia· (<Pi l 0 J) ... (<Pi n - l 0 r- I ), io,i l ,··· ,in- I E {I, ... ,m}, 

and 

for any finite partition of unity '¢ = ('¢i). 

3.1.2 Invariant measures 

Now, let us consider the space M(X) of all Borel probability measures on X. Due 
to the Riesz Representation Theorem [Rud], M(X) can be identified with the 
space of non-negative (<p ~ 0 * f-L(<p) ~ 0) normed (f-L(1) = 1) linear functionals on 
the space C(X) of real continuous functions. Equipped with the weak-* topology, 
M(X) becomes compact and metrizable. A metric d* on M(X) providing this 
topology can be defined by 

d*(f-L, v) = ~ 2nll~nll ·1 f <Pndf-L - f <Pndvl, (3.1.13) 

where {<Pn, n E N} is a dense subset of C(X) and II· II is the supremum norm. 
Given a continuous transformation f : X ---> X, the set M(X, J) of all f

invariant measures can be considered. M(X, f) consists of all f-L E M(X) such 
that 1* f-L = f-L, where 

(3.1.14) 

for all Borel sets A c X. The space M(X, J) is non-empty. In fact, if (f-Ln) is any 
sequence of Borel measures on X and 

n-I 

Vn = ~ '2)fk)*f-Lk, n = 1,2, ... 
k=O 

(3.1.15) 

are so called Cesaro means for measures (f-Ln) , then (vn) contains a convergent 
subsequence. It is easy to check that its limit v E M(X) is f-invariant. Moreover, 
M(X, J) is closed (hence, compact) and convex: if f-LI, f-L2 E M(X, f) and t E [0,1]' 
then tf-LI + (1 - t)f-L2 E M(X, J). 

It is well known that M(X, f) coincides with the convex hull of the set 
£(X, f) of its extreme points: f-L E £(X, J) whenever the relation f-L = tf-LI +(1-t)f-L2 
with f-LI, f-L2 E M(X, f) and t E [0,1] implies that either t = 0 or t = 1. 

Recall that f-L E £(X, J) if and only if f-L is ergodic, i.e., all f-invariant subsets 
A of X satisfy either f-L(A) = 0 or f-L(A) = 1. (Here, a set A c X is f-invariant 
when f-I(A) = A.) In fact, if A c X were f-invariant and 0 < f-L(A) < 1, then 
f-L = f-L(A)f-LI + (1 - f-L(A))f-L2' where the elements f-LI and f-L2 of M(X, J) are given 
by f-LI(B) = f-L(A)-I . f-L(A n B) and f-L2(B) = f-L(X ....... A)-I. f-L(B ....... A) for all Borel 
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sets B c X. Another condition equivalent to ergodicity is that any f-invariant 
(¢>(f(x)) = ¢>(x) for all x E X) measurable (or, L2) function ¢>: X ---+ lR is constant 
jL-a.e. 

Also, recall that the Choquet Representation Theorem asserts the existence 
of unique Borel probability measures T/-" jL E M(X, f), on £(X, f) for which 

jL = ( mdT/-,(m) , 
J£(x,J) 

(3.1.16) 

that is, 

{ ¢>djL = { ({ ¢>dm)dT/-,(m) 
Jx J£(x,J) Jx 

for any ¢> E C(X). 
Let us also recall that a point x E X is said to be wandering when there 

exists an open neighbourhood U of x such that all the sets f-n(U), n 2: 0, are 
mutually disjoint. Points which are not wandering are called non-wandering. All 
the non-wandering points form the non-wandering set 0,(f) of a transformation 
f. It is easy to prove that, if X is compact, it is always non-empty and closed, 
so compact. Also, 0,(f) is f-invariant in the sense that f(0,(f)) c 0,(f). If f is a 
homeomorphism, f(0,(f)) = 0,(f). 

Finally, let us recall that the support supp jL of a measure jL on X is defined 
as the complement of the collection of all the points x E X which admit an open 
neighbourhood U such that jL(U) = 0. 

If jL is an f-invariant probability measure on X, x is wandering and U is 
a neighbourhood of x such that f-n(u) n f-m(u) = (/) for all m =I- n, then 
1 = jL(X) 2: jL(Unf-n(U)) = 'EmjL(f-n(U)) and jL(f-n(u) = jL(U) for all n. 
Therefore, jL(U) = ° and we get the following. 

Proposition 3.1.6. sUpPjL C 0,(f) for any jL E M(X,f). o 

3.1.3 Measure-theoretic entropy 

Let f : X ---+ X be a measurable transformation preserving a probability measure 
jL. 

Definition 3.1.7. A partition of X is a finite family A of pairwise disjoint mea
surable subsets of X such that uA = X. Given two partitions A and B of X we 
put 

and 

A vB = {A n B; A E A and B E B}, 

r 1 A = {f-l(A); A E A} 

(3.1.17) 

(3.1.18) 

(3.1.19) 

We say that A -< B when B is a refinement of A, i.e., when each element of A 
coincides with the union of some elements of B. Also, let us put 
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(3.1.20) 
AEA 

J-L(A n B) 
HIL(AIB) = - L L J-L(A n B) log (B)' 

AEABEI3 J-L 
(3.1.21) 

and 

(3.1.22) 

HIL(A) is the entropy of A, HIL(AIB) - the conditional entropy of A given Band 
HIL(f, A) - the entropy of f with respect to A. Finally, 

HIL(f) = supHIL(f,A) 
A 

is the measure theoretic entropy of f with respect to J-L. 

(3.1.23) 

To deal with HIL we have to collect some properties of the entropies defined 
above. The proofs are rather elementary and probably can be done by the reader. 
If this proves to be difficult, we refer to [Wa], pp. 77-94. 

Proposition 3.1.8. For any partitions A, Band C of X we have the following. 

(i) HIL(A V BIC) = HIL(AIC) + HIL(BIA V C), 

(ii) HIL(A V B) = HIL(A) + HIL(BIA), 

(iii) A -< B =:} HIL(AIC) s HIL(BIC), 

(iv) A -< B =:} HIL(A) s HIL(B), 

(v) B -< C =:} HIL(AIB) ~ HIL(AIC), 

(vi) HIL(A) ~ HIL(AIB), 

(vii) H,l(A V BIC) s H,l(AIC) + HIL(BIC), 

( viii) HIL(A V B) s HIL(A) + HIL(B) , 

(ix) HIL(f-1 Alf-IB) = HIL(AIB), and 

(x) HIL(f-IA) = HIL(A). 0 

Proposition 3.1.8 has also the following consequences. 

Corollary 3.1.9. If A and B are partitions of X, f : X ---+ X and J-L is an invariant 
probability measure on X, then 

(i) HIL(f, A) s HIL(A), 

(ii) HIL(f, A V B) s HIL(f, A) + HIL(f,B), 

(iii) A -< B =:} HIL(f, A) s HIL(f,B), 

(iv) HIL(f, A) s HIL(f, B) + HIL(AIB), 
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(v) H/L(f,1- 1A) = H/L(f,A), 

(vi) m > 0 => H/L(f,A) = H/L(f,A(m)), and 

(vii) H/L(f, A) = H/L(f, V';=-m 1k A) whenever 1 is invertible and m > O. 0 

3.1.4 Examples 

In this section, we collect some examples. 

Example 3.1.10. The normed Lebesgue measure .\ on 8 1 is invariant with respect 
to the maps ik : 8 1 ----> 8 1 , ik(z) = zk, kEN. It is ergodic when k > 1 and 
htop(fk) = H>.(fk) = logk. 

In fact, if A c 8 1 is an arc oflength a, then 1;;1 (A) is the union of k pairwise 
disjoint arcs oflength a/k each and, therefore, .\(f;;l(A)) = '\(A). This proves that 
.\ E M(8\ 1k). If 4> E L2(.\) is ik-invariant and (an) are the Fourier coefficients of 
4>, 4>(z) = 2::;:O=_ooanzn, then (4) oik)(z) = 2::;:O=_ooan zkn . Therefore, an = akn = 

ak"'n for all mEN and an = 0 for all n > 0 since the series 2::;:0=-00 lanl has to 
converge. Consequently, 4> = const. a. e. and this proves that .\ is ergodic. 

Moreover, if c is small enough and n E N, then two points x and y of 8 1 are 
(n,c) separated if and only if the distance between them exceeds k-nc. Therefore, 
N(n,c) ~ 27rc· kn up to an error not greater than 1. Consequently, N(c) = logk 
for all c > 0 and this gives the desired value of the topological entropy of ik. Also, 
if A is the partition of 8 1 into the arcs with end points at the k-roots of unity, 
then 1;;m A consists of all the arcs with end points at the km-roots and, therefore, 
An consists of km arcs of measure k- m each. Consequently, 

(3.1.24) 

The desired equality H>. (fk) = log k follows from the above estimate and the 
variational principle below (Section 3.1.5). 

Example 3.1.11. For any measure preserving transformation 1 of a probability 
measure space (X, p,) and any k > 0 the equality 

(3.1.25) 

holds. In fact, if A is a partition, then 

H/L(fk,A):S: H/L(fk,A(k)) (3.1.26) 

by Corollary 3.1.9 (iii) and 

n-1 k-1 

lim ~H (V r kj V riA) 
n->oo n /L 

j=O i=O 

1 nk-1 . 
k· lim -kH/L( V r J A) = kH/L(f, A). (3.1.27) 

n----too n 
j=O 
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Relations (3.1.26) and (3.1.27) yield (3.1.25) directly. 
Similarly, Proposition 3.1.8 (x) shows that 

n-l n-l n-l 

j=O j=O j=O 

and, therefore, HI-'(f-l,A) = HI-'(f, A) whenever f is invertible and A is a finite 
partition. Consequently, 

(3.1.28) 

and 
(3.1.29) 

for any invertible transformation f of X, any M E M(X, f) and k E Z. 

Example 3.1.12. The topological entropy of any homeomorphism f of a circle 
vanishes. In fact, suppose that our circle has length 1 and choose e > 0 such that 
d(f-l(x), f-l(y)) < :t if only d(x, y) < e, d being the natural distance function 
on the circle. We shall show that 

r(n, e) :::; n([(l/e)] + 1) (3.1.30) 

for all n E N. 
Clearly, (3.1.30) holds for n = 1. Assume that A is an (n,e)-spanning set of 

cardinality #A = r(n,e) :::; n([l/e] + 1). Consider the set r(A) and all the arcs 
determined by its consecutive points. At most [lie] + 1 of the arcs has length ~ e. 
Therefore, there exists a subset B of the circle such that #B :::; [lie] + 1 and all 
the arcs determined by consecutive points of fn(A) U B have length less than e. 
Let A' = Au f-n(B). For any point x there exists yEA such that 

(3.1.31) 

If d(r(x), r(y)) :::; e, then 

(3.1.32) 

If there are no points yEA satisfying (3.1.32), then we can find yEA and zEA' 
such that one of the arcs, say I, with end points r(x) and r(y) is mapped by 
r 1 onto an arc h of length:::; e, r(z) E I and d(r(x), r(z)) :::; e. Then, 
r- 1(z) E h and therefore d(r- 1(x), r- 1(z)) :::; e. Next, the arc h is mapped 
by f- 1 onto an arc h of length < :to By (3.1.31), the length of h is :::; e. Since, 
r- 2 (z) E h, d(r- 2 (x), r- 2 (z)) :::; e. By induction, 

(3.1.33) 
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Inequalities (3.1.32) and (3.1.33) show that A' is (n + 1,E)-spanning. Clearly, 
#A' ~ (n + l)([l/E] + 1). 

Finally, (3.1.30) shows immediately that htop(f) = O. Moreover, the varia
tional principle below implies that HI-'(f) = 0 for any f-invariant measure J-L and 
any homeomorphism f of a circle. It is not too hard to see that the same results 
hold for homeomorphisms of closed intervals. 

3.1.5 Variational principle 

Again, let f be a continuous transformation of a compact metric space X. The 
topological entropy and measure-theoretic entropies of f are related by the fol
lowing theorem called the variational principle. The proof presented here is due 
to Misiurewicz [Misl]. 

Theorem 3.1.13. htop(f) = sup{HI-'(f); J-L E M(X,f)}· 

Proof. First, we shall prove that 

for any J-L E M(X, T). 

(3.1.34) 

To this end, take any finite partition A = {AI, . .. ,Am} of X and a positive 
number E such that E < l/(mlogm). Find compact sets B j C A j , j = 1, ... , m, 
with J-L(Aj,,-Bj ) < E. Let B be the partition of X consisting of all Bj's, j = 1, ... ,m, 
and of Bo = X "- Uj 2:1 Bj . Since J-L(Bo) ~ mE and the quotient J-L(Bi n Aj)/J-L(Bi), 
i> 0, can be equal either to 0 (when i =1= j) or to 1 (otherwise), we have 

HI-'(AIB) = - ffJ-L(Bi )¢ (J-L(Bi~Aj)) 
i=O j=1 J-L( 2) 

= -J-L(Bo) ~ ¢ (J-L(~(;o;j)) ~ J-L(Bo) logm < mdogm < 1, 

where ¢ is the function defined by 

¢(O) = 0 and ¢(t) = t ·logt when t > 0 (3.1.35) 

The sets Bo U B j , j :::: 1, are open and form a finite covering U of X. From 
the properties of ¢ it follows easily that, for any n :::: 1, HI-'(B(n)) ~ 10gN(B(n)), 
N(B(n)) being the number of non-empty sets in the partition B(n) = B V f- 1B V 
... V fl-nB. Also, N(B(n)) ~ 2n . N(u(n)) and therefore 

HI-'(f,B) ~ h(f,U) + log 2 ~ htop(f) + 10g2. 

Also, Corollary 3.1.9 (iv) implies that 
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Consequently, 
HJ.L(f) :s; htop(f) + log 2 + 1 (3.1.36) 

for all f and J1 E M(X, f). Applying (3.1.36) to the transformations fm and 
making use of (3.1.25) and Theorem 3.1.4 (ii) we arrive at the inequalities 

Passing to the limit as m --+ (Xl we get (3.1.34). 
Now, given E > 0, we shall find a measure J1 E M(X, f) such that 

(3.1.37) 

Clearly, this will complete the proof. 
Let Cn be an (n, E)-separated set of cardinality s(n, E). Let 

(3.1.38) 

where bx is the Dirac measure concentrated at x, and 

(3.1.39) 

As in Section 3.1.2, we can choose a subsequence (J1nj) converging to a limit 
J1 E M(X, f). We shall show that J1 satisfies (3.1.37). 

Choose a partition A = {A1, ... , Am} of X such that diamAi < E and 
J1(8Ai ) = 0 for i = 1, ... , k. Such A exists. In fact, for any x E X and 7] > 0 there 
exists r/ E (0,7]) such that J1(8B(x, 7]')) = O. Therefore, we can cover X by open 
balls Bi , i = 1, ... , m, of radius less than E/2 and such that J1(8Bi ) = 0 for all i. 
The sets A1 = B1 and Aj = B j " (B1 u··· u Bj-d, j = 2, ... , m, form a partition 
as desired. 

For this partition A we have 

(3.1.40) 

In fact, since any member of A(n) contains at most one point of Cn, there are 
exactly s(n, E) members of A(n) of vn-measure s(n, E)-l each while all the other 
members A of A(n) satisfy vn(A) = O. 

Now, fix q E N and let a(k) = [(n - k)/q] for k = 0,1, ... ,q - 1. Then, for 
any k :s; q - 1, 

where 

{I, ... , n} = S U S', 

S = {O, 1, ... k - 1, k + a( k)q, k + a( k) q + 1, ... , n} and 

S' = {k + rq + j;O:S; r:S; a(k) -1,0:S; j:S; q -I}. 

(3.1.41) 

(3.1.42) 
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Clearly, #8 ::; 2q. 

and 

From (3.1.41) and (3.1.42) it follows that 

a(k)-l q-l 

A(n) = V r(rq+k) V rj(A) V V r1A 
r=O j=O iES 

log ,(n, ,) <; "~' H"" (r("+') ~ riA) + ~H",,(r'A) 
a(k)-l 

::; L Hj(rq+k)*vJA(q)) + 2q log m. 
r=O 

Since the function ¢, ¢(t) = -tlogt, is convex, 

(3.1.43) 

(3.1.44) 

for any partition C of X, arbitrary measures (Ji E M(X) and non-negative numbers 
Pi such that L:i Pi = 1. Therefore, summing inequalities (3.1.43) over k ranging 
from 0 to q - 1 we obtain the relation 

q 2q2 
-log s(n, c:) ::; HI"n (A(q)) + -logm. 
n n 

(3.1.45) 

Finally, since the boundaries of the members of A have p,-measure 0, p,(A) = 
limj-+oop,nj(A) for any A E A(q). Therefore, 

(3.1.46) 

for any q E N. Replacing n by nj in (3.1.45) and letting j go to 00 we arrive at 

qs(c:) ::; HI"(A(q)), q = 1,2, .... 

Clearly, (3.1.47) implies (3.1.37). 

(3.1.47) 

o 
From the above variational principle and Proposition 3.1.6 we obtain imme

diately the following. 

Corollary 3.1.14. For any continuous transformation f of a compact space X the 
equality 

htop(f) = htop(fID(f)), 

where D(f) is the set of all the non-wandering points of f, holds. 

(3.1.48) 

o 
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3.2 Entropy of pseudogroups 

Let 9 be a good pseudogroup on a compact metric space (X, d) generated by a 
good finite symmetric set 91. As in Section 2.4, let s( n, E, 9d denote the maximal 
number of (n, E)-separated points of X. Let 

. 1 
s(E,91) =hmsup-logs(n,E,91) (3.2.1) 

n----+CXJ n 

and 
(3.2.2) 

Obviously, the limit (either finite or infinite) in (3.2.2) exists. 

Definition 3.2.1. h(Q, (1) is called the (topological) entropy of 9 with respect to 
91· 

Remark 3.2.2. Clearly, h(Q, (1) can be defined in terms of open covers, analo
gously to the case of single continuous transformations (Definition 3.1.1). Recently, 
Blanchard, Host and Maas [BHM] considered the topological complexity function 
c(j,U) : N ---+ N related to a continuous transformation f of a compact metric 
space X and a finite open cover U of X: c(j,U)(n) is just equal to N(j,U,n) in 
(3.1.3). This notion can be easily generalized to the case of a finitely generated 
pseudogroup 9 of local transformations of X. The type of growth of a sequence 
of such complexity functions C(Q,91,Un ), where diam(Un ) ---+ 0 as n ---+ 00, can be 
compared to the Egashira's expansion growth (Section 2.4) of 9. We leave this to 
the reader as an exercise. 

If G is a finitely generated group of homeomorphisms of X, then the entropy 
of G with respect to a finite generating set G1 is defined as the entropy of the 
pseudogroup 9 = 9(Gd generated by G1 (with respect to the same G1 , of course). 
Therefore, we may write 

(3.2.3) 

Clearly, the entropy of 9 depends strongly on the choice of 91. In fact, if 9~ 
is another good generating set, then there exists mEN such that 

s(n,c,9d::; s(mn,c,9D and s(n,E,9D::; s(mn,E,91) 

for all nand c (compare (2.4.4) in Section 2.4). Consequently, 

~h(Q, (1) ::; h(Q,9D ::; mh(Q, (1). 
m 

(3.2.4) 

(3.2.5) 

However, if h(Q, (1) = 0 for one generating set 91, then h(Q, 9D 0 for any 
other good generating set 9~. Therefore, we can distinguish pseudogroups with 
vanishing entropy from those with non-vanishing entropy. Using the terminology 
of Sections 2.1 and 2.4 we can say that 9 has vanishing (resp., non-vanishing) 
entropy if and only if 9 has subexponential (resp., quasi-exponential) expansion 
growth. The results of Chapter 2 imply directly the following 
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Proposition 3.2.3. If X is either the closure of a relatively compact open subset 
of IRm or an m-dimensional Riemannian manifold, 9 is a good pseudogroup on X 
generated by a finite set 91 of Lipschitz homeomorphisms and a is the maximum 
of Lipschitz constants of the members of 91, then 

(3.2.6) 

Proof. Our statement follows directly from inequality (2.4.11) of Chapter 2. In 
fact, this inequality shows that s(c:,9d:::; mloga for any c > O. 0 

Corollary 3.2.4. The entropy of any good pseudogroup of local C1-difJeomorphisms 
of any compact Riemannian manifold M is finite. 0 

Let us discuss now some simple examples. 

Example 3.2.5. Assume that 9' is a subpseudogroup of a pseudogroup 9 generated 
by a finite set 91' Choose a finite set 9~ generating 9'. Then, 9~ C 9k for some 
k ~ 1, any two points (n, c)-separated with respect to 9~ are (kn, c)-separated 
w.r.t 91 and therefore 

h(Q',9D :::; ~h(Q, 9d· 

In particular, if 9~ c 91, then h(Q', 9D :::; h(Q, 91)' 

Example 3.2.6. Pseudogroups of local isometries have entropy zero ([GLW2], Ex. 
2.3). If I: X ----* X is a homeomorphism and 9(Jh = {id, I, f- 1 }, then 

h(Q(J), 9(Jh) = 2htop (J). 

In fact, a set A c X is (n, c)-separated with respect to 9(J) if and only if the set 
f-n(A) is (2n, c)-separated with respect to I. Consequently, 

s(n, c, 9(Jh) = s(2n, c, J) 

for all nand c:. Also, if f : 8 1 ----* 8 1 , f(z) = zk (k EN), 9 = 9(J), 91 
{id, f±IIU, U E U} and U is a finite covering of 8 1 such that flU and f- 1 IU, 
U E U, are one-to-one, then h(Q, 91) = 2htop (J) = 2 log k. If G is a group generated 
by a finite set G1 of homeomorphisms of X, then 

(3.2.7) 

The equality in (3.2.7) need not hold. In fact, if X = T2, 

f = (01 11) (1 0) and h = 1 1 

are Dehn twists, then htop (J) = htop (h) = 0 while 

Ioh= G D 
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has positive topological entropy. Therefore h(G(J, h), G 1) > 0 and max{htop(g); 
9 E Gd = 0 when G1 = {id, f±l, h±l}. This shows that the entropy of Q depends 
not only on the entropies of generators but also on other factors like the growth 
of Q (or, Q-orbits), for instance. 

Remark 3.2.7. Friedland [Frj proposed to define the entropy h( G) of a finitely 
generated group G of transformations of a space X by the formula 

(3.2.8) 

where G1 ranges over all finite symmetric generating sets. Of course, the same 
idea could be applied to pseudogroups. If G = G(J) is generated by a single 
homeomorphism f of X and G1 = {id, f±k1 , ••• , f±km } generates G, then (3.2.7) 
implies the inequality 

which yields 
h(G(J)) = 2· htop(J). (3.2.9) 

It is of great interest to understand the geometric meaning of h( G) in the case of 
a finitely generated Kleinian (or, just hyperbolic) group G acting on the boundary 
BG of its Cayley graph (compare Section 1.5). Observe that the metric on BG 
depends on the choice of generators but its topology does not. Therefore, the 
entropy h( G) is independent of the choice of a generating set defining the Cayley 
graph. The interest in understanding h( G) comes from the fact that it is defined 
entirely in terms of the group G . 

For a free group Fk of k generators one has the equality 

h(Fk) = log(2k - 1). (3.2.10) 

In fact, from relations (1.5.16), (1.5.20) and (1.5.21) in Chapter 1 it follows easily 
that two sequences (xn) and (Yn) with IXnl = IYnl = n, 1·1 being the distance from 
the origin induced on Fk by the standard set G1 of generators, determine points 
Xoo and Yoo of the boundary BFk for which 

Therefore, given any set G~ generating Fk, one has the inequality 

s(n, c, G~) 2: #BB(n), n E N, c:S:; 1, (3.2.11) 

where B(r) is the ball of centre e and radius r in the distance induced on Fk by 
G~. It is clear that s(n,c,G~) = #BB(n) = 2k· 32k - 1 when G~ = G 1 . This yields 
inequality ":s:;" in (3.2.10). On the other hand, it is well known ([GLP], Ex. 5.13, 
see also [GrH], Section 1) that 

. 1 
hm -log #B(n) 2: log(2k - 1) 

n--+oo n 
(3.2.12) 
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for any generating set G~. Clearly, (3.2.12) implies the similar inequality for the 
sets oB(n) and hence inequality "2:" in (3.2.10) follows from (3.2.11) and (3.2.12). 

For other results in this direction, we refer to [BW2], where some relations 
between h(G) and the growth of G have been established, and to [Wat] for the 
particular case of G = 1I"1(Eg ), the fundamental group of a closed surface Eg of 
genus 9 2: 2 considered with the standard generating set Go = {aI, ... ag , b1, ... bg } 

such that a1b1al1bl1 ..... agbga;lb;l = e (compare Section 3.6.) 

3.3 Geometric entropy of foliations 

Orbits of a non-singular flow provide a foliation of dimension 1. For such a flow, 
the topological entropy is defined by formula (3.1.12) and it could be considered 
as entropy of the underlying foliation. However, this foliation is independent of 
the parametrization of the flow while the entropy of the flow does depend on it. 
Therefore, we have to find a suitable "substitute" of time parametrizing the flow. 
This role will be played here by a Riemannian metric on the foliated manifold 
under consideration. 

The topological entropy of the flow measures the exponential rate of growth 
(as R ~ 00 and E ~ 0) of its orbits which are pairwise separated to distance 2: E 

for some time t ::; R. The role of orbits will be played here by curves contained 
in leaves (and of length ::; R). A curve like this is followed by another one, which 
lies on another leaf and is as close to the first as possible, i.e., is obtained from 
it by an "orthogonal projection" which has to be defined carefully. Note that the 
leaves can be even dense, so - while projecting curves - we have to choose at 
each time a suitable plaque where the image of our projection is to be situated. 

So, let F be a foliation of a compact Riemannian manifold (M, g). Let d and 
dF denote, respectively, the Riemannian distance function on M and the distance 
on the leaves coming from the induced Riemannian structure on the leaves. Also, 
let l b) denote the length of a curve, on M. 

Choose for a moment a nice covering U of (M, F). Since M is compact, its 
geometry is bounded and there exists a positive number EO > 0 such that any 
point x E U (U E U) can be projected orthogonally (in the unique way) to the 
plaque Py C U passing through a point y as long as the distance of x and y does 
not exceed EO. 

Now, given a leaf curve, : [a,b] ~ L, its origin x = ,(a), a chart U E U 
containing x and another point y E U within distance E < EO from x we can 
project orthogonally an initial piece of, to the plaque Py . Changing the chart, if 
necessary, and replacing x and y by end points of the projected piece and its image 
,', we can continue the process of projecting as long as the distance between ,(t) 
and ,'et) does not exceed eo. 

In other words, ,'et) can be defined by 

,'(t) = exp-y(t) X(t), (3.3.1) 
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where X is a continuous vector field along "( such that X(t) E T,(t)M is orthogonal 
to F, IIXII < c:o, exp,(a) X(a) E Py and exp,(t) X(t) belongs to L', the leaf through 
y, for all t. 

Since the projection "(' depends on "( and y, it will be denoted by Py"(. 

To define the entropy of F, let us fix once again a nice covering U, find c:o 
as above and denote by T the complete transversal determined by lA. Also, let 
us take any c: E (0, c:o) and R > O. Figure 3.1 depicts separation of points of T 
along the leaves of F. Roughly speaking, points x and y of Tare (R, c: )-separated 
whenever the distance of "((t) and Py"((t) exceeds c: for some t and some leaf curve 
"( of origin x and length :::; R. 

More precise description of this phenomenon is given in the following. 

T 

x "li -..,.---,-----:----:---
" i Y 

/ 
Figure 3.1: Separation of points. 

Definition 3.3.1. ([GLW2], [LW2]) Two points x and y of T are said to be (R, c:)
separated (by F) if either d(x, y) 2: c:o or there exists a leaf curve "( : [0,1] -7 Lx 
such that "((0) = x, l("() :::; Rand d("((l),py"((l)) 2: c: (or, a leaf curve 6 : [0,1] -7 

Ly such that 6(0) = y, 1(6) :::; Rand d(6(1),Px 6(1)) 2: c:). A subset A of T is 
(R, c: )-separated when any two points x and y of A, x =1= y, are (R, c: )-separated. 
The geometric entropy h(F,g) of F (with respect to g) is defined by 

h(F, g) = lim s(c:,F), 
0 ...... 0+ 

(3.3.2) 

where 
. 1 

s(c:, F) = hmsup -R log s(R, c:, F) 
R ...... oo 

(3.3.3) 

and s(R, c:, F) is the maximal cardinality of an (R, c:)-separated subset of T. 

Remark 3.3.2. (i) The nice covering U plays a minor role here. It has been used only 
to determine how leaf curves can be projected to other leaves. If U' and T' are, 
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respectively, another nice covering and the corresponding complete transversal, 
and E > 0 is small enough, then, again because the geometry of M is bounded, 
one can project locally T to T' along the leaves in such a way that any two 
(R, E)-separated points x and y of T project to points x' and y' of T' which are 
(R+Ro, E)-separated, where Ro is a constant independent of Rand E. The constant 
Ro can be seen as the "distance" between T and T' measured along the leaves. 
More precisely, Ro equals the maximum of distances d:F(x, x'), where x E Tn U, 
x' E T' n U', U E U, U' E U' and the plaques Px C U and P~, C U' overlap. 
Therefore, the numbers s(R, E, F) and s'(R, E, F) obtained respectively from U 
and U' satisfy the inequalities 

s' (R - Ro, E, F) ::; s(R, E, F) ::; s' (R + Ro, E, F) 

and, therefore, the geometric entropies obtained in both cases are the same. 
(ii) As in the case of arbitrary pseudogroups, the entropy can be expressed 

in terms of spanning sets. The reader can easily find a proper definition of (R, E)
spanning and suitable relations between the numbers s(R, E, F) and r(R, E, F), 
the minimal cardinality of (R, E)-spanning sets. 

(iii) Given a closed saturated set K C M, the relative entropy h(F,K,g) of 
F on K can be defined by the formulae analogous to (3.3.2) and (3.3.3), where 
S(R,E,F) should be just replaced by S(R,E,F,K), the maximal cardinality of an 
(R, E)-separated subset of Tn K. 

It is clear that the geometric entropy depends a priori on the choice of a 
Riemannian metric g. This is analogous to the situation in classical dynamical 
systems. If two vector fields X and Y have the same trajectories, and (¢yt) and 
('Ij;t) are their flows, then a priori there is no relation between the topological 
entropies htop (cPt) and htop ('Ij;t). As was mentioned before, a Riemannian metric 
plays the role of time. We shall see that in fact our geometric entropy depends 
only on the restriction of the Riemannian structure to T F, the bundle of vectors 
tangent to F. To this end, let us assume first that we have on M two Riemannian 
metrics 9 and g' which, when restricted to TF, are homothetic. 

Proposition 3.3.3. If c E ffi.+ is such that g'(v,v) = c2 . g(v,v) for any vector v 
tangent to F, then 

h(F,g') = c- 1 . h(F,g). (3.3.4) 

Proof. There exists a constant a > 1 such that for any leaf curve I, the orthogonal 
projections PYI and P~ I determined by 9 and g' satisfy the following: 

d(r(t),p~,(t)) ::; a· d(r(t),PYI(t)) 

whenever d(r( t), PYI( t)) ::; E and E is small enough. Therefore, any two points of T 
which are (R, E)-separated with respect to g' are (cR, E / a)-separated with respect 
to g'. This yields an inequality in (3.3.4). The converse can be obtained in the 
same way. 0 
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It is easy to see that arbitrary Riemannian metrics 9 and g' on a compact 
manifold M are quasi-isometric in the sense that 

(3.3.5) 

for some c E ffi.+ and all vET M. Therefore, the argument of the proof of Propo
sition 3.3.3 implies also the following. 

Proposition 3.3.4. Inequality (3.3.5) implies the relation 

1 
-. h(F,g) ~ h(F,g') ~ c· h(F,g) 
c 

(3.3.6) 

for arbitrary foliation F on M. In the same way, (3.3.6) holds for a given F when 
(3.3.5) holds for all v in TF. In particular (c = 1), h(F,g') = h(F,g) when g' = 9 
on TF@TF. 0 

Therefore, in the same manner as in the case of pseudogroups in Section 3.2, 
we can distinguish between foliations with vanishing and non-vanishing entropy. 

3.4 Relating various entropies 

Given a foliation F of a compact Riemannian manifold (M, g) and a nice covering 
U we have the holonomy pseudogroup Hu generated by a finite set HiA of ele
mentary holonomy maps corresponding to overlapping charts. Therefore, we have 
h(F,g), the geometric entropy of F, and h(Hu, HiA), the entropy of its holon
omy pseudogroup. We could expect that these two entropies are related somehow. 
Indeed, they are and we have the following. 

Theorem 3.4.1. For any nice covering U of (M, F), denote by diam(U) the maxi
mum of the diameters of the plaques of U measured with respect to the Riemannian 
structures induced on the leaves. Then 

1 I 
h(F,g) = s~p diam(U) . h(Hu, Hu)· (3.4.1) 

Proof. First, we shall show that 

h(Hu, HiA) ~ diam(U)· h(F,g), (3.4.2) 

i.e., that 

s(n, E, HiA) ~ s(n· diam(U), C-IE, F), n E N, E E (0, EO), (3.4.3) 

where C > 0 is a constant which depends only on U and the geometry of (M, F, g). 
If two points x and y in Tu , the transversal determined by U E U, are 

(n, E)-separated with respect to Hu, then there exists a chain u = (UI , ... , Un) 
of charts of U such that suitable chains of plaques (PI, ... , Pn ) and (QI, ... , Qn) 



80 Chapter 3. Entropy 

satisfy x E P1, Y E Q1, Pi, Qi CUi, Pi n Pi+1 -=I 0, Qi n Qi+1 -=I 0 for all i and 
d(xn ' Yn) 2: c, where Xn E Pn n TUn and Yn E Qn n TUn are the images of x and Y 
under the holonomy map determined by the chain u. Choose points Xi E PinPi+1, 
i = 1, ... ,n -1, let Xo = x and connect Xi to Xi+1 by a segment Ii of a minimizing 
leaf geodesic. Then, lhi) :::; diam(U) and the union I : [0,1] -> Lx of all these 
segments is a leaf curve of length lh) :::; n· diam(U) joining x to Xn. 

Shortening I, if necessary, we may assume that the distance between ,( t) and 
the orthogonal projection PYI(t) is all the time less than co, so the whole curve I 
can be projected onto L y . Again, since the transversal T = UTu is compact, there 
exists a constant C > 0 such that 

d(z,p(z)) :::; C· d(z,w) 

if only z, wE Tu , U E U and p(z) is the orthogonal projection of z to the plaque 
of U passing through w. With this constant C we have 

and therefore the points x and yare (n diam(U), C- 1 c)-separated with respect to 
:F. This proves (3.4.3) and, consequently, (3.4.2). 

To complete the proof choose an arbitrary positive number TJ and a num
ber ~o > 0 such that the leafwise exponential map expF maps all the balls 
BF(Ox,4~o) C TxF, x E M, diffeomorphically onto strictly convex balls 
BF(x,4~o) C Lx. Take p > 0 and let Sx = expB..L(Ox,2p), where exp is the 
exponential map on M and B..L (Ox, r) is the ball of radius r, centred at the origin 
and contained in Tf F, the orthogonal complement of TxF in TxM . Also, let 

Clearly, if p and ~ are small enough, both Ux and Vx are the domains of distin
guished charts for all x E M. They have the shape of round "coins" (Figure 3.2). 
All the plaques have diameter 2~. 

Figure 3.2: A chain of coins. 
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Also, it is easy to see that (again if p, ~ and", are small enough) there exists 
(h > 0 such that for any two points Xl and X2 in the same leaf L and any points 
Yi E TXi (i = 1,2) which lie in the same leaf ball ofradius 4~o, the inequalities 

(3.4.4) 

imply that dF (Yl,Y2) :S 2~ - ",/2. 
Next, let Z be a finite t5-dense subset of M with 15 < 151 being small enough. 

If Xl and X2 lie in a leaf L E F and satisfy the first inequality in (3.4.4), Zl, Z2 E Z, 
d(Zi, Xi) :S 15, Wi E TZi and d(Wi, Zi) :S 15 for i = 1,2, and both WI and W2 belong 
to the same leaf ball of radius 4~o, then the minimal leaf geodesic joining WI to 
W2 is entirely contained in the union BF (WI, ~) U BF (W2, ~). 

Let now Ub. = {Uz ; Z E Z} and Vb. = {Vz ; Z E Z}. It is easy to see that 
modifying Z slightly, if necessary, we may assume that the closures Uz and UZI, Z 

and z' E Z, overlap if and only if the open sets Uz and UZI do. In this case, Ub. 
becomes a nice covering of (M,F). Obviously, 

diam(Ub.) = 2~. 

Finally, take e > 0 small enough and two points X and Y such that d(x, y) < e 
but X and Y are (R, c)-separated with respect to F. Then, there exists a leaf curve 
'Y: [0, RJ -+ L oflength lC'Y) :S R, originated at, say, X and such that its projection 
Py'Y is well defined on an interval [0, rJ, r :S R, and satisfies the inequality 

Assume that R = 2(1 - ",)n~ and let Xk = 'Y(kr In) for k = 0,1, ... , n. For each k 
find a point Zk E Z t5-close to Xk. From the previous observations it follows that 
the charts UZk , k :S n, form a chain along 'YI [0, r], the corresponding holonomy 
map h E 1iu,;:,. is defined at the plaques P and Q c Uzo containing, respectively, X 

and Y and 
d(h(P), h(Q)) ~ G· e, 

where (as in the first part of the proof) G> 0 is a universal constant. Therefore, 

s(2(1 - ",)n~, Ge, F) :S N(e) . sen, e, 1iu,;:,.), 

where N(e) is the minimal cardinality of a covering of M by balls of radius c. 
Consequently, 

1 1 
s(Ge,F) :S 2(1 _ "')~ S(e, 1iu,;:,.) and h(F,g):S 2(1 _ "')~ h(1iu,;:,.). (3.4.5) 

This ends the proof. D 

Now, let us consider some particular cases, where holonomy pseudogroups 
are generated by global maps. 
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Example 3.4.2. If (M, F) is a foliated bundle (see Example 1.3.8), B is the base, 
F is a fibre, G l is a finite set generating the fundamental group G = Jrl(B) and 9 
is a Riemannian metric on M such that the projection Jr : M ----* B is isometric on 
the tangent spaces TxF, x E M, then the inequalities 

ah(F,g) ::; h(G,Gd::; bh(F,g), (3.4.6) 

where a (resp., b) is the minimum (resp, the maximum) of lengths l(z) of the 
homotopy classes z E G l , hold. (Clearly, l(z) = min{l(r);')' E z}.) In fact, without 
losing generality we may assume that the fibres are orthogonal to the leaves. 
Then the orthogonal projection onto a leaf L' of a lift to L E F of any curve 
')' : [0, 1] ----* B coincides with a suitable lift of ')' to L'. Therefore, any two points 
of F which are (n, c)-separated with respect to G l become (bn, c)-separated with 
respect to F and any two points which are (R, c)-separated with respect to F 
become (n, c)-separated with respect to G l with n = [Ria] + 1. 

The second example is that of an oriented foliation F of dimension 1. Such 
an F consists of orbits of a non-singular vector field X and it should be possible to 
compare its entropy with the topological entropy of the flow of X. Since the entropy 
of F depends on the Riemannian structure, one can guess the most promising case 
is that of a vector field of norm 1. As we shall see, the result is very simple and 
easy to predict. However, the proof is pretty complicated, so we formulate it in 
the form of a theorem. 

Theorem 3.4.3. If F is the one-dimensional foliation built of the orbits of a unit 
vector field X, then 

h(F,g) = 2htop (¢), 

where ¢ = (¢t) is the flow of X. 

(3.4.7) 

Proof. If T is a complete transversal and AcT is (R, E)-separated by F, then 
(since d(¢tx,py¢tx) ::; d(¢tx,¢tY) for all x and Y of T and all t E IR) ¢-R(A) is 
(2R, E)-separated by ¢. Therefore, s(R, E, F) ::; s(2R, E, ¢) for all Rand E, and this 
yields "::;" in (3.4.7). 

The proof of "~" in (3.4.7) is much more difficult because one has a "gliding 
effect" along the orbits. To describe this effect, take two positive numbers c and 
'rJ and consider the fibre bundle Jr : MrJ ----* M built of the balls B-L(Ox, 'rJ) C T1 F, 
x E M. Given x E M let TubrJ(x) = ¢;;l MrJ be the bundle over IR induced 
by the map ¢x : t f---7 ¢t (x). If 'rJ is small enough, the exponential map on M 
yields a natural immersion Lx :TubrJ(x) ----* M. Equip TubrJ(x) with the induced 
Riemannian metric and with the induced vector field X. X generates a local flow 
(¢t). The "gliding effect" is related to the fact that the family Jr- l (s), s E IR, 
of fibres of TubrJ(x) is not invariant under (¢t). However, since M is compact, 
this family is "almost invariant" in the following sense: for any T E (0,1) there 
exists'rJ > 0 such that the inequality t ~ T (resp., t ::; -T) holds whenever x E M, 
Y ETubrJ(x) n Jr- l (0), ¢t(Y) is defined and Jr¢t(Y) = 1 (resp., -1). If T and 'rJ satisfy 
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the above, then t :::: nT (t ::; -nT) whenever ¢t(Y) is defined and 7r¢t(Y) = n (resp., 
-n), n E N. 

Now, decompose Tub1)(x) into the cylinders Cn(x) = 7r- 1 ([(2n - 1)10, (2n + 
1)10]), n = 1,2, .... If 7] is small enough again and x E M, then the sets ¢l(CO(X)) 
and ¢-l (Co (x)) intersect at most three cylinders of the form Cn (x). For any 
Y E Co(x) one can consider the sequences (nk) of integers such that ¢k(Y) E Cnk (x) 
(with the natural convention nk = 00 when ¢k(Y) is undefined). If 7] satisfies the 
above, the number of all such sequences of length 2n - 1 is not greater than 32n . 
If so, all the cylinders Co(x), x E M, can be decomposed into unions 

of subsets K j (x) such that m( x) ::; 32n+2 and the following condition is satisfied: 

(*) If Y and z lie in Kj(x), Ikl ::; n, ¢k(Y) and ¢k(Z) are defined, then ¢k(Y) 
and ¢k(Z) belong to the same cylinder Cn(k)(X). 

Next, take a set AcT which is (n,7]/3)-separated by F and such that 
#A = s( n, 7]/3, F). The sets 

A(x) = {y E T; sup d(<pt(x),Pyc/Jt(x)) ::; 7]/3}, x E A, 
Itl:<:n 

cover T and have diameter less than 27]/3. Therefore, A(x) C Lx(Co(X)), we may 
decompose Co( x) as above and choose one point yj in each non-empty piece A( x) n 
Kj(x). All the points Yj, x E A, j::; m(x), form a set BeT. Clearly, 

(3.4.8) 

Finally, take any point Y EM. There exists Ro > ° independent of Y and 
such that <Pt (y) E T for some t E (-R o, Ro). There exists x E A and j ::; m( x) 
such that <Pt(Y) E A(x) n LxKj(X). From (*) it follows that ¢t+i(Y) and <PiYj 
belong to the same cylinder Cn(i)(X) and, therefore, d(<Pt+i(Y), <Pi(Yj) ::; 27] + 210 
for all i = 0, ±1, ... , ±[Tn]. Also, there exists a constant C > ° such that for 
small 7] and all the points z and z' of M the inequality d(z, z') ::; 7] implies the 
relation d(<pt(z),<Pt(z'))::; C7] for all t E [-Ro,Ro]. Therefore, the set <P-[rn] (B) is 
(2Tn, 2c( 7] + 10) )-spanning with respect to <P and (3.4.8) implies that 

r(2Tn,2c(7]+s),<p)::; 32n+2s(n, 7]/3, F). (3.4.9) 

Consequently, 
1 1 

r(2c(7]+s),<p)::; -10g3+ -2 s(7]/3, F). (3.4.10) 
T T 

When 10 and 7] tend to 0, one can choose T arbitrarily close to 1, and therefore 
(3.4.10) implies 

1 
htop(<p) ::; log 3 + 2h(F,g). (3.4.11) 
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To complete the proof observe that (3.4.11) holds for all Riemannian metrics 
g, so we can change 9 replacing it by g such that g = )...2 9 ()... E lR+) along the 
leaves. Then, we have to replace X by X = )...-1 X and ¢ by ¢ with ¢t = ¢t/)... Since 
htop (¢) = )...-lhtop (¢) and h(F,g) = )...-lh(F,g) by Proposition 3.3.3, inequality 
(3.4.11) implies 

1 
htop (¢) :::; )... log 3 + 2,h(F,g). 

Letting)... ...... 0 we get finally the required inequality. o 

3.5 Examples and constructions 

From the considerations of Section 2.4 it follows immediately that the geometric 
entropy of any Riemannian foliation vanishes while the entropy of the Hirsch 
foliation (Example 2.4.6 (ii)) is strictly positive. Below we show how the geometric 
entropy behaves under some operations of constructing foliations. 

3.5.1 Pullback 

One way of building new foliations is that of pullback (Section 1.3). If :F' = 1* F, 
where f : M' ...... M is a differentiable map transverse to a foliation F of M, 
(M, g) and (M', g') are compact Riemannian manifolds and f maps isometrically 
the leaves of F' into the leaves of F (i.e., Ilf*vll = Ilvll for any v E TF'), then for 
any nice covering U' of (M', F') one can construct a nice covering U of (M, F) 
such that the images f (U'), U' E U', are contained in some members of U and the 
quotient diamU' / diamU is arbitrarily close to 1. From Proposition 1.3.9, Example 
3.2.5 and Theorem 3.4.1 the following is immediate. 

Proposition 3.5.1. h(:F',g') :::; h(F,g) when:F' is the pullback of F via a map f 
which is isometric along the leaves of F'. In particular, h(F',g') = h(F,g) when 
(M, F) and (M',:F') are diffeomorphic via a diffeomorphism which is isometric 
along the leaves. 0 

In the case of foliated bundles over the same base B, the above proposition 
can be expressed in terms of suspended homomorphisms. In fact, for arbitrary 
group homomorphisms hi : G ...... Homeo(Xi ), i = 1,2, we have the following, 
analogous to part (v) of Theorem 3.1.4, result. 

Proposition 3.5.2. If homomorphisms hi : G ...... Homeo(Xi ), i = 1,2, are semicon
jugated via a continuous surjective map F : Xl ...... X 2 (i.e., F 0 hI (g) = h2(g) 0 F 
for any 9 E G), then the entropies of groups Gi = hi (G) (with respect to generat
ing sets Gi,o = hi(GO), Go being a finite symmetric set generating G) satisfy the 
inequality h( G l , Gl,o) 2: h( G2, G2,o). In particular, these entropies are equal when 
F is a homeomorphism. 0 
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3.5.2 Gluing 

Assume that (Mi' F i ), i = 1,2, are compact foliated manifolds with boundaries 
aMi, dimM1 = dimM2 and dimF1 = dimF2. 

First, assume that Si c aT Mi is a union of connected components of the 
tangential boundary and <I> : Sl ---+ S2 is a differentiable map which maps the 
foliation F1IS1 onto F21S2. Then, identifying any point x E Sl with its image 
<I>(x) E S2 we obtain a manifold M = Ml Uq, M2 equipped with a foliation F such 
that FIMi = Fi for i = 1,2. We shall say that (M,F) is obtained by tangential 
gluing of (Mi' F i ) along <I>. A priori, the class of differentiability of F can be 
lower than these of Fl and F2. However, if both Fl and F2 are CT -smooth and 
the holonomy maps hi of Fi , along arbitrary closed chains of plaques contained 
in aMi, i = 1,2, are CT-tangent to identity (that is, their differentials hi,*(x), 
x E aMi, are equal to identity maps while all their partial derivatives at x of 
order k, 2 :s: k :s: r, calculated with the aid of arbitrary charts, are equal to 0), 
then F is also CT -differentiable. 

Assume also that gi is a Riemannian metric on Mi and that <I> : Sl ---+ S2 
is isometric with respect to the induced metric. Then, after some modification in 
a direction transverse to Fi in a neighbourhood of Si we can get new Rieman
nian structures, denoted by gl and g2 again, which match to produce a smooth 
Riemannian structure 9 on M such that glMi = gi. Since we modified gi in the 
transverse direction only, we did not influence the entropies of F i . So, if T is a 
complete transversal for F, then Ti = Tn Mi is a complete transversal for Fi and 
if AcT is an (R, E)-separated set for F, then AnTi is (R, E)-separated for Fi . 
Therefore, 

S(R,E,F):S: S(R,E,F1 ) +S(R,E,F2 ) 

for all Rand E. This shows that 

(3.5.1) 

Also, any set A C Ti which is (R,E)-separated for Fi becomes (R,E)-separated for 
F and thus 

h(F,g) ~ max{h(Fl,gd, h(F2,g2)}. (3.5.2) 

Comparing (3.5.1) and (3.5.2) we arrive at the following. 

Proposition 3.5.3. The geometric entropy of a foliation obtained by tangential glu
ing of two foliated components is equal to the maximum of geometric entropies of 
these components. 0 

A similar construction can be performed when Si c am Mi is a union of 
connected components of the transverse boundary. In this case, we have to suppose 
that <I> maps leaves of Ft, the foliation induced by Fl on am M 1 , onto leaves 
of F~, the foliation induced by F2 on am M 2. Then, we have to choose tubular 
neighbourhoods N(Si) of Si, some vector fields Xi on N(Si) tangent to Fi and 
pointing inwards along the boundary, and glue Ml to M2 along the flows (¢D of 
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the fields Xi. More precisely, any point ¢i(x) (x E S1 and t E [0,6)) should be 
identified with (¢Lt(<I>(x)), where 6 > 0 is a fixed small constant. The foliations 
Fi match and yield a foliation F of the manifold M obtained in this way. The 
topology and the dynamics of (M, F) do not depend on the choice of 6 and Xi, so 
we may write M = M1 Uq, M2 and F = F1 Uq, F2 and say that (M, F) is obtained 
by transverse gluing of (Mi , F i ) along <1>. 

If the foliations Fi are differentiable of the class cr+1, then their tangent 
bundles T Fi are cr -manifolds, so we can choose Xi to be differentiable of the 
class cr. Therefore, in general F = F1 Uq, F2 is only cr -differentiable. Clearly, if 
Fi are Coo-differentiable, then F = F1 Uq, F2 is Coo-smooth as well. 

Again, if gi are arbitrary Riemannian metrics on Mi , then we can modify 
them to make the identification of N(S1) with N(S2) isometric. In this way we 
can produce a new smooth Riemannian metric 9 on M which coincides with gi 
on M " N(Si). The modification could be performed arbitrarily in the direction 
transverse to Fi and in such a way that g(v, v) ::; gi(V, v) for all v E TxF, x E Mi. 

This time, if A c Mi is (R,c)-separated on (Mi,Fi,gi), then A becomes 
(R, Cc)-separated on (M, F, g) for some constant C > 0 which depends only on 
the modification of the metrics gi in the transverse direction. Therefore, 

for all R and c. As before, we immediately arrive at inequality (3.5.2). In other 
words, we have the following. 

Proposition 3.5.4. The geometric entropy of a foliation obtained by transverse glu
ing of two foliated components is not less than the maximum of geometric entropies 
of these components. 0 

One can predict that this time the equality of geometric entropies need not 
hold. Indeed, as we explain more formally below, one can glue foliations without 
entropy (for example, product ones) using a map which itself has positive topo
logical entropy. This map generates holonomy providing positive entropy of the 
holonomy pseudogroup of the resulting foliation. 

Example 3.5.5. If Mi = N x [0,1]' i = 1,2, Fi is the trivial foliation by segments 
{x} x [0, 1], x EN, then h( F i , gi) = 0 for any Riemannian metrics 9i. If Si = aMi = 
N x {O} uN x {I}, <I>(x,O) = (x,O) and <I>(x,l) = (I(x), 1), where f : N ---> N 
is a diffeomorphism of positive topological entropy, then (M1 Uq, M2 ,F1 Uq, F 2 ) 

coincides with the suspension of f and, therefore, h(F1 Uq, F2,g) > 0 for any 
Riemannian metric 9 on M1 Uq, M 2· 

3.5.3 Turbulization 

First, let us study a classical example. 

Example 3.5.6. One of the oldest nontrivial examples in the theory of foliations is 
the Reeb foliation F of S3. It is built of two Reeb components (Figure 3.3) D2 x S1 
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Figure 3.3: A leaf of a Reeb component. 

obtained from a graph r of a function J : (-1, 1) --+ lR which is smooth, symmetric, 
satisfies J(O) = 0, J( -t) = J(t) and limt-d1 J(t) = 00. To obtain :F one has to 
shift r up and down to fill the rectangle [-1, 1] x [0, 1], to rotate this rectangle 
around the segment {O} x [0,1]' to glue together the discs D2 x {O} and D2 x {I} 
to get foliated solid tori D2 x Sl, to take two such Reeb components and to glue 
them together along the common boundary T2 = Sl X Sl. 

To calculate the geometric entropy of the Reeb foliation :F note first that 
the holonomy pseudogroup of a three-dimensional Reeb component is the same as 
the holonomy pseudogroup of a two-dimensional Reeb component obtained just by 
gluing together the sides [-1,1] x {O} and [-1, 1] x {I} of the rectangle [-1,1] x [0, 1] 
foliated as in the construction above. For such a foliated annulus A (equipped with 
the standard flat metric) it is easy to see that two points are separated if and only 
if they are separated along the leaves of the foliation j: of A obtained in the same 
way from the graph of the function J given by J(t) = sgn(t)· J(t). The foliation j: 
can be obtained as the suspension of a homeomorphism ¢ of the interval [-1, 1]. 
As observed in Example 3.1.12, h top (¢) = O. Therefore, the geometric entropy of 
j: vanishes by either Theorem 3.4.3 or Example 3.4.2. Consequently, the classical 
Reeb foliation :F of S3 has entropy zero. 

The above argument together with the well-known old classification of folia
tions of T2 ([Kn], see also [Gol] or [HH], Part A) shows that anyone-dimensional 
foliation of T2 has vanishing geometric entropy. 

The foliation :F within the Reeb component is given by the equation w = 0, 
where 

w(r, t) = cos A(r )dr + sin A(r )dt, (3.5.3) 

A(r) = arctanf'(r), (r,B) are the polar coordinates in D2 and t is a parameter 
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L 

Figure 3.4: Turbulization 

along Sl. It is clear that the same equation can be written in DP x Sl providing 
(p + 1 )-dimensional Reeb components. 

Now, let F be a transversely orient able foliation of co dimension 1 on a 
manifold M and f be a closed transverse loop. Take a tubular neighbourhood 
N(f) :::::; Dn-1 x Sl built from small discs on the leaves passing through the 
points of f and define a foliation Fa of N(r) by the equation w = a with w 
given by (3.5.3), where>. : [0,1] ---+ [-~,~] is a differentiable function such that 
>'(0) = -~, >.(t) = ~ for t E [1 - c, 1], >"(t) > a for t E (0,1 - c) and >.(k) (0) = a 
for k = 1,2, .... Since the foliations F and Fa coincide in a neighbourhood of the 
boundary of N(f), they can be glued together to produce a new foliation F' of 
M. Of course, F' is as smooth as F. 

Definition 3.5.7. The foliation P is said to be obtained from F by the process of 
turbulization. 

The discussion in Example 3.5.6 can be applied to get the following. 

Proposition 3.5.8. If F' is obtained from F by turbulization, then 

h(:F',g) ~ h(F,g) ~ C· h(F',g), (3.5.4) 

where C .2: 1 is a constant which depends on the geometry of M and R, the 
Reeb component introduced during the process of turbulization. Consequently, the 
entropy of:F' vanishes if and only if the entropy of F does. 

Proof. By Proposition 3.5.3 and Example 3.5.6, h(P) = h(F") , where F" = 

PIM "- int R. 
Let T be a complete transversal for F such that T n R = 0. There exists a 

constant c > a such that if c > a is small enough, then any two points of T which 
are separated to the distance c along a curve "( which lies on a leaf L of F can be 
separated to the distance cc along a curve "(' which lies on a leaf L' of F' and has 
length lb' ) ~ Clb) for a universal constant C (Figure 3.4). (The constant C can 
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be estimated in the following way: any leaf curve J contained in R can be replaced 
by a leaf curve J' contained in M "- R and of length::; co· 1 (J), where Co depends on 
M and R only. Arbitrary points of two different discs of N(r) have leaf distance 
at least do, therefore the number of such discs met by a leaf curve I is at most 
k = 1 + lb)/do and any constant C bigger than 1 + ~ . co/do, where ~ is the 
maximal leaf diameter of leaf discs contained in N(r), satisfies our requirements.) 
Consequently, s(r, c, F) ::; s( Cr, c, F') for all r and small positive c. This yields 
the second inequality in (3.5.4). 

To get the first inequality, choose a short segment To transverse to oN(r) 
and put T' = T U To. T' turns out to be a complete transversal for F". Since the 
distance between the leaves of F" decreases along curves entering N(r), points of 
T which are separated with respect to F" are separated (to the same distance) 
also along curves staying outside N(r), therefore are separated with respect to F. 
Moreover, an argument similar to that of Example 3.5.6 shows that the maximal 
number So (r, c, F") of points of To which are separated to the distance c along 
curves I (lb) ::; r) inside N(r) grows subexponentially with r. Also, if V(c) is the 
c-neighbourhood of oR and rE; denotes the Hausdorff distance (measured along 
the leaves) of To n V(c) and T, then points of To which are (r, c)-separated along 
a curve I which eventually quits N(r) can be replaced by points of T which are 
(r + rE;, c)-separated along a curve in M,,- N(r). Therefore, 

s(r, c, F") ::; s(r + rE;, c, F) + so(r, c, c, F"), s(c, F") ::; s(c, F), h(F")::; h(F) 

and this yields the required inequality in (3.5.4). o 

Note that closed transverse loops often exist. Indeed, if F possesses a non
compact leaf L, then L intersects a connected transversal T C U, U being a 
distinguished chart infinitely many times. If p and q are two distinct close points 
in L n T, then one can find a curve I : [0,1] ---> L joining p to q. Modifying 
it slightly one can obtain a curve l' : [0,1] ---> M which is transverse to F and 
connects points p' and q' E T being arbitrarily close to p and q, respectively. Also 
q' can be connected to p' by a curve J : [1,2] ---> T. The curve l' U J is closed 
and smooth except at, maybe, p' and q'. It can be modified easily to provide 
a differentiable loop transverse to F. Since the process of turbulization can be 
repeated several times, it is possible to construct, for example, pretty complicated 
foliations with vanishing entropy. 

3.6 Entropy and resiliency 

In this Section, we concentrate on C2-foliations of codimension 1. We prove the 
relation between entropy and existence/non-existence of resilient leaves (recall 
Definition 2.3.9 and Figure 2.1). More precisely, the main result here reads as 
follows. 
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Theorem 3.6.1. If F is a codimension-one C2 -foliation transverse to the fibres of 
a bundle 7r : M -+ B, M being compact and connected manifold equipped with a 
Riemannian structure g, then the following conditions are equivalent: 

(i) h(F, g) > 0, 

(ii) F has some resilient leaves. 

In [GLW2], this result was established for arbitrary codimension-l C2-foli
ations. The proof in general needs a delicate discussion of the structure of open 
saturated sets without holonomy. Since recently, the same result was obtained by 
a different method for C1-foliations [Hu4], we restrict our attention to the simpler 
case of foliated bundles here and we shall prove the result in full generality in 
Section 4.6. (Note that Step 7 is the only point in the proof where this restriction 
is in force.) 

The implication "(ii) =} (i)" is satisfied for arbitrary foliations and follows 
directly from Proposition 2.4.10. To prove the converse we have to recall sev
eral known facts about the structure of codimension-one C2-foliations (see [CCI], 
[CC3], [He], [CaCI] and [HHD. 

Let U c M be a non-empty open subset of M saturated by the leaves of 
such a foliation F. A subset of U is said to be local minimal when it is closed in 
U, saturated and contains no non-empty proper subsets enjoying these properties. 
Any local minimal set either consists of a single proper leaf, or coincides with an 
open connected component of U saturated by dense leaves, or is exceptional. The 
union Z(U) of all local minimal subsets of U is called the centre of U. Since F is 
differentiable of class C2 , any set of the form L n U, L being a leaf contained in U, 
contains a local minimal set ([CCI], Thm. 3.0) and, therefore, Z(U) is always non
empty. The set Z(F) = Z(M) is called the centre of F. Since M is compact and 
connected, either F is minimal and Z(F) = M, or Z(F) = C(F) U El U··· U Em, 
where C(F) is the union of all the compact leaves and E i , i = 1, ... ,m, are all the 
exceptional minimal sets. The sets C(F), Ei and Z(F) are compact and all the 
leaves accumulate on Z(F). 

Let M(O) = Z(F) and M(k) "-M(k-l) = Z(M,,- M(k-l)) for k = 1,2, .... 
The leaves of M(k) "- M(k - 1) are said to be at level k. The union Uk>o M(k) is 
dense in M. The leaves of M "- Uk>o M(k) are said to be at infinite le;el. 

If F has no resilient leaves, then (by Sacksteder Theorem, [SaD M contains no 
exceptional minimal sets and every open local minimal set U has trivial holonomy. 
Moreover, such a U admits a flow (cPt) such that cPt = id on M,,- U and cPt, t E lR, 
maps leaves to the leaves ([CC3], Prop. 1.6). The set Pu of all the reals t such 
that cPt (L) = L for any leaf LeU has the structure of an additive subgroup of 
lR and is called the group of periods of U. In general, Pu is not finitely generated. 
Also, aU c M(k - 1) when U c M(k). All the proper leaves are at finite level 
and have polynomial growth (see [CaCI], pp. 324-325 for a sketch of the proof). 
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Passing to the proof of the implication "(i) =? (ii)" in Theorem 3.6.1 assume 
that :F has no resilient leaves, hence M contains no exceptional minimal sets. Fix 
a nice covering U of M, denote by T the corresponding complete transversal and 
by H the holonomy pseudogroup on T generated by the set HI of all elementary 
holonomy maps corresponding to overlapping charts of U. We have to show that 
H has vanishing entropy. We shall split the proof into a number of steps. 

Step 1. Let PeT be the union of all the orbits of H of polynomial growth. 
Let K be the closure of P and 0 a connected component of T" K. 0 is a segment 
open in T, therefore the boundary ao is either empty or consists of at most two 
points. 0 corresponds to an open saturated subset of M with trivial holonomy. In 
fact, since the union Uk M(k) is dense in M, there exists a point x EOn M(k), 
kEN U {O}. Since the leaf Lx through x has non-polynomial growth, it is non
proper and, therefore, x belongs to a local minimal set U which is open and 
without holonomy. The connected component Uo of U containing x coincides with 
the saturation of O. Moreover, the leaves passing through the points of ao are 
proper, hence of polynomial growth, i.e., ao c P. 

Step 2. Take a maximal (n,c)-separated (with respect to H) set AcT. 
Consider all the connected components I of T " A with aI c A. The number 
of such components I differs from s(n, c) by at most the number no of connected 
components of T. Let us say that such a component I is of type (1) when InK i=- 0, 
of type (2), otherwise. Denote by Nj(n, c) the number of components I of type 
(j), j = 1,2. Then 

(3.6.1) 

We shall show that if 10 is small enough, then the quantities Nj (n, c), j = 1,2, grow 
polynomially with n. This will imply vanishing of the entropy of H and complete 
the proof of Theorem 3.6.1. 

Step 3. First, let j = 1. Find a finite subset Z of P which is (c/3)-dense in K 
and such that any connected component of T " K of length 2: ~ has its endpoints 
in Z. Such Z exists by Step 1 of the proof. Let Zn = Hn(Z). If I is a component 
of type (1), then its endpoints are (n,c)-separated, that is there exists h E Hn 
such that Ie Dh and h(I) is of length 2: c. Since InK i=- 0, h(I) n K i=- 0. Also, 
h(I) n Z i=- 0, In h-I(Z) i=- 0 and In Zn -=J. 0. It follows that NI(n, c) ::::: #Zn. 
Since Z C P, #Zn has polynomial growth and the same holds for NI(n,c). 

Step 4. To estimate the growth of N 2 (n, c) define N.3(n, c) and N 2 (n, 10,0), 
respectively, as the number of these connected components 0 of T " K which 
contain some intervals of type (2) and, for each such 0, the number of intervals of 
type (2) contained in O. 

If 0 is such a component, then h(O) nO' -=J. 0 for some h E Hn and some 
component 0' of T " K of length 2: c. Clearly, the number of such 0' is finite. 
Also, by Step 1 of our proof, the boundary afi', fi' being the H-saturation of 0', 
consists of finitely many proper orbits of polynomial growth. It follows that the 
numbers N3 (n, c) grow polynomially with n. Say, 

(3.6.2) 
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for all n E N and some a > 0, p 2: l. 
Step 5. Let flo be any component ofT"K and hE Hn satisfy flonh(flo) =I- 0. 

Then, h = ¢T(h) for some r(h) E JR. Here, (¢t) is the flow mentioned before 
permuting the leaves. We claim that there exists a universal constant c > 0 such 
that 

(3.6.3) 

To prove this claim let us observe that any such h can be written as a product 
of at most n basic loops, i.e., elements 9 E H which can be written in the form 
9 = hm 0 ···0 hI, hj E HI, in such a way that the components flk of T " K 
containing hk 0 ... 0 hI (flo) form a sequence 

with flo, flal' ... ' flal , flbl' ... ' flb m different. If x E flo, then by Theorem 2.4 of 
[CCI] there exists a compact segment J C flo such that g(x) E J for any basic 
loop g. Therefore, there exists c > 0 such that Ir(g)1 :S c for any such g. This 
implies (3.6.3) for all h E Hn as claimed. 

Step 6. Again, let flo be a component of T " K. This time, we claim that 
there exists a constant c' = c'(c) satisfying the following: If Xl < ... < Xk are 
points of flo, hI, ... hk-l E Hn, hi([Xi, Xi+l]) C flo and the length of each segment 
hi([Xi, Xi+l]) is 2: c, then 

k :S c'(c) . n. (3.6.4) 

To prove the claim observe first that since the maps ¢t, -1 :S t :S 1, are 
equicontinuous, there exists 8 = 8(c) such that any segment I of length < 8 is 
mapped by ¢t's, It I :S 1, onto segments ¢t(I) of length < c. Next, let Z be a 
minimal 8-dense subset of flo and let m(c) = #Z. If Xl, ... , Xk and hI, ... , hk- l 
satisfy the conditions above, ri = [r(hi )] when r(hi ) 2: 0 and ri = [r(hi )] + 1 
otherwise, then all the maps ¢Tj' j = 1, ... , k - 1, are defined on the intervals 
[Xj, Xj+l] and the segments ¢Tj ([Xj, Xj+l]) have length 2: 8. Therefore, any interval 
[Xj,Xj+l] contains a point of ¢-Tj(Z) and 

[en] 

k:S # U ¢j(Z):S (2c + l)n#Z, 
j=-[en] 

c being the constant found in Step 5. In this way, we obtained (3.6.4) with c' = 
(2c + l)m(c). 

Step 7. Now, let fl be any component of T" K and Xl < ... < Xk be all 
the points of A n fl. Let fl l , ... , flm be all the components of T " K which are 
contained in the H-orbit of fl and have length 2: c. For each i :S k -1 there exists 
hi E Hn such that [Xi, XHl] C Dh; and hi([Xi, XHl]) has length 2: c. 

Since (M, F) is the foliated bundle, T can be identified with S1, the typical 
fibre of the bundle, and the pseudogroup H can be generated by a finite set HI 
of global diffeomorphisms of SI. Therefore, there exist global diffeomorphisms 
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12, ... , fm E H such that fi(n i ) = 0,1' Moreover, there exists another global 
diffeomorphism 9 E H of Sl which maps 0, onto 0,1. If n is large enough, then 
fi and 9 E Hn. For such n the maps h; = fai 0 hi 0 g~l belong to H3n and map 
the intervals [Yi, Yi+1], Yi = g(Xi), onto the intervals hWYi, Yi+1]) C 0,1 of length 
2: E' = E / A, where A is the maximum of Lipschitz constants for 12,· .. , f m' By 
Step 6, m S 3C'(E') . n. Therefore, 

N2(n, E, 0,) S c"(E)n (3.6.5) 

for a suitable constant c" (E). 
Step 8. Comparing the results of Step 4 and Step 7 we see that the numbers 

N2 (n, E) grow polynomially with n. In fact, inequalities (3.6.2) and (3.6.5) yield 

N 2(n,E) S anP ' c"(E)n = ac"(E)nP+1 (3.6.6) 

for all n E N. This observation together with the result of Step 3 completes the 
proof. D 

Recall now that if a co dimension-one foliation F on M is transversely ori
ented, then it is given by the equation w = 0, w being a I-form on M. By the 
Frobenius Theorem, dw = w /\ Tf for another I-form Tf. It is easy to check that 
the 3-form () = Tf /\ dTf is closed and therefore represents a cohomology class in 
H3 (M, IR). Certainly, the forms wand Tf are not determined uniquely by F, but 
- as can be verified easily - the cohomology class of () does not depend on the 
choices of wand Tf. This cohomology class was discovered by Godbillon and Vey 
[GV], is called the Godbillon~ Vey class of F and denoted by gv(F). Theorem 3.6.1 
together with Duminy's result on the Godbillon~Vey class ([Du2], see also [CC2]) 
yields immediately the following. 

Corollary 3.6.2. If F is a codimension-one C 2 -foliation of a compact manifold M 
and h(F,g) = 0 for some (equivalently, any) Riemannian structure 9 on M, then 
gv(F) = O. D 

The most classical example of a foliation with non-trivial Godbillon~Vey class 
is that provided by Roussarie (compare [GV] again) of the weak stable foliation 
of an Anosov flow (of the geodesic flow of a compact hyperbolic manifold, in par
ticular). By Corollary 3.6.2 (compare also Remark 2.4.15), this foliation has also 
positive entropy. However, the converse of Corollary 3.6.2 does not hold. One can 
suspend over ~2' the closed surface of genus 2, the group of orientation preserving 
diffeomorphisms of Sl which has positive entropy. The resulting foliation has (by 
inequalities (3.4.6)) positive entropy too but its Godbillon~Vey class is trivial. In
tuitively, for a non-trivial Godbillon~Vey class one needs enough separation among 
the leaves together with "wobbling" of the leaves, the behaviour similar to this 
which can be seen on the surface of a helicoid. Positive entropy needs separation 
of the leaves only. 

Watanabe [Wat] applied Theorem 3.6.1 to get the following results. 
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Corollary 3.6.3. (i) If (M, F) is an oriented foliated bundle over a closed ori
ented surface ~g of genus g 2: 2 and the Euler number x(M) of M does not 
vanish, then the geometric entropy of F is positive. 

(ii) Ifx(M) = X(~g), then the entropy ofrg, the fundamental group of~g acting 
on the fibres of M, coincides with the exponential rate of growth of r f with 
respect to the standard generating set ro = {a~l, ... , a~gl, b~l, ... ,b2J} of 
elements satisfying the relation 

b -lb-1 b -lb-1 a1 1a1 1 ..... a2g 2ga2g 2g = e. 

Part (i) follows directly from the mentioned theorem and the following result 
due to Matsumoto [Mat2]. Indeed, this result and assumptions of (i) imply the 
existence of a resilient leaf, therefore non-vanishing entropy of (M, F). 

Proposition 3.6.4. If 4> : r -+ Homeo + (Sl) is a homomorphism and (M, F) its 
suspension, then the pullback 4>* (elR) of the bounded Euler class elR does not vanish 
if and only if (M,F) contains a minimal set Mo such that 4>(r-)IMo -I- id and 
4>(r-)(x) = x for some 'Y E r and x E Mo. D 

The proof of part (ii) is a bit more complex. First, let us observe that the 
arguments similar to those in Example 3.1.12 show that the entropy h(G, G1) of 
any group G of orientation preserving homeomorphisms of the circle (with respect 
to any finite symmetric generating set G1 ) does not exceed the rate 

1 1 
expgr(G, G 1 ) = lim -log #Gn = lim -log #Sn 

n---+oo n n-+oo n 

of exponential growth of G (with respect to G1). Here, Sn = Gn " Gn- 1 is the 
sphere of radius n and centre e in the Cayley graph C( G, G1). 

Next, recall another result by Matsumoto ([Mat3]). There, a map f : Sl -+ Sl 
is said to be monotonic if f(e it ) = j(t) for all t E ffi. and some monotonic function 
1 : ffi. -+ R A priori, neither f nor 1 has to be continuous. 

Proposition 3.6.5. If two actions of the fundamental group 1f1 (~g) of a closed ori
ented surface ~g of genus g 2: 2 provide suspensions whose Euler numbers coincide 
(up to the absolute value) with that of ~g, then these actions are semi conjugate 
via a monotonic map f : SI -+ Sl. D 

Therefore, the homomorphism 4> : r 9 = 1fl (~g) -+ Homeo + (Sl) providing 
our foliated bundle (M, F) is semiconjugate to the Fuchsian action 'ljJ : r 9 -+ Sl 
by maps induced by covering transformations of ~g, Sl being considered as the 
ideal boundary of the hyperbolic plane H2. Since the action 'ljJ is minimal, the 
semiconjugation is realised by a continuous surjective map f : Sl -+ Sl. 

Now, choose a fundamental domain D C H2 of the action of r 9 on H2 
via covering transformations; D is a (4g )-gon bounded by consecutive geodesic 
arcs 'Y1, ... , 'Y4g. To fix ideas, assume that the boundary of D is oriented in the 
anticlockwise way. Extend arcs 'Yi to maximal geodesics (denoted still by 'Yi) and 
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let Pi = li( -(0) be one of the end points of Ii. For any i, denote by gi the member 
of our set ro generating r 9 for which IIdgi Iii II = 1 and define a map h : 51 --+ 51 
by 

h(x) = gi(X), 

whenever x E [Pi, PHd· Given x E 5\ define Xh as the unique sequence (gil' gi2' ... ) 
of generators for which hn(x) E [Pin,Pin+1), n E N. Let 5 = {Xh' X E 51} and F5 
be the set of all finite subsequences of members of 5. In [Se], it has been shown 
that any element g E r 9 has a unique shortest representative 8 9 in F 5. Let w (g) 
be the end element of 8 9 , Given a E 5F, let Z(a) = {x E 5\ Xh = (a, ... )}. 
Certainly, Z (a) is a non-empty subarc of 51. 

Finally, let E = (1/3) . mini dSI (pi, Pi+ 1)' denote by ai the centre of [Pi, Pi+ 1] 
and set 

An = {g-l(ad; g E 5n and w(g) = gin}' 

(As before, 5n is the sphere of radius n in the Cayley graph, this time in C (r 9' r 0).) 
Since each g E 5n maps Z(a) into one of the arcs [Pi,PHd, the set An is (n,E)
separated with respect to roo Therefore, the entropy under consideration is not 
less than expgr( 1f1 (I:9 ), ro). Applying Proposition 3.5.2 ends the proof of Corollary 
3.6.3. 0 

The Godbillon-Vey class is one of so-called secondary characteristic classes 
[Bo] for foliations. Its geometric meaning is relatively well understood and this 
allows us to link it with the geometric entropy as above. One of the questions 
formulated in [GLW2], still open, is whether all the secondary classes of foliations 
with zero entropy must vanish. Some hope for the positive answer comes from the 
following example: Riemannian foliations have vanishing entropy (Example 3.2.6) 
and all their secondary characteristic classes are trivial ([KT], Theorem 4.52). 



Chapter 4 

Invariant measures 

In this chapter, we consider invariant measures for groups and pseudogroups of 
transformations, and for foliations, in the last case defined as measures on transver
sals invariant under holonomy maps. The study of such measures (called transverse 
invariant ones) was inaugurated by J. Plante [PI] who has shown that the exis
tence of such measures has some influence on the topology of a foliated manifold 
and is related to the growth types of leaves. Some of his results are discussed 
here, in Sections 4.2 and 4.3. Since non-trivial invariant measures need not exist, 
we consider also two wider classes of measures: harmonic measures on foliated 
Riemannian manifolds and quasi-invariant measures for Kleinian groups. In both 
cases, the considered measures have several interesting, very geometric, properties 
and reflect some dynamics of the systems, foliations and Kleinian groups. Also, in 
Section 4.6, we show how measures invariant under the geodesic flow of a foliation 
can be applied to the proof of the implication "if no resilient leaves, then vanishing 
entropy" for arbitrary co dimension-one C1-foliations. This interesting idea is due 
to Hurder, was originated at the very beginning of the theory of geometric entropy 
in [Hul] and developed to a final form recently in [Hu4]. 

4.1 Basic definitions and facts 

As we could observe in Section 3.1.2, for any continuous transformation f of a 
compact metric space X there exist f-invariant Borel probability measures on X. 
Given two such transformations f and g, it might happen that the corresponding 
sets M (X, f) and M (X, g) are disjoint. However, if our transformations f and 
9 of X commute, fog = 9 0 f, these sets may be different but have a non
empty intersection. In fact, if f-l, E M(X, g) is g-invariant and (vnJ is a convergent 
sequence of Cesaro means (vn ) defined by formula (3.1.15) in Section 3.1.2, where 
f-l,k = f-l, for k = 1,2, ... , then the limit v = limj-->oo vnj is f-invariant and, at the 
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same time, 

i.e., v is g-invariant. Therefore, v E M(X, f) n M(X, g). 
In the same way, if il, ... , fm+l are pairwise commuting transformations of 

X, fL E M(X) is ik-invariant for k = 1, ... , m, Vn = ~ 2::7~g f:r,*+lfL and v is the 
limit of a convergent subsequence of (vn ), then v is fk-invariant for all k :::; m + 1. 
Therefore, for any finitely generated abelian group G of transformations of X 
there exist G-invariant Borel probability measures on X. Clearly, a measure fL is 
said to be G-invariant when g* fL = fL for any g E G. As in Section 3.1.2, all such 
measures form a compact convex subset M(X, G) of the space M(X) of all Borel 
probability measures on X. 

For general non-abelian groups, it might happen that M(X, G) = 0. 

Example 4.1.1. Let X = SI and G be the group generated by two maps fi' 
i = 0,1, such that each of them has exactly two fixed points: a source Pi and a 
sink qi which split SI into two arcs Ai and Bi each of them being contracted to 
qi. By Proposition 3.1.6, any measure fL which is fi-invariant has to be supported 
in the set {pi, q;}. Therefore, M(X, G) = 0 if only {Po, qo} n {PI, qd = 0. 

Clearly, the same may occur in the case of measures invariant under the 
action of a pseudogroup. First, introduce the following. 

Definition 4.1.2. A measure fL E M(X) is g-invariant, 9 being a pseudogroup of 
local homeomorphisms of X, whenever 

fL(g(A)) = fL(A) (4.1.1) 

for all g E 9 and all Borel subsets A of Dg . 

The set of all 9-invariant Borel probability measures on X will be denoted 
by M(X,Q). 

Now, observe that the set of non-trivial 9-invariant measures can be empty 
even if 9 is generated by a single local homeomorphism f (in spite of the fact 
that - compare Section 3.1.2 of Chapter 3 - the set M(X, f) of f-invariant 
probability measures is non-empty). 

Example 4.1.3. Again, let X = SI, f(z) = Z2 and 9 = 9(1) as in Section 1.2. For 
any open arc A containing number 1, one has fn(A) = SI for n large enough. If 
fL E M(SI, 9(1)), then fL(r(A)) = fL(A) as long as r maps A homeomorphically 
onto its image. Thus, fL = 81 , the Dirac measure at the point 1 E SI. On the other 
hand, 81 ({-1)} = ° while f(-l) = 1 and 81 ({1}) = 1. This contradiction shows 
that non-trivial 9(1) invariant measures do not exist. 
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Analogously to the classical theory (Section 3.1) one can consider ergodicity 
of g-invariant measures with 9 being an arbitrary pseudogroup. A good part of 
the theory is almost the same as in the case of a single transformation. However, 
one has to be concerned with domains of maps g E 9 and this is why we provide 
the proofs below. 

First, let us say that a subset A of X is g-invariant whenever g(A n Dg) c A 
for any g E g, equivalently, whenever g(A n Dg) = An Rg for all g E g. Then, let 
us introduce the following. 

Definition 4.1.4. A g-invariant Borel probability measure f-L on X is called ergodic 
when the following condition is satisfied: if A c X is g-invariant, then either 
f-L(A) = 0 or f-L(A) = 1. We shall denote by [(X, 9) the set of all ergodic members 
of M(X, 9). 

Ergodicity can be expressed also in the terms of g-invariant functions: 

Lemma 4.1.5. If f-L is ergodic, cjJ : X ---+ lR is measurable, bounded and cjJ 0 g = cjJ 
f-L-a. e. for all g E g, then cjJ is constant f-L-a. e. 

Proof. Fix an almost everywhere g-invariant function cjJ and put 

_l([k k+1)) X(k,n)=cjJ 2n'~ 

for k E Z and n E N. Then the symmetric difference 

X(k, n)6 U g(X(k, n)) 
gE9 

is contained in 

{x E X; (:Jg E 9) x E Dg and cjJ(g(x)) =1= cjJ(x)}. 

Therefore, 

f-L(X(k,n)6Ug(X(k,n)) = 0, f-L(X(k,n)) = f-L(Ug(X(k,n)) 
g g 

and either f-L(X(k, n)) = 0 or f-L(X(k, n)) = 1 since the set Ug g(X(k, n)) is g
invariant and the measure f-L ergodic. It follows that for any n E N there exists a 
unique k, denoted by kn' such that f-L(X(kn,n)) = 1. The set Y = nnX(kn,n) 
has measure 1 and cjJ is constant on Y. 0 

If M(X, g) is non-empty, then it is closed and convex, hence one can consider 
the set of its extreme points. 

Proposition 4.1.6. If 9 admits non-trivial invariant measures, then [(X, g) coin
cides with the set of all extreme points of M (X, g). 
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Proof. If f.1 t/:. £(X, g), then there exists a g-invariant set Z C X such that 0 < 
f.1(Z) < 1. The measures f.1o and f.11 defined by 

(A) = f.1(An Z) 
f.1o f.1(Z) 

d (A) _ f.1(A'-. Z) 
an f.11 - f.1(X '-. Z) 

for all Borel sets A c X are g-invariant, f.1o(X) = f.11(X) = 1 and f.1 = f.1(Z)f.1o + 
f.1(X'-. Z)f.11, so f.1 is not extreme in M(X, g). 

Conversely, if f.1 is ergodic, 0 < t < 1 and f.1 = tf.1o + (1 - t)f.11 for some f.1o 
and f.11 of M(X, 9), then f.1o is absolutely continuous with respect to f.1 and the 
Radon Nikodym derivative ¢ = df.1o/df.1 is f.1-almost everywhere g-invariant. In 
fact, if 9 E g, then 

i (¢ 0 9 - ¢)df.1 = f.1o(g(A)) - f.1o(A) = 0 

for any Borel set A C Dg and, consequently, ¢ 0 9 = ¢ f.1-a.e. on Dg. By Lemma 
4.1.5, ¢ is f.1-almost everywhere constant. Since Ix ¢df.1 = 1, ¢ == 1 f.1-a.e. and 
f.1o = f.11 = f.1, i.e., f.1 is extreme in M(X, g). D 

Now, we shall concentrate on the case of holonomy pseudogroups of foliations. 

Definition 4.1.7. Given a foliation F of a manifold M, a transverse invariant mea
sure is a Borel probability measure on a complete transversal T which is invariant 
under the holonomy pseudogroup H of F acting on T. 

From the discussion of Section 1.3 it follows that the existence of a transverse 
invariant measure on one complete transversal implies the existence of such a 
measure on any other transversal. Therefore, one can say that F has measure 
preserving holonomy if a transverse invariant measure exists for some complete 
transversal T. 

Example 4.1.8. (i) Riemannian foliations of compact manifolds have measure pre
serving holonomy. In fact, the holonomy maps of a Riemannian foliation preserve a 
Riemannian volume form on a complete transversal. (ii) From Examples 4.1.3 and 
2.4.6 it follows that the Hirsch foliation admits no transverse invariant measures. 
(iii) Any foliation containing a compact leaf admits transverse invariant measures. 
In fact, if L is a compact leaf and T is a complete transversal, then the set L n T 
is finite and the combination of Dirac measures 

1 
f.1=#(LnT)· L 6x 

xELnT 

is invariant under the holonomy pseudogroup of F acting on T. 

( 4.1.2) 

Finally, recall that in general the F-saturation of a closed set need not be 
closed while the saturation of an open set is always open. However, if J.1 is a trans
verse invariant measure defined on a complete transversal T, then the saturation 
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SUPPy(/-l) of the support supp(/-l) of /-l (compare Section 3.1.2) is closed. In fact, 
the saturation SIl of T" supp(/-l) is open and 

( 4.1.3) 

The relation "e" in (4.1.3) is obvious. To show the other one, "::)", take any point 
x E Sp.- Then there exists yET n Lx, Lx being the leaf of F through x, and a 
neighbourhood U e T of y such that /-l(U) = O. Let h be a holonomy map defined 
in a neighbourhood of x and mapping x to y. Then /-l(h-1(U)) = /-l(U n Rh ) = 0 
and x ~ SUPPy(/-l). 

4.2 Transverse invariant measures and homology 

The existence of transverse invariant measures has some influence on the topology 
of a foliated manifold (M, F). For example, if F is transversely oriented and T, a 
closed and transverse to F submanifold of dimension q = codimF, intersects the 
support of a transverse invariant measure /-l, then T represents a non-zero element 
in Hq(M, rR). 

The proof of this fact consists in a construction of a suitable (n - q)-current 
(i.e., a real continuous linear functional on the space of (n-q)-forms on M) which 
is closed (that is, vanishes on the set of all exact forms) and positive on a form 
which represents the volume form of T (in the sense described below). To get such 
a current, it is convenient to proceed as follows 

Consider N(T), a tubular neighbourhood of T built of small disks contained 
in the leaves of F, and find a reduction of the structure group of the bundle 
Jr : N(T) ~ T to the orthogonal group O(n - q), n = dimM. Then, choose an 
O(n - q)-invariant COO-function 1 : rRn - q ~ [0,1] such that 1(0) = 1, supp 1 c 
B(O, r) and JlRn-q 1 = 1. Here, r > 0 is a small constant. For any open set U C T 
such that the bundle Jr : N(T) ~ T is trivial over U, choose a suitable trivialization 
¢: Jr-1(U) ~ U x rRn - q and define a closed (n - q)-form won Jr-1(U) by 

w = ¢*(fdXl 1\ ... 1\ dxn _ q ). 

Since the structure group is orthogonal, w is well defined on N(T) and extends to 
a global form won M by w = 0 outside N(T). 

Now, let U = {U1 , ... , Uk} be a nice covering of (M, F) and (exi) a smooth 
partition of unity subordinated to U. For any (n - q)-form T/ put 

(4.2.1) 

where 'l/Ji : Ui ~ Di X D; c rRn - q x rRq is a distinguished chart on Ui which 
induces on D; the standard orientation. Then - as one can easily see from Stokes 
Theorem - the equality <P1l(d~) = 0 holds for any (n - q -I)-form ~ and therefore 
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<I>JL induces a linear map Hn-q(M) ----> R The form wiT is a volume form on T 
and <I>JL(w) = /-L(T) > O. Therefore, T =I- 0 in Hq(M,IR). 

In this way we have proved the following. 

Theorem 4.2.1. [PI] If /-L is a transverse invariant measure for an (n - q)-dimen
sional foliation F of an n-dimensional manifold M and T is a closed transverse 
q-dimensional submanifold of M which intersects sUPP.r(/-L), then T represents a 
non-trivial element of Hq(M,IR). 0 

If F is of codimension 1, then - as was explained in Section 3.5.3 - any 
noncompact leaf of F meets a closed transverse loop. Therefore, if C(F) is the 
union of all the compact leaves of F and /-L is a transverse invariant measure with 
supp(/-L) nC(F) = 0, then supp /-L meets a closed transverse loop and, consequently, 
<I>JL represents a non-trivial cohomology class. 

Corollary 4.2.2. If /-L is a transverse invariant measure for a transversely oriented 
codimension-one foliation F of a compact oriented manifold M and supp(/-L) meets 
no closed leaves of F, then <I>JL represents a non-trivial element of Hl(M,IR). 0 

4.3 Measures and orbit growth 

From the observations of the last section it follows that we should search for 
some conditions which are sufficient (or, necessary) for the existence of invariant 
measures. A very simple example is that of a pseudogroup 9 generated by maps 
which fix a given point x E X. Then, 8x E M(X,Q). Also, as we observed already 
in the previous section, if the 9-orbit of a point x is finite, 9(x) = {Xl, ... ,Xm }, 

then the formula 

(4.3.1) 

defines a 9-invariant probability measure. 
These observations have been generalized by Plante [PI] who formulated a 

pretty nice condition providing the existence of measures invariant under a pseu
dogroup action. 

Theorem 4.3.1. If the orbit 9(x) of a point X E X has non-exponential growth 
with respect to a given finite set 91 generating a pseudogroup 9, then there exists 
a 9-invariant Borel probability measure on X supported in the closure of9(x). 

Proof. From the Riesz Representation Theorem it follows directly that we have to 
construct a normalized non-negative 9-invariant functional A : C(X) ----> IR, C(X) 
being, as before, the space of all continuous real functions on X. In this context, 
9-invariant means that A(¢ 0 g) = A(¢) for any g E 9 and any function ¢ E C(X) 
supported in Rg • Hereafter, ¢ 0 g is extended all over X by ¢ 0 g = 0 on X "Dg • 
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First, let us observe that, since 9(x) has non-exponential growth, there exists 
an increasing sequence (nk) of natural numbers such that nk ----> 00 as k ----> 00 and 

lim #(9nk+1(x) " 9nk-1(x)) = O. 
k~oo #9n k(X) 

(4.3.2) 

In fact, iftn = #9n(x) and t = liminfn~oc(tn+l -tn-dltn > 0, then tn+1 2: 
~ttn + t n- 1 2: (~t + 1 )tn-1 for n large enough. Therefore, t n+2k-1 2: (~t + 1 )ktn_ 1 
and 

1 k t 1 
n + 2k - 1 logtn+2k-1 2: n + 2k -1 log(l + 2) + n + 2k -1 log tn-1 

1 t 
2: 4n log(l + 2) > 0 

for k = 1,2, ... and n large enough. In such a case, (tn) would have exponential 
growth. 

Next, choose a sequence (nk) as above and define functionals Ak , k = 1,2, ... , 
by 

1 
Ak(¢) = # 9n k (x) L ¢(z). 

zEQnk (x) 

(4.3.3) 

Of course, each of Ak is non-negative (that is, Ak (¢) 2: 0 when ¢ 2: 0) and 
normalized (Ak(l) = 1). Since the space M(X) is compact, we may assume, 
passing to a subsequence if necessary, that Ak ----> A as k ----> 00. Again, A is non
negative and normalized. It remains to show that A is 9-invariant. 

To this end, take any 9 E 91 and ¢ E C(X) with supp(¢) eRg. Then 

where Ak (x) = 9nk (x) Lg(9nk (x)) and L denotes, as before, the symmetric dif
ference. Therefore, 

IAk(¢ 0 g) - Ak(¢)1 S max I¢I . #(9nd~~~~~)k-1 (x)) 

< 1"'1' #(9nk+1(x) " 9nk-1(X)) 
- max 'f/ #gnk (x) . 

Passing to the limit with k ----> 00 and using (4.3.2) we arrive at A(¢ 0 g) = A(¢). 
Simple induction shows that the last equality holds for all 9 E 9, not only for 
those in gl. 0 

Applying Theorem 4.3.1 to a holonomy pseudogroup of a foliation we arrive 
at 

Corollary 4.3.2. Any foliation F which possesses a leaf L of non-exponential growth 
admits a tmnsverse invariant measure supported in the closure L of L. 0 
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4.4 Transverse invariant measures in co dimension 1 

In this section, all the foliations are transversely oriented, of codimension 1 and 
class C2 • Foliated manifolds are oriented and compact. 

Let us recall once again some results concerning structure of codimension-one 
foliations (see [UU], [CaC!], etc.). 

The union C(F) of all the compact leaves of a codimension-one foliation F 
of a compact manifold M is compact. Also, M contains at most finitely many 
exceptional minimal sets E I , .. . ,Em and the centre 2 (F) of F defined as the 
union of all the minimal sets of F is also compact. A priori one has two cases: 
either M is minimal (and then 2(F) = M) or 

2(F) = C(F) U EI U ... U Em. (4.4.1) 

In both cases, the closure of any leaf L intersects 2(F). 

Theorem 4.4.1. The support supp({l) of any transverse invariant measure {l on a 
compact manifold M equipped with a foliation F of codimension 1 is contained in 
2(F) and contains no resilient leaves. 

Proof. First, assume that 9 is an element of a pseudogroup 9 cHomeo+(lR.), {l is 
a finite g-invariant measure, x E supp({l) and g(x) = x. If y E Dg n supp({l) and 
g(y) 1 y, say g(y) < y, then {l(U) > 0 for a segment U such that y E U and 
g(U) n U = 0. If so, all the images gn(u), n = 1,2, ... , are pairwise disjoint and 
{l(gn(u)) = {l(U). Therefore, {l(Ungn(u)) = 00, a contradiction. It follows that 

g(y) = y for any y E Dg n supp({l). (4.4.2) 

In particular, the orbit through x cannot be resilient. 
This observation proves the second part of the statement and completes the 

proof of the theorem in the case when 2(F) = M. 
If 2 (F) = C (F) U EI U ... U Em, then - by an argument similar to that above 

- we can find an open saturated set V such that V n supp({l) = C(F) n supp({l). 
Indeed, since F is transversely oriented and - as was mentioned in Section 3.6-
all the leaves of F accumulate on 2(F), there exists an open saturated set V such 
that C(F) C V and L n C(F) 10 for any leaf LeV. (Otherwise, one would be 
able to find a sequence of leaves Ln contained in arbitrarily small neighbourhoods 
Vn of C (F) and such that their closures would intersect one of the exceptional 
minimal sets, say E I ; this would allow us to conclude that EI n C(F) 1 0, a 
contradiction.) If x E V nT, T being as always a complete transversal, then there 
exist holonomy maps hn such that Xn = hn(x) ~ Xo E C(F) as n ~ 00. If 
x ~ C(F), then using the transverse orientation of F and passing to a subsequence 
if necessary we may assume that (xn ) is strictly monotonic, say decreasing to (xo). 
Choose a segment leT of the form I = [y, xl where Xl < y < x. The segments 
In = hn(I) are pairwise disjoint. If x were contained in supp(J.t), then we would 
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have as before J.L(Un1n) = 00, a contradiction which implies that V n supp(J.L) C 

G(F). 
In the same way, using the Sacksteder Theorem (see either [Sa] or [CaCl], 

Thm. 8.2.1), we can find an open saturated set W such that W n supp(J.L) = 
(El U··· U Em) n supp(J.L). 

Since the set supp(J.L) is holonomy invariant, it follows that it is contained 
in Z(F). In fact, if x EM ...... (V U W) were a point of supp(J.L), then the leaf Lx 
through x would accumulate at some points of Z(F) and, therefore, there would 
exist a holonomy map 9 such that x E Dg and g(x) E (VUW) ...... Z(F). Thus, g(x) 
would not belong to supp(J.L), a contradiction. D 

If F has trivial holonomy and is C2-differentiable, then F is conjugate to a 
foliation F' (of the same compact manifold M) defined by a nowhere-vanishing 
closed I-form w ([BB], Thm. VIII.3.2.7). If f : M -+ M is a conjugating map, 
then the measure J.L defined by 

(4.4.3) 

for any Borel set B contained in a transversal T is holonomy invariant (by Stokes 
Theorem), non-trivial and finite. Since F is transversely oriented, the integrals 
in (4.4.3) are of constant sign, and, replacing w by -w if necessary, we may as
sume that they are non-negative. This observation together with Theorem 4.4.1 
(condition (4.4.2) particularly) yields the following. 

Corollary 4.4.2. A transversely oriented codimension-one minimal C2 -foliation of 
a compact manifold M admits a transverse invariant measure if and only if all the 
leaves of F have trivial holonomy. D 

The assumption of C2-differentiability could be dropped but then the ar
gument would become more delicate. We should use the fact that the holonomy 
pseudogroup of F is semi-conjugate to a subgroup G of JR, construct a G-invariant 
measure on JR and use the conjugating map to bring it to a complete transversal 
T. 

We shall not go deeper into the study of the structure of codimension-one 
foliations which admit transverse invariant measures. An interested reader can 
consult either [BB] or [PI], for instance. Let us just mention here that any leaf 
L of F contained in sUPPF(J.L), J.L being a transverse invariant measure, has poly
nomial growth of degree d::; max{O,bl(M) -I}, where bl(M) = rank Hl(M,JR) 
is the first Betti number of M ([PI], Theorem 6.3). From this result and Corol
lary 4.3.2 above, it follows immediately that any codimension-one foliation with 
a leaf of non-exponential growth has some leaves of polynomial growth of degree 
d ::; max{O, bl (M) - I}. In particular, if bl (M) = 1, then such a foliation F has a 
compact leaf, i.e., C(F) =1= 0 in this case. 
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4.5 Vanishing entropy and invariant measures 

The method of "averaging sequences" applied in the proof of Theorem 4.3.1 allows 
us to construct transverse invariant measures for foliations of vanishing entropy. 
The construction is somewhat more technical than that of Theorem 4.3.1. Essen
tially, it consists in averaging sums of Dirac measures over (n, 10 )-separated sets 
and passing to suitable limits as n ---+ 00 and 10 ---+ O. 

Let therefore 9 be again a finitely generated pseudogroup of local homeo
morphisms of a compact metric space (X, d). Assume that 91 is a good finite 
symmetric set generating 9. 

Theorem 4.5.1. If h(Q, (1) = 0, then X admits a 9-invariant Borel probability 
measure. 

Proof. Denote by C+(X) the space of continuous non-negative functions on X. 
For any n E Nand E > 0 denote by S( n, E) the family of all (n, E)-separated 
subsets of X. Given f E C+(X) put 

An,E:(f) = ( 1 9) sup {l: f(x); A E S(n,E)}. 
s n,E, 1 xEA 

(4.5.1) 

It is easy to see that the functionals An,E: are non-negatively homogeneous (that 
is, An,E:(af) = aAn,E:(f) for all f and a E [0,00)), subadditive (i.e., An,c(1I + h) ::; 
An,E:(II)+An,c(h) for all II and 12 of C+(X)), monotonic (i.e., An,c(lI) ::; An,c(f2) 
whenever II ::; h), normalized (i.e., An,c(1) = 1) and bounded in the following 
sense: 

(4.5.2) 

Moreover, if the distance between the supports of II and 12 exceeds 10, then 

(4.5.3) 

This follows directly from the following observation: if d(supp II, supp h) 2:: E and 
sets Al C supp II and A2 C supp 12 are (n, E)-separated, then the union Al U A2 
is (n, 10 )-separated as well. 

Now, observe that the assumption h(Q,9d = 0 implies the equality 

1· l' . f s(n+1,l/p,91) 1 1m Imln = 
p->oo n->oo s(n,l/p,91) 

( 4.5.4) 

which allows us to choose numbers n(k,p) EN in such a way that limk->oo n(k,p) = 

00 for any pEN, the limits 

exist and satisfy 

ap = lim s(n(k,p) + 1, l/p, 9d 
k->oo s(n(k,p), lip, 91 

lim ap = 1. 
p->oo 



4.5. Vanishing entropy and invariant measures 107 

The proof of (4.5.4) follows Plante's ideas and is similar to that of (4.3.2) in Section 
4.3. 

Next, note that the numbers n(k,p) can be chosen (passing to a subsequence 
several times, if necessary) in such a way that the limits 

AI/p(f) = kl~~ An(k,p),I/p(f) and 

AI/p(f) = kl~~ An(k,p)+l,I/p(f) 
(4.5.5) 

exist for all I E C+(X). In fact, the space C+(X) contains a countable dense 
subset Co and the above-listed properties of the functionals An,E imply that the 
existence of limits (4.5.5) for all I E Co yields the existence of these limits for all 
IE C+(X). 

In the same way, we can choose a subsequence (Pm) converging to infinity 
and such that the limits 

A(f) = lim AI/Pm (f) and 
m .... oo 

(4.5.6) 

exist for all I E C+(X). 
From the previous observations it follows easily that the functionals A and A 

are non-negatively homogeneous, subadditive, monotonic and normalized. More
over, 

A(h + h) = A(fd + A(h) and A(h + h) = A(h) + A(h) 

whenever the supports of hand 12 are disjoint. 
For any compact set K c X put 

J.L(K) = inf{A(f);1 E C+(X),I:::; 1 and 11K == I} and 

jl(K) = inf{A(f); IE C+(X), I:::; 1 and 11K == I}. 

(4.5.7) 

(4.5.8) 

Following the proof of the Riesz Representation Theorem in [Rud] one can 
prove that J.L and Ji can be extended to Borel probability measures (denoted by 
J.L and Ji again) on X. In fact, the only difficulty comes from the fact that the 
functionals A and A are not linear: equalities (4.5.7) hold for functions with disjoint 
supports only. However, Steps IV and X are the only points in the proof we want 
to follow, where the additivity of the functional is used. In Step IV we need it for 
functions with disjoint supports only, while in Step X it is used to show that "J.L 
represents A" , the property we are not interested in. 

Since any (n, c)-separated set A is also (n + I, c)-separated, we have 

for all n E fiI, c > 0 and I E C+(X). This implies directly the inequality J.L(K) s: 
Ji(K) for all compact sets K. Consequently, J.L(B) s: Ji(B) for any Borel set Be X, 
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J1(B) = 1 - J1(X " B) 2:: 1 - fl(X " B) = p,(B) and J1 = fl, i.e., the measures J1 
and fl coincide. 

The last step is to prove that the measure J1 is 9-invariant. To this end, take 
any g E 91 and a function f E C+(X) such that suppf eRg. Extend fog all 
over X putting fog == 0 outside D g' If a set A C D g is (n, c)-separated, then g( A) 
is (n + 1, c)-separated and, consequently, 

(4.5.9) 

Using (4.5.8) and the equality J1 = fl we arrive at J1(g-l(K)) ::::; J1(K) for any 
compact set K C Rg and then J1(g-l(B)) ::::; J1(B) for any Borel subset B of Rg. 
Applying the same argument to g-l and the set g-l(B) C Dg we conclude by 

This shows that J1 is 9-invariant. 

As a direct consequence of Theorems 3.4.1 and 4.5.1 we obtain 

(4.5.10) 

D 

Corollary 4.5.2. Any foliation with vanishing geometric entropy admits a non-
trivial transverse invariant measure. D 

4.6 Entropy, geodesic flow and invariant measures 

Throughout this Section, F is a co dimension-one transversely oriented C1-foliation 
of a compact Riemannian manifold (M,g). It is well known (see [CaCl], Sections 
1.2 and 5.1) that (M, F) admits a nice foliated atlas A of class coo,l, i.e., is such 
that for arbitrary charts ¢ and 'lj; E A both of the maps 0: and '"Y in equation (1.3.1) 
of Chapter 1 are C1-differentiable in all variables but 0: is also Coo-differentiable 
with respect to x E IRl. In particular, the leaves of F have structures of coo_ 
manifolds and we may assume that the Riemannian structures induced by g on 
the leaves are also COO-smooth. Moreover, there exists a smooth I-dimensional 
foliation F m transverse to F, so we fix it and make g-orthogonal to F. 

Our main goal here is to show the following. 

Theorem 4.6.1. If F is a transversely oriented codimension-one Cl-foliation of a 
compact manifold M and the geometric entropy of F is positive, then F has a 
resilient leaf. 

To express the fact that the geometric entropy of F is positive we shall use a 
nice covering Ut::. by distinguished "coins" similar to those in the proof of Theorem 
3.4.1 with the following difference: the "cores" of charts of Ut::. are short segments 
of leaves of F m centred at centres of our coins. We shall keep the notation of 
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that proof and assume that all the constants (coin radius Ll, coin thickness p, 
15, a constant measuring density of the covering, and the others) involved in the 
construction ofU/J. are sufficiently small. In particular, we assume that the covering 
U/J. is sufficiently dense, i.e., that any point x E M is close to a centre z E Z of 
one of the charts Uz E U/J.. Therefore (by Theorem 3.4.1 and inequalities (3.2.5)), 
our assumption of positive geometric entropy can be expressed in the form 

E:= h(H,Hd > 0, (4.6.1) 

where H is the holonomy pseudogroup of F which acts on T, the complete transver
sal built of the "axes" Tz of "coins" Uz E U/J., and is generated by the set HI of 
elementary holonomy maps corresponding to all the pairs of overlapping "coins". 

The general idea of the proof consists in the following. Given sufficiently large 
n EN, small s > 0 and a maximal (n, s )-separated set ACT, find a geodesic ray 
')'0 : [0,(0) --7 L, L being a leaf of F, which separates eventually two neighbouring 
points of A, show that the closure of ')'0 contains a closed leaf geodesic')' such that 
the holonomy map h = h"( along,), contracts its domain Dh hyperbolically towards 
the origin x of')' and Dh contains a point y, y :I x, of the leaf through x. In order 
to show existence of such leaf geodesics, we shall use the foliated geodesic flow ¢ 
and consider some ergodic ¢-invariant measures on TI F, the unit tangent bundle 
of :F. 

To begin with, let us recall that the geodesic flow on any complete Rieman
nian manifold assigns to any unit tangent vector v and any t E ~ the vector 
tangent at time t to the geodesic tangent to v at time to = 0 (compare Example 
2.4.12 (ii)). Since our foliated manifold M is compact, any leaf L of F is complete 
with respect to the induced Riemannian metric and has its own geodesic flow. All 
such flows corresponding to all the leaves constitute the geodesic flow ¢ = (¢t) of 
F which acts in the unit tangent bundle V = Tl F of F: if x E L, L E F, v E TxL 
and t E ~, then ¢t (v) = i'v (t), where ')'V : ~ --7 L is the unique geodesic on L which 
satisfies the conditions ')'v(O) = x and i'v(O) = v. Since F is C1-smooth, the leaves 
are differentiable of class Coo and differential equations describing leaf geodesics 
contain only differentiation in the leaf direction, (¢t) is differentiable of class C I . 

Let us consider also the foliation j: of V with leaves £, L E F, which are just 
unit tangent bundles TI L of the leaves of F. In other words, j: is the pullback 
(see Section 3.5.1) of F via the canonical projection 7r : V --7 M. Clearly, the 
transformations ¢t map the leaves of j: into themselves. 

Next, consider the normal bundle Q --7 V of the foliation j:: Q = TV/TF. 
Since the differentials d¢t, t E ~, preserve Tj:, they induce maps, denoted by d¢t 
again, of Q into itself. V carries the natural Riemannian structure (induced from 
the Sasaki metric on TM - compare Example 2.4.12(ii) again). Therefore, Q can 
be identified with TJ..j:, the bundle of vectors ~ E TV perpendicular to the leaves 
of F. 

Recall now (compare Section 1.3) that for any leaf curve,), : [0, s] --7 M 
with end points in T one has the holonomy map h"( : W"( --7 T defined on a 
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neighbourhood WI' C T of x = ,(0) as the composition of elementary holonomy 
maps corresponding to a chain u = (Uo, ... ,Uk) of pairwise overlapping charts of 
Ut:;. for which x E Uo, Y = ,(S) E Uk and ,([ti,tH1]) C Ui for some ti's such that 
o = to < tl < ... < tk+l = s. The germ of hI' is independent of the choice of u, 
therefore the differential dh'Y(x) : TxT ----+ TyT is well defined. 

Using canonical isomorphisms T;;:t ~ TxT and T;;:t ~ TyT determined by 
the differential d1r of the projection 1r : T M ----+ M one can write 

dh'Y ( x) = d¢> s ( v ) (4.6.2) 

whenever, : [0, s] ----+ M is a leaf geodesic with 1'(0) = v and i'(s) = w. Since 
codim F = 1 and the connected components of T are built of pieces of geodesics 
on M perpendicular to F, they have natural parametrizations and can be identified 
with intervals of real numbers. Therefore, we can consider a real-valued derivative 
h~(t) for any t E WI" the domain of hI" Obviously, it is defined by dh'Y(t) = 
h~(t)· idlR • Also, d¢>s : Q ----+ Q can be considered as a real-valued function and one 
can define a function v : lR x V ----+ lR by 

v(t, v) = logd¢>t(v). 

Clearly, v satisfies the cocycle property 

v(t + s, v) = v(t, ¢>s(v)) + v(s, v) 

for all s, t E lR and v E V. Moreover, we can define the infinitesimal transverse 
expansion of the flow (¢>t) as the function 'ljJ : V ----+ lR given by 

d 
'ljJ(v) = dtv(t,v)(O). (4.6.3) 

Since F is transversally C1, the function 'ljJ is continuous. Moreover, since V 
is compact, the norm 

1i'ljJlloo = sup{I'ljJ(v)Ii v E V} 

is finite. Finally, since ¢>t( -v) = -¢>-t(v), 'ljJ( -v) = -'ljJ(v) for all v E V. 
Now, let, : [a, b] ----+ M be a piecewise leaf geodesic. This means that, maps 

[a, b] into a leaf of F and that the segment [a, b] can be split into the union of 
segments [ti, tH1] such that a = to < h < ... < tk = band ,I[ti , tH1 ] is a smooth 
leaf geodesic for all i = 0,1, ... ,k - 1. Each leaf geodesic segment can be lifted to 
a segment of an orbit of the flow (¢>t). Therefore, , also can be lifted to a (perhaps 
non-continuous at the corners ti !) map i : [a, b] ----+ V given by the formula 

i(t) = i'j(t), 
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---when tj ::; t < tj+1 and Vj = (ryl [tj , tj+l])(tj). 
We shall also deal with piecewise leaf geodesic rays, that is piecewise leaf 

geodesics of the form "( : [a, (0) -+ M, where we admit an infinite number of 
"corners" a = to < h < ... with tn -+ 00 as n -+ 00. The same notation l' will be 
used in this situation. 

Note that here (as well as in the sequel) we use term "corners" for tj's, but 
we do not assume that our piecewise geodesic is not smooth at t j . So, some of 
these corners may be "fake". Anyway, the set of all the corners contains the set of 
all real ones, i.e., all the points of nondifferentiability of "(. 

Definition 4.6.2. The transverse rate of expansion (rh-expansion rate, for short) 
A(ry) along a piecewise leaf geodesic "( : [a, b] -+ M is defined by 

1 rb 
A(ry) = b _ a Ja 1/;(1'(t))dt. ( 4.6.4) 

A piecewise leaf geodesic ray "( : [a, (0) -+ M is said to be rh-hyperbolic with 
exponent A(ry) if the limit 

A(ry) = lim - 1/;(1'(t)dt 1 18 

S---+CX) S - a a 
(4.6.5) 

exists and is different from zero; "( is rh-stable (resp., rh-unstable) when A(ry) < 0 
(resp., A(ry) > 0). Finally, if"( : [a, (0) -+ M is rh-stable and c > 0, then a number 
So ~ a is said to be c-regular when 

1: (1/;(1'(t)) + c)dt < 0 (4.6.6) 

for all s > So. 

Intuitively, So is regular if our curve "( (with the origin moved to "((so)) and 
following it piecewise geodesics on neighbouring leaves do not "pulse" in average 
too much (not more than with the c-rate). 

Let us begin by verification of existence of regular values. 

Lemma 4.6.3. If"(: [a, (0) -+ M is a rh-stable piecewise leaf geodesic ray, then for 
any c E (0, -A(ry)) there exists an increasing sequence (sn) of c-regular values for 
which limn ..... oo Sn = 00. 

Proof. Since the function 

1 t 
s f-4 S _ a Ja (1/;(1'(t)) + c)dt (4.6.7) 

is continuous and A(ry) + c < 0, there exists the greatest value S1 of s for which 
the integral in (4.6.7) equals zero. Clearly, S1 is c-regular. Given a sequence S1 < 
S2 < ... < Sk of c-regular values, consider the function (4.6.7) with a replaced by 
Sk + 1 and define Sk+1 as the largest S for which this new integral equals O. Again, 
Sk+1 is regular. 0 
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Next, we shall investigate the distribution of c-regular values (in fact, of their 
discrete analogue called c-good values here) along a periodic rtl-stable piecewise 
leaf geodesic ray 'Y : [a, (0) ----; M. Obviously, periodicity of'Y means that there 
exists t'Y > 0 such that 'Y(t + t'Y) = 'Y(t) for all t ~ a. So, let 'Y be as above and 
denote by a = to < h < ... < tN = a + t'Y all the corners of 'Y1[a, a + t'YJ. Set 

aj = lt~l ('I/J(i'(t)) + c)dt. 

Then al + ... + aN = (>.("() + c)· t'Y < 0 and lajl ~ (11'l/Jlloo + c)(tj - tj-I). Extend 
the finite sequence (aj) to an infinite one setting aj+kN = aj for all j ~ Nand 
kEN. Let 

n 

Sk(n) = Laj 
j=k 

when 1 ~ k ~ Nand n ~ k. Also, extend the sequence (tj; 0 ~ j ~ N} to an 
infinite one, where tj+kN = tj + kt'Y' 

Definition 4.6.4. In the situation just described, a value tk (1 ~ k ~ N) is said to 
be c-good when Sk(n) < 0 for all n ~ k. 

Lemma 4.6.5. If'Y is rtl-stable, 0 < c < ->.("() and 

(->.("() - c) . min{tj - tj-I} c - -'-------'-'-c'-_-'------,---'--"---------'e,-..:..-

- 11'l/Jlloo . max{tj - tj_I} , 

then the set {tl,' .. , t N} of all corners contains at least [eN], the integer part of 
N, c-good values. 

Proof. Since 0 < c < ->.("(), there exists at least one c-good number tk' Indeed, if 
s> 0 is c-regular and tk > s is such that the integral J:k ('I/J(i'(t) + c)dt is maximal 

among all the integrals J: j ('I/J(i'(t) + c)dt, j E {l, l + 1, ... , l + N}, where tl > s, 
then tk is c-good. Reparametrizing 'Y if necessary, we may assume that to = a is 
c-good. 

Now, if k E {1, ... , N} is the largest value of j for which aj ~ 0, then 
tk+l,"" tN are c-good. Also, if i ~ k is the smallest such that ai+l +-. ·+ak+l ~ 0, 
then ai < 0 and ti-I is c-good. All the good points can be obtained in this way by 
induction, after removing step by step segments containing only points tj which 
are not good. Therefore, if {kl' ... ,kl} is the subset of {l, ... ,N} consisting of all 
indexes j which correspond to all c-good values tj, then 

On the other hand, 
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and 
t, 2 N· min{tJ+l - tj}. 

All these inequalities yield l 2 cN. D 

Regular values can be used to get the property of uniform contraction for 
holonomy maps along m-stable piecewise leaf geodesic rays. Moreover, it occurs 
that the size of the domain of any such holonomy map is bounded from below by a 
positive constant which depends only on the limit >.(--y) in (4.6.5). More precisely, 
we have the following. 

Proposition 4.6.6. Let I : [a, ()()) --7 M be a m-stable piecewise leaf geodesic ray 
with all the corners contained in the transversal T. There exist constants C, Cl > 0 
and So > a, and a segment leT of length 2 2cl such that for any sufficiently 
large s* > So the holonomy map hs • along IS. = II[so, s*] is a contraction which 
is defined on I and satisfies the condition 

o < h~'<y) < C· exp «s* - so) . >.(--y)/2), y E I. (4.6.8) 

Moreover, Cl depends only on >.(--y). 

Proof. Let co be a Lebesgue number of our nice covering U/:l. Fix 00 > 0 and 
choose an increasing function C2 : (0,00) --7 (O,co) such that 1'Ij!(v) - 'Ij!(W) I < 0 
whenever v, w E V and dv(v, w) < c2(0), where dv is the Riemannian distance 
function on V determined by the Sasaki metric. Choose another increasing function 
C3 : (0,00) --7 (O,co) such that dv(¢tv,¢tw) < c2(0) whenever dv(v,w) < c3(0) 
and It I < 1O~. For any U E U/:l and x E U denote by gu(x) the matrix at x 
of g, the Riemannian metric on M, in the canonical frame determined by the 
distinguished chart defined on U. Let Ilgu(x)ll, x E U, be the normalized (the 
normalized norm of the identity matrix equals 1) Euclidean norm of gu(x), 

IIgll = sup{llgu(x)ll; x E U, U E U}; 

put also Cl(O) = c3(0)/llgI1 2 and 

1 
Cl = cl(-l0>'(--Y))· 

Let So be c-regular with C = - 190 >'(--y). Take any s. > So and a chain of 
plaques Po, PI' ... ' Pk along IS. such that Pi CUi = UZi (remember that we keep 
the notation of the proof of Theorem 3.4.1, so z is the centre of the coin Uz of our 
nice covering U/:l) where I(si) E Pi for some sequence So < Sl < ... < Sk = S* and 
d(--y(Si), Zi) ~ o. Let Yi, i = 0,1, ... , k be points of intersection of Pi with VZi , the 
"core" of UZi • Let also I be the segment of length 2cl, contained in Vzo and centred 
at Yo. From the construction of U/:l it follows that the holonomy map ho = hU1UO 

is defined on I. Moreover, our choice of Cl and the Mean Value Theorem imply 
that the distance between ho-images of the endpoints of I does not exceed 

l s • >.(--y) 8 
2cl . exp ('Ij!(i'(s)) - -O-)ds ~ 2cl exp( -O>'(--Y)) < 2cl, 

~ 1 1 
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hence the segment h = ho (I) is centred at YI and has length at most 2cI. By 
induction, we can get a sequence 10 = 1, h, ... , h-I of segments such that h i(1i) = 

1i+1, where hi = hUi+1Ui .. Therefore, the holonomy map h s _ = hk - I 0···0 hI 0 ho 
is defined on 1. 

Finally, take an arbitrary point Y E 1 and denote by '"'iy the piecewise geodesic 
lift ('"'(y(O) = y) of'"'i to L y, the leaf through y. The lift '"'iy is obtained by projecting 
the corners orthogonally and joining them by short geodesic segments. Let 

-Vi = (,",(yl[Si, Si+I])(Si). 

Then - by the same reason as before -

and consequently 

h~_(y) 
k-I 

II d¢Si+1- S i (Vi) 
i=O 

exp (~logd¢Si+l-S,(Vi)) = exp (~1:i+1 1/J(¢t(Vi))dt) 

< exp (1:- (1/J(i(t)) + A~~))dt) ::; exp ((s. - So) 180A('"'()) . 

The above estimate implies (4.6.8) for large S •• o 
Now, let us switch our attention to Borel probability measures invariant 

under the geodesic flow ¢ = (¢t). Such measures exist (this can be proved by 
several means, either by an averaging process as in Section 3.1.2 or by applying 
Proposition 4.7.3 of Section 4.7 below to the subspace W of continuous functions 
on V generated by all the functions of the form f - f 0 ¢h where t E lR and 
f : V --> lR is continuous), form a convex subset M(V, ¢) in the space of all the 
Borel probability measures on V. The extreme points of this set coincide with 
ergodic measures (i.e., those for which any ¢-invariant set has measure either 0 or 
1) and, again as in Section 3.1.2, any ¢-invariant measure J-l has the unique ergodic 
decomposition of the form 

(4.6.9) 

where £ (V, ¢) is the set of all such ergodic measures and T JL is a probability measure 
on £(V,¢). 

Definition 4.6.7. For any J-l E M (V, ¢) the transverse support (rh-support, for short) 
of J-l is defined as the intersection of the transversal T with the union of all the 



4.6. Entropy, geodesic flow and invariant measures 115 

plaques of U6, which have non-empty intersections with 7r(supp(tL)), 7r : V --+ M 
being, as usual, the canonical projection. Such a measure tL is said to be rh-discrete 
or rh-finite (resp., rh-uncountable, resp., rh-non-atomic) whenever its transverse sup
port is finite (resp., uncountable, resp., consists of points z for which the corre
sponding plaques Pz (z E Pz ) satisfy tL(7r- 1(Pz )) = 0). A ¢-invariant ergodic 
measure tL is said to be rh-hyperbolic whenever the quantity A(tL) defined by 

(4.6.10) 

is different from O. Given an arbitrary measure tL E M(V,¢), we shall say that it 
is rh-hyperbolic when A(m) -I- 0 for TJL-almost all m E £(V, ¢) in (4.6.9). Moreover, 
if there exists c > 0 such that IA(m)1 > c for TJL-almost all measures m, then tL is 
said to be uniformly rh-hyperbolic . 

One can observe that rh-hyperbolic measures do not exist if:F is Riemannian 
(i.e., leaves stay a constant distance apart) or is obtained by a slight deformation 
of such foliations (in such a way that the distance of two leaves along leaf geodesics 
varies but is bounded away from zero). Later in this section we shall see that rh
hyperbolic measures are present only when the dynamics of a foliation :F is rich. 
Roughly speaking, such measures exist whenever :F has resilient leaves. 

The geodesic flow ¢ is conjugated to its inverse via the symmetry S : V --+ 

V given by S(v) = -v (that is, ¢-t = So ¢t 0 S for any t). Therefore, any 
¢-invariant measure tL induces another one, S* tL, which is also ¢-invariant and 
satisfies A(S*tL) = -A(tL). So, without loss of generality, we may assume that 
rh-hyperbolic measures tL under consideration satisfy A(tL) < O. 

Proposition 4.6.8. If tL is ergodic and rh-hyperbolic, and Sl = Sl(lloIA(tL)I), then 
there exists a point z of the transverse support of tL, a constant c E (0,1) and 
a holonomy transformation h of I = (z - Sl, Z + Sl) c T into itself for which 
h(z) = z and 0 < h'(y) < c for all y E I. 

Roughly speaking, the proof consists in establishing existence of rh-stable leaf 
geodesics and applying Proposition 4.6.6. 

Proof. Assume that A(tL) < o. Since tL is ergodic, the classical Birkhoff Ergodic 
Theorem implies that the limit A(r) in (4.6.5) exists and equals A(tL) for tL-almost 
all leaf geodesic rays '"'( with 1'(0) EVa, Vo C supp(tL) being a subset of tL-measure 
1. Therefore, there exists a rh-hyperbolic piecewise leaf geodesic ray '"'( with x = 

'"'((0) E T and A(r) = A(tL) < O. Apply Proposition 4.6.6 to this '"'(. For some s* 
large enough, the holonomy transformation hs • is defined on Ix = (x - Sl, X + sd 
and contracts Ix into itself. Therefore, hs• has a fixed point z E Ix. It is easy to 
see that z lies in the rh-support of tL. Applying Proposition 4.6.6 once again, this 
time to the piecewise geodesic lift l' of '"'( to the leaf Lz through z, we get our 
holonomy transformation h: h = hs• where s. is large enough and hs. denotes the 
holonomy map along 1'1[0, s.]. 0 
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Now, we are in a position to prove existence of resilient leaves (Theorem 
4.6.1) in a particular case. More precisely, we have the following. 

Theorem 4.6.9. If V admits a rh-hyperbolic ergodic rh-non-discrete ¢-invariant 
measure j1, then:F has a resilient leaf. 

Proof. From the definition of resilient leaves (Definition 2.3.9) it follows directly 
that it suffices to show the existence of a segment I c T and elements h1' h2 
of the holonomy pseudogroup such that I C Dhl n D h2 , h1(I) U h 2 (I) c I and 
h1 (1) n h2(I) = 0. In this situation, I contains a point fixed by one of these maps 
and the leaf passing through this point is resilient. 

To this end, take a measure j1 which satisfies the assumptions of the theorem 
with A(j1) < O. By previous propositions, there exist v E supp j1, 101 > 0 and 80 > 0 
such that n( v) E T and the holonomy transformation hs, along a leaf geodesic ,s, : [80,8*] 3 t f---+ n(¢t(v)) is defined on the interval I = (xo - C1,XO + cd c T 
and satisfies there the inequality 

(4.6.11) 

(Here, Xo is the centre of a plaque which contains ,(80)') 

Since j1 is ergodic and rh-non-discrete, we can choose v is such a way that 
the orbit a = {¢t (v); t ;::: O} intersects infinitely many plaques of :i. Then, the 
intersection of T with the union of all the plaques which intersect the projection 
n(a-) of the closure a- is perfect (in T). Therefore, any open segment JeT which 
intersects a plaque P for which n-1 (p) n a- oF 0 contains disjoint open intervals h 
and h c J such that each of them intersects such a plaque. 

Clearly, we may apply the above to J = I. Therefore, our geodesic "visits" 
each of the segments 11 and h and one can find inductively sequences 80 < 81 < 
82 < ... ----+ (Xl and 80 < t1 < t2 < ... ----+ (Xl such that the plaques P~ through 
,(8k) meet T at points of h while the plaques P~' through ,(tk) meet T at points 
of 12 . For k large enough, the contraction property (4.6.11) of the holonomy along 
, = n 0 a implies that the holonomy maps h1 = hSk and h2 = htk satisfy the 
relations h1(I) Chand h2(I) C 12, hence h1(I) n h2(I) = 0. 0 

Now, we shall prove the existence of ergodic rh-hyperbolic ¢-invariant mea
sures provided that :F has positive geometric entropy. If one of these measures 
is rh-non-discrete, the existence of resilient leaves follows from the last theorem. 
Later on, we shall consider the case when all these measures are rh-discrete. As we 
shall see, this part of the proof is the most technical. 

Theorem 4.6.10. If the geometric entropy of:F is positive, then there exist Borel 
probability measures on V which are invariant under the geodesic flow ¢, ergodic 
and rh-hyperbolic. 

Proof. If the geometric entropy of :F is positive, then - as was observed at the be
ginning of this section - the entropy E = h(H, Hd of the holonomy pseudogroup 
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of F generated by the elementary holonomy maps corresponding to overlapping 
charts ofUe:,. is also positive. Therefore, there exists EO> 0 such that S(E, 1-ld > ~E 
for all E E (0, EO). Fix such an E and find a sequence nl < n2 < ... -> 00 of natural 
numbers for which the maximal numbers of pairwise (nk' E)-separated points of T 
satisfy the inequalities 

(4.6.12) 

Therefore, for any kEN there exists a set Ak = {x{; j = 1, ... ,ed c T which 
is (nk' E)-separated by the maps of 'HI. Since the covering Ue:,. is finite, we may 
assume that all the sets Ak are contained in a segment Tu of T corresponding to 
a chart U E Ue:,.. Renumbering points of Ak if necessary, we may also assume that 
x~ < x~ < ... < X~k (with respect to a given transverse orientation of F). Thus, 
for any kEN and any j E {I, ... ,ek - I} there exists a chain Uk,j of charts of Ue:,. 
which originates at U, has length:::; nk and separates points x{ and X{+I; 

(4.6.13) 

where hk,j is the holonomy map corresponding to Uk,j. We may also assume that 
Uk,j is the shortest among all the chains separating points x{ and x{+l to the 
distance E. 

By the Mean Value Theorem, 

h' . (yj) > E/(Xj +1 - x j ) k,] k - k k (4.6.14) 

for some y{ E (x{, X{+l). For any segment 1 c Tu let 

E(I,k) = max{suph~,j(Y);Y E (x{,x{+l)}, 
] 

(4.6.15) 

where j ranges over the set of all the indexes for which (x{,X{+l) C 1, be the 
maximal infinitesimal expansion rate of the holonomy restricted to 1 along Uk,j. 

Since p, the transverse radius of charts of Ue:,., has been chosen to be small, we 
may assume that the length of T u is less than 1. Then, for any k one can find 
j E {I, ... , ek - I} for which x{+l - xt < l/ek' Hence, 

E 
E(Tu, k) 2: E' exp(n k 2")' k = 1,2, .... ( 4.6.16) 

Let also 
- 1 
A(I) = liminf -log E(l, k). 

k--HX! nk 
(4.6.17) 

Then 
- E 
A(Tu) 2: 2" > O. (4.6.18) 
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Choose now a small number (J E (0, ~A(Tu» and set A = A(Tu) - (J. For any 

k large enough choosejk E {I, ... ,ek-1} andYk E (x1\x1k+1) forwhichh~(Yk) 2:: 
cexp(nkA), where hk = hk,jk. The chain Uk = Uk,jk determines a piecewise leaf 
geodesic Tk with end points Yk and hk (Yk). Since M is compact, the leaves of:F are 
complete (with respect to the induced Riemannian structure) and Tk is homotopic 
(relative to its end points) to a leaf geodesic 'Yk. Clearly, the length lk of 'Yk does not 
exceed 2nk . D.. The holonomy maps along Tk and 'Yk coincide in a neighbourhood 
of Yk, hence 

(4.6.19) 

Let Vk = 'Yk(O) and Jlk be the Borel probability measure on V determined - via 
the Riesz Representation Theorem - by the linear functional 8 k : C(V) - IR 
given by 

(4.6.20) 

As in Section 3.1.2, the sequence (Jlk) contains a subsequence (denoted by (Jlk) 
again) converging to a cp..invariant Borel probability measure Jl. Applying (4.6.20) 
to the infinitesimal rh-expansion 'lj; of (¢t) we obtain the estimate 

The ergodic decomposition of Jl in (4.6.9) implies that there exists a measure 
mE £(V, ¢) for which 

A() A(Tu) - 28 ° 
m 2:: 4D. >. 

This m is rh-hyperbolic, ergodic and cp..invariant. 

(4.6.21) 

D 

To complete the proof of Theorem 4.6.1 it remains to show the following. 

Theorem 4.6.11. If the geometric entropy of:F is positive and all the ergodic rh
hyperbolic ¢-invariant measures on V are rh-discrete, then:F has a resilient leaf. 

The proof of this theorem is pretty complicated, has to be split into some 
cases and needs certain technical preparations. 

To begin with, let us recall that Proposition 4.6.8 allows us to associate with 
any ergodic rh-hyperbolic cp..invariant measure Jl a periodic piecewise leaf geodesic 
'Y contained in the rh-support of Jl and such that the corresponding holonomy map 
h-y is defined on the interval 1= (X-el, X+Cl) (where x is the origin of'Y and Cl is 
a positive constant which depends on A(Jl) only) and satisfies there the condition ° < h~ < c for some universal constant c E (0,1). We may assume that this 'Y is 
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built of length minimizing geodesic segments Ii connecting the centres of plaques 
Pi and Pi+1 of a chain Po, P1, ... ,Pn , where Pn = Po. Such a chain will be called 
here irreducible when Pi =I- Pj for all i < j (except of i = 0 and j = n). It is 
clear that any plaque chain p = (Po, P1, ... , Pn ) contains irreducible pieces of the 
form P = (Pi, Pi+1, ... , Pj), where i < j and Pi = Pj. One can see that at least 
one of the corresponding pieces ;Y of I satisfies the inequality .\(;Y) ::::; .\(r). The 
holonomy map hi along such a piece ;Y is defined on a segment j = (i - 101, i + 101) 
and contracts it uniformly into itself. 

Given a > 0, denote by G(a) the set of all rh-hyperbolic closed piecewise leaf 
geodesics I which correspond to irreducible plaque chains as above and satisfy the 
condition .\(r) ::::; -a. Let also 

T(a) = {x E T; (:3, E G(a)) (:3t) I(t) = x} 

be the set of all the points of intersection of T with the loops of G(a). 
Case 1. There exists a > 0 such that T(a) is infinite. 
In this case, there exist infinitely many irreducible loops of G(a), their lengths 

diverge to infinity (i.e., for any m > 0 only finitely many of them have length::::; m) 
and Lemma 4.6.5 shows that infinitely many of them contain good points. In other 
words, the set of origins of irreducible periodic piecewise leaf geodesics I E G(a) 
is infinite. Therefore, there exists a point x E T and an infinite sequence (rk), 
Ik : [0,1] ---+ Lk (Lk being a leaf of F) of elements of G(a) such that Xk = Ik(O) = 
Ik(l) ---+ x as k ---+ 00. If k and lEN are large enough, then the points x, Xk 
and Xl lie in I = h n II, where I j = (Xj - C1,Xj + 101) and 101 = c1(tO). If n E N 
is sufficiently large, then the maps h1 = h~k and h2 = h~l map I into itself and 
satisfy the condition h1 (I)nh2(I) = 0. As in the proof of Theorem 4.6.9, I contains 
a point z (this time just z = Xk) fixed by one of these maps, say h1, and the leaf 
Lz through z is resilient. D 

Case 2. T(a) is finite for any a > O. 
This is the most technical part of the proof of the main result of this Section. 
Let 

( 4.6.22) 

The estimate for A(m) in the proof of Theorem 4.6.10 shows that the set G(Ao) is 
non-empty. Since T( Ao) is finite, there exists a finite collection P = {P1 , ... , PN } 

of plaques of Ut:;. such that any I E G(Ao) is contained in UP. Therefore, if /-L is 
ergodic, rh-hyperbolic, ¢-invariant and A(/-L) ::::; -Ao, then the transverse support 
of /-L meets UP. We may assume that the set P is minimal, i.e., that each plaque 
Pj meets the support of such a measure. 

Let x j be the centre of Pj , Uj - the chart of Ut:;. containing Pj and Lj - the 
leaf through Xj. Since Lj contains a loop with contracting holonomy, Lj is resilient 
if only non-proper (compare Section 1.3). Therefore, it remains to consider the case 
when all the leaves L j are proper. In this situation, we can choose eo > 0 such 
that for each j ::::; N the intersection Lj n (Xj - eo, Xj + eo) consists of a single 
point Xj. 
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Given 0 > 0, let P( 0) be the neighbourhood of U P of transverse diameter 20. 
That is, P(O) is the union of all the plaques of Ut:. which intersect the transversal 
T at points of the segments (Xj - 0, Xj + 0), j = 1, ... ,N. 

The following lemma shows that the total expansion along any geodesic seg
ment which isO-apart from UP is uniformly bounded by quantities which depend 
only on 0 and the length of the segment. Observe that if 0 is small (for instance, 
0::; ( 0 ), then such segments always exist. 

Lemma 4.6.12. For any small 0 > ° there exists t( 0) > ° such that any leaf geodesic 
segment 

S 1---+ 7r(<Ps(v)), s E [O,uJ, 

where v E V and u > 0, satisfies the condition 

provided that the segment is disjoint from P(O). 

Proof. Define a function QI} : (0, (0) ---+1R by 

Qe(t) = sUP{~llat 7jJ(<Psv)dsliv E Vt,I}}, 

(4.6.23) 

where Vt,1} is the set of all v E V such that 7r<Ps(v) ~ P(O) for all s E [0, t]. 
Elementary arguments show that QI} is continuous. 

First, we shall prove that 

limsuPQI}(t) < Ao· (4.6.24) 
t-+oo 

Indeed, otherwise one could find sequences (Vk) and (tk) such that Vk E Vtk,l}, 
tk ---+ 00 and (after replacing Vk by -Vk if necessary) 

Let /-lk denote the measure on V given by 

for all f E C(V). Let /-l be the weak-* limit of a converging subsequence of (/-lk). 
The measure /-l is <,b-invariant and A(/-l) ::; -Ao. The ergodic decomposition of /-l 
provides us with an ergodic <,b-invariant measure /-lo with supp /-lo C supp /-l and 
A(/-lo) ::; A(/-l) ::; -Ao· However, 7r(supp(/-lo)np(O)) = 0 while 7r(supp(/-lo)) C UP, 
a contradiction. 
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Now, let t(B) = sup{t E (0, (0); al!(t) :;:. Ao}. We shall show that this quantity 
satisfies the conditions of our lemma. First, from (4.6.24) it follows that it is finite. 
Next, take any t > ° and v E Vi,I!. If 0< t ::; t(B), then 

I lot 1jJ(</>sv) ds l ::; tll1jJlloo ::; t(B)II1jJlloo + tAo· 

It t > t(B), then al!(t) < ° and 

llot 
1jJ(</>sv)dsl ::; tAo < t(B)II1jJlloo + tAo· D 

Let us come back to the main thread of the proof of Theorem 4.6.11. To 
this end let us keep the notation introduced in the proof of Theorem 4.6.10. That 
is, we have a sequence nk --+ 00 for which ek = s(nk,E, HI) > exp(nk~)' where 

E = h(H, Hd and E > ° is sufficiently small, sets Ak = {xU are maximal (nk,E)
separated, etc. 

Let kEN and ak = [exp(nk~)], where [a] denotes the largest integer::; a. 
The transversal T contains a closed interval Jk of length 1/ ak and such that 
#(Jk nAk) :;:. ak. Relabel points of Ak in such a way that Jk nAk = {x{;j::; ad. 
For each k and j < ak there exists a piecewise leaf geodesic Tk,j separating xL 
and xL+l to the distance E. That is, the holonomy map hk,j along Tk,j is defined 

in a neighbourhood of the set {xL XL+I} and satisfies dT(hk,j(XL), hk,j(xL+ I ) :;:. E. 
We may assume that Tk,j is the shortest among all the piecewise leaf geodesics 
separating these points. Then [(Tk,j) ::; 2D.nk. 

Ch j (j j+l)C h'hh' (j) {h' (.) (j HI)} oose Yk E x k, Xk lor w IC k,j Yk = sup k,j Y ; Y E x k, x k . 

Since dT(x{, xL+ 1 ) < l/ak for some 1's, h'(yO :;:. Wk for all such 1's. The com
pleteness of the Riemannian metrics induced on the leaves by the Riemannian 
structure on M implies that h,j, the piecewise leaf geodesic shadowing Tk,j and 
connecting yi to hk,j(Y~), is homotopic (relative to its end points) to a normalised 
leaf geodesic 'Yk,j : [0, Tk,j] --+ M obtained by tightening Tk,j. Clearly, Tk,j ::; 2nkD. 
for all k and j. On the other hand, 

11 •1'11 > _1_10 h' .( j) > log(wk) > logc:+nk E --+!£ 
'f/ 00 - T . g k,J Yk - T· - 8n D. 8D. kJ kJ k 

( 4.6.25) 

as k --+ 00. In particular, Tk,j --+ 00 uniformly with respect to j. 
For each k find an integer j k such that 

h~,jk (y{k) = max{ h~,j(Y{)}' 

Set 'Yk = 'Yk,jk' hk = hk,jk' Yk = y{k etc. Since Jk has length l/ak and contains 
ak points x{, there exists jo such that dT(xLO, xLo+ 1 ) < a/: 2 and then h~,jo (y{O) :;:. 

w% ~ Eexp(nk~). Therefore, 



122 Chapter 4. Invariant measures 

Let also Ak = A log hk (Yk) and Aoo = lim sUPk-->oo Ak· Passing to a subsequence if 
necessary, we may assume that 

(4.6.26) 

for all k. 
From Lemma 4.6.12 it follows that if k is large enough, then 'Yk intersects 

P(Oo). 
Let Sk E [0, TkJ be an approximate time of first entry of 'Yk into P(Oo). That 

is, 'Yk(Sk) E P(Oo) but 'Yk(t) tj. P(Oo) for all t ::; Sk - 1. Let also ik denote the 
piecewise geodesic consisting of 'Ykl[O, SkJ followed by a geodesic radial segment 
joining 'Y(Sk) to the centre Uk of the plaque (of one of charts Uj ) which contains 
'Yk(Sk). If A is the holonomy along ik, then - again by Lemma 4.6.12 - the 
derivative R satisfies the inequality 

(4.6.27) 

for all sufficiently large k. Inequalities (4.6.27) yield 

exp( -2AoTk) ::; !k(Yk) ::; exp(2AoTk)' (4.6.28) 

The following fact can be obtained by a standard use of the "pigeon hole 
principle" . 

Lemma 4.6.13. Let A be the number of charts in Uf:::,. For any n E N, 0 > 0 and 
any set BeT of cardinality b ::::: n[4Ap/OJ + 1 there exist a point x E T and a 
set B' C B of cardinality n such that dT(x, y) ::; £ for all Y E B'. Consequently, 
dT(y,y')::; ~ for all y and y' E B'. D 

Choose now an integer 

Ko ::::: 4~11'Ij!1100 + 2 

and set 

[4Ap] Kl =Ko' ~ +1. 

Denote by "II; the geodesic segment 'Yk reparametrized in such a way that "II; (0) = 
'Yk(Tk) and 'Y1;(Tk) = 'Yk(O). Our goal now is to construct some c;/-regular points 
for "II;, k being large enough and c;" equal to 10Ao. 

From (4.6.22) and (4.6.26) it follows that 

rTk E E 10 ('Ij!("(I;(t)) + lOAo)dt = (-Ak + lOAo))Tk < (-10~ + 20~)Tk < O. 

Therefore, there exists the greatest value Sk,l of S E [0, TkJ for which 
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Then, if k is large enough, 

and there exists tk,l > Sk,l for which 

i tk
' (1/;(r;(t)) + 10Ao)dt = -(1 + Ao). 

Sk,l 

Again, for large k we have 

and therefore there exists the largest value Sk,2 of S E (tk,l, Tk) for which 

r (1/;(r;(t)) + 10Ao)dt = o. 
itk,' 

Since the constants involved in the above estimates do not depend on k, the above 
procedure can be repeated K1 times (if only k is sufficiently large) to get values 
Sk,j, j = 1, ... , K 1 , such that 

rTk iSk (1/;(r;(t)) + lOAo)dt = (-Ak + lOAo)Tk + (j - 1)(1 + Ao) < O. 
,J 

From Lemma 4.6.13 it follows that among the centres Zk,j of plaques containing 
points 'Y; (Sk,j) there exist Ko points, say Zk,i,,· .. ,Zk,iKo with 1 ::::; i1 < ... < 
iKo::::; K 1 , such that dT(Zk,iq,Zk,iJ < ~Cl for all q and r E {1, ... ,Ko}. 

The holonomy map gk along 'Yk = 'Ykl[Sk,i"Sk,iKOl sends Zk,i, to Zk,iKo' is 
defined (recall Proposition 4.6.6) on the segment h = (Zk,i, - 101, Zk,i, + cd and 
satisfies there the condition 

9 1 o < 9~ < exp{(l - Ko)(l + lOAo) + 4~111/;lloo} < e- 1 < 2' 

Therefore, 9k(h) chand 9k has a fixed point Wk E h· 
Denote now by Tk the periodic piecewise leaf geodesic obtained from ik by 

lifting to the leaf through Wk. The loop Tk is rh-hyperbolic and A(Tk) ::::; -Ao. 
Passing to a suitable subchain of plaques if necessary, we may assume that Tk 
is irreducible. Therefore, Tk is contained in the union of plaques of P and Wk E 

L jk , the leaf containing the plaque Pjk , where jk E {1, ... ,N}; consequently, Wk 
coincides with one of centres Xi of plaques Pi, i ::::; N. 
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Let hI: be the holonomy map along rk I[Sk,il' Tk]. It satisfies the estimate 

log(hl:)'(y) 

whenever k is large enough that Tk 2:: K1(1 + Ao)/Ao. Moreover, by (4.6.22) and 
(4.6.25), 

Therefore, 

log(hl:)'(y) < 

< 

for large k. Denote by w~ the image Wk under the holonomy map hI:. For large k, 
the transverse distance of Yk and w~ can be estimated by 

o~ = 2101 exp( - ;0 nk -log e). 

Note that the estimates analogous to (4.6.27) and (4.6.28), and the argu
ments following them are valid not only for rk but also for all rk,/S (where k is 
large enough), the geodesics homotopic to Tk,/S, the piecewise leaf geodesics corre
sponding to the chains Uk,j which separate points x{ and x{+1 of A k • In particular, 
each holonomy map hk,j along a segment of rk,j connecting some e"-regular points 
is defined on a segment h,j C T of length 2:: 2101, contracts h,j uniformly into 
itself and admits a fixed point Wk,j E h,j. 

Let us come back to our geodesics rk corresponding to the points Yk = y{k, 
where hk,j(Yj) becomes maximal. Consider the neighbourhood J~l) C T of Yk = 

rk(O) of the form J~l) = (Yk - 20k, Yk + 2ok), where 

J _ 4101 yl.ik 
k - hk(Yk)' 

If k is large enough, then - by previous estimates - wk E J~1). 
If J~l) contains at least three points of our (nk' e)-separated set Ak , then it 

contains a pair of the form x{, x{+1 for which 
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where mk = #(J2) n Ak)' The corresponding holonomy map hk,j has to satisfy 
the inequality 

h~,j(YO 2': c(mk - 2)/2ok . 

From definition of Ok and the estimate 0 < h~,j(YO ::; h~(Yk) it follows that 

the number bk of points of Ak outside the interval J~l) satisfies the condition 
bk 2': ak - 2 - cvak, where c > 0 is a constant independent on k. Obviously, a 
similar estimate holds when mk ::; 2. This shows that 

bk 
lim - = 1. 
k~oo ak 

( 4.6.29) 

To complete the proof of existence of resilient leaves in the case under con
sideration, fix a large integer k and set 

J (l) - J W(l) - W W-(l) - Wi and T(l) - T k - k, k - k, k - k> k - k· 

The complement of J~l) contains an interval J~2) of length 2': C1 - Ok. By the same 
arguments as before (applied now to one of geodesics ik,j), we can find a point 

w~ fixed by a contracting holonomy along a loop T~2) E G(Ao) and such that its 

image wk2 ) under the holonomy map along the suitable segment of "(k,j is located 
in the ok-neighbourhood of Yk,j' From (4.6.29) it follows that, since our k is large, 

we can repeat this procedure N + 1 times to get points wki ) fixed by hyperbolic 

holonomies along loops T~i) E G(Ao) and their images wki ) under holonomy maps 

hki ) along segments of geodesics ik,ji' We can proceed in such a way that Wki+1) 
is always Ok-apart from all the points wk1), ... ,wki ). In particular, all the points 

Wki ) , i = 1, ... , N + 1, are different while among the points wki ) there exist at 

least two, say wk1) and Wk2 ), which coincide. (This is because, as was mentioned 
before, all of them belong to the set {Xl . .. X N} of all the centres of our plaques 

P;.) Denote this common hyperbolic fixed point by x. Since points wk1) and wk2 ) 

do not coincide, one of them, say Y = Wk1) , is different from x. The holonomy 

map f = hk1 ) is defined in a neighbourhood of X and f(x) = Y i- x. Moreover, 
X is fixed by a holonomy map g, for instance the contracting holonomy along the 
loop T2). Therefore, the leaf through x is resilient. (In fact, we ended up with a 
contradiction which shows that among the leaves L j there exist some which are 
not proper.) 

This finally ends the proof of Theorem 4.6.1. o 

4.7 Harmonic measures 

Let (M, F) be a closed (i.e., compact, without boundary) and oriented, foliated 
manifold. As we observed in Section 4.1, transverse invariant measures on (M, F) 
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need not exist. Therefore, it would be interesting to find a good, always non-empty, 
class of measures which reflect some dynamics of F. A successful attempt in this 
direction has been made by L. Garnett [Garl] who has introduced the notion of a 
harmonic measure. 

First, let us equip M with a Riemannian structure 9 and denote by ~ the 
Laplace-Beltrami operator on (M, g): 

~j = divVj, (4.7.1) 

where V j is the gradient of a C2-differentiable function j : M -+ lR and div X = 
Trace V X is the divergence of a vector field X, V being the Levi-Civita connection 
on (M,g). Denote this time the Riemannian volume form on M by OM. Stokes' 
Theorem implies that 

1M ~j·OM =0. (4.7.2) 

In the same way, if h is a harmonic function on a Riemannian manifold M and 
j : M -+ lR is a C2-differentiable function with a compact support, then 

~(fh) = ~j. h + 2(Vj, Vh), 

div(fVh) = (Vj, Vh), 

and - by Stokes' Theorem again-

(4.7.3) 

Measures p on M satisfying 

1M Iljdp = 0 (4.7.4) 

for all C2-differentiable functions on M are called harmonic. Therefore, by (4.7.2) 
and (4.7.3), the Riemannian volume OM and all its multiples with harmonic co
efficients are harmonic. This notion can be generalized to the case of foliated 
Riemannian manifolds as follows. 

Equip any leaf L of F with the Riemannian structure gL induced from M 
and denote by V L, divL and ~L' respectively, the Levi-Civita connection, the 
divergence and Laplace-Beltrami operators on (L, gL). Also, denote by ~F the 
joliated Laplace-Beltrami operator given by 

(4.7.5) 

Lx being - as usually - the leaf of F through x. The operator ~F acts on 
bounded measurable functions j : M -+ lR which are C2-differentiable along the 
leaves. 
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Definition 4.7.1. A Borel probability measure J-l on M is harmonic if 

(4.7.6) 

for any f. 

From (4.7.2) it follows that, if codimF = 0 (i.e., if F consists of connected 
components of M), the standard Lebesgue measure defined by the volume form 
OM is harmonic. 

Our first goal here is to show that harmonic measures always exist. 

Theorem 4.7.2. On any compact foliated Riemannian manifold, harmonic proba
bility measures exist. 

First, consider a compact Hausdorff space X and the linear space V = C(X) 
of all real continuous functions on X. Assume that W is a linear subspace of V 
such that any function f of W is non-positive at some points of X. Note that 
spaces like that often exist. For instance, if f(x)f(y) < 0 for some x and y of M, 
then the I-dimensional linear space spanned by f satisfies the condition above. 
Also, if F : X --+ X is a homeomorphism, then the family of all the functions of 
the form f - f 0 F has the structure of a linear space and satisfies this condition. 

We shall prove the following. 

Proposition 4.7.3. There exists a Borel probability measure J-l on X such that 

(4.7.7) 

for all f of W. 

Proof. Let l(f) = 0 for all fEW and q(h) = max( -h) for all h E V. The 
functional q : V --+ JR is semi-linear in the following sense: 

and 
q(ah) = aq(h) 

for all h, hI, h2 E V and a E JR, a 2: O. Obviously, l(J) ::; q(J) for all fEW. 
Therefore, by the Hahn-Banach Theorem (see [AI], [Cn] etc.), there exists a linear 
extension L : V --+ JR of l such that L(h) ::; q(h) for all h E V. The functional 
-L is positive (i.e., -L(h) > 0 whenever h > 0) and therefore, by the Riesz 
Representation Theorem, corresponds to a Borel measure v on X. The normalised 
measure 

1 
J-l = - L(I) . v 

satisfies (4.7.7). o 
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Now, Theorem 4.7.2 follows directly from Proposition 4.7.3 applied to X = M 
and W = {~.Fh; hE C2 (M)}. Indeed, ~.Fh(xo) ~ 0 at a point Xo of M at which 
h attains its maximum. 

In order to get some properties of harmonic measures we need the one
parameter semigroup Dt , t ~ 0, of heat diffusion operators corresponding to ~.F. 
These are characterized by the conditions 

Do = id, Dt+s = Dt 0 Ds and (4.7.8) 

and coincide - when restricted to any leaf L - with the heat diffusion operators 
on L. They are given by 

(4.7.9) 

where pC·, t) is the foliated heat kernel on (M, F). The function p(.,., t) is non
negative and satisfies 

(4.7.10) 

for any t > 0 and x EM. From (4.7.9) it follows that the operators Dt are 
linear, preserve constant functions, map non-negative functions to non-negative 
ones (consequently, are monotonic in the sense that h ~ h implies Ddl ~ Dd2 
for all t) and satisfy the following condition: if f ~ 0 everywhere on a leaf Land 
f> 0 on a set A c L of positive leaf volume, then Dd (t > 0) is strictly positive 
everywhere on L. 

The reader not familiar with differential operators on Riemannian manifolds 
is referred to [McK], [IW], [War], etc. 

We shall begin by the following lemmas. 

Lemma 4.7.4. If f is bounded and measurable, then so is Dd. 

Lemma 4.7.5. If f is continuous, so is Dd. 

To prove these lemmas, we shall consider first the case of a foliation F without 
holonomy (this means that the holonomy groups (defined in Section 1.3) of all the 
leaves are trivial). 

The boundness of Dd follows directly from (4.7.9) and (4.7.10). Since mea
surable functions can be approximated by continuous ones and limits of measurable 
functions are measurable, in order to prove Lemma 4.7.4 it is enough to show that 
Dd is measurable whenever f is continuous. 

Given R > 0, t > 0, x and y in the same leaf L, define the truncated heat 
kernel p(x, y, t, R) as p(x, y, t) when the leaf distance between x and y is not greater 
than R and as 0 otherwise. Also, put 

Dff(x) = r f(y)p(x,y,t,R)OLx(y). 
iLx 

(4.7.11) 
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Clearly, Dd(x) = limR ..... oo Dff(x) for any x E M. Therefore, it suffices to show 
that all the functions Df f are continuous for continuous f. 

Continuity along any leaf is standard. So, let x and z be two nearby points 
such that Lx =1= L z. Since HLx ' the holonomy group of Lx is trivial, for any 
compact region K on Lx there exists a small transverse disc T (x E T) such that 
the product foliation of T x K, projects diffeomorphically to F on a neighbourhood 
of K. Let K = Ih x (x, R) c Lx be the closed ball ofradius R. Observe that, since 
the closed balls are compact and - as one can learn from many books on partial 
differential equations, for instance those mentioned recently - the heat kernel can 
be expressed locally in terms of the derivatives of order :::; 2 of the coefficients of 
t1:F, given c > 0, there exists b > 0 such that 

Ip(x, y, t, R) - p(z, <PAy), t, R)I < c (4.7.12) 

whenever dM(x, z) < b; here, <Pz : K -7 Lz is the natural projection obtained from 
the product foliation of T x K. It follows that 

IDff(x) - Dff(z)1 :::; c· maxlfl· A· maxvolBL (y,R), 
yEM Y 

(4.7.13) 

where A is a constant independent of c (namely, A is the maximum of the Jacobians 
of the maps <Pz for z close to x). 

Inequality (4.7.13) proves the continuity of Df f. 
Now, since all the functions Df f, R > 0, are continuous, in order to prove 

Lemma 4.7.5 it suffices to show that Df f -7 Dd uniformly when R -7 00. 

It is known (see, for example [McK], p. 93) that for any Riemannian manifold 
L with bounded geometry, any t > 0 and any c > 0 there exists a constant R(c) > 0 
which depends on the geometry bounds only and satisfies the inequality 

r pdx, y, t)0.L 2: 1 - c, x E L, 
} B(x,R(E)) 

(4.7.14) 

where PL is the heat kernel on L. Since the leaves of F have uniformly bounded 
geometry, we can find R(c) good for all the leaves. For R> R(c) we get 

IDd(x) - Dff(x)1 :::; c· max If I, x E M. (4.7.15) 

Clearly, (4.7.15) implies the required convergence and ends the proof of Lemmas 
4.7.4 and 4.7.5 for foliations without holonomy. 

For arbitrary foliations, the situation is more complicated. Readers familiar 
with Connes algebras, Dirac operators etc. can consult [Rol], where a short elegant 
proof of Lemma 4.7.5 (which implies Lemma 4.7.4 easily) can be found. Here, we 
shall describe briefly a proof, written down recently by Candel in an unpublished 
manuscript [Ca2] (see also [CaC2]) and based on a classical Yosida theorem. Some 
technical details will be left to the reader. Note that Candel's proof works also 
for more general differential operators on foliated manifolds. He calls all of them 
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Laplace operators and defines them as arbitrary elliptic differential operators (of 
order 2) which vanish on constant functions. Every Laplace operator A in this 
sense can be written in the form 

A = D.+X, 

where D. is a foliated Laplace-Beltrami operator (with respect to some Riemannian 
metric) and X is a vector field. 

Let us recall first the following Yosida theorem. 

Theorem 4.7.6. [Yo] Let A be a continuous linear operator defined on a subspace 
F of a Banach space E. If F is dense in E, A is closed and all the operators 
A' I - A (A > 0) are surjective and have norms 2:: A, then there exists a one
parameter family Dt , t 2:: 0, of bounded linear operators on E such that Do = I, 
Dt+s = Dt 0 DB, IIDtl1 ::; 1 (s, t 2:: 0), limt---+o IIDte - ell = 0 and 

for all e E F. 

. 1 
Ae = hm -(Dte - e) 

t---+O t 

D 

We are going to apply the above to E G(M), the space of continuous 
functions on M equipped with the supremum norm, Ilfll = max{lf(x)l; x EM}, 
and a suitable extension A of D.:F. (The operator D.:F itself is - in general- not 
closed and therefore does not satisfy the conditions of Theorem 4.7.6.) In order to 
fulfil this program, observe first that D.:F!(xo) is non-negative (resp., non-positive) 
at points of minimum (resp., maximum) of a continuous function f and that this 
implies inequalities 

min{D.:Ff(x);x E M}::; 0::; max{D.:Ff(x);x E M} 

and 

minpf(x)-D.:Ff(x);x E M}::; Af(y)::; maxpf(x)-D.:Ff(x);x E M} (4.7.16) 

for all A > 0, y E M and those f E G(M) which are C2-differentiable along the 
leaves. This allows us to show that the norm of A . I - D.:F satisfies the required 
condition. 

Next, we want to show that A·I -D.:F has dense image in G(M). This follows 
from the following: 

(*) For any Holder continuous function 9 on M there exists a unique function 
f E G(M) which is C 2 -differentiable along the leaves and satisfies the condition 
Af - D.:Ff = g. 

The proof of (*) consists of a few relatively simple steps which are listed be
low. Some details are left to the reader familiar with partial differential equations. 

Step 1. If U is a distinguished chart which belongs to a nice foliated atlas on M 
and g is Holder continuous on tJ, then there exists a function f which is continuous 
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on f), is C2-differentialble on each plaque P c U and satisfies )..f - .6.F f = g on 
U. (The same holds whenever F is the product foliation on D x T, T being a 
manifold, for instance a transversal for our original foliation, and D a manifold 
with the smooth boundary, for instance a closed regular domain contained in a 
leaf L of this foliation.) 

Hint. Choose a sufficiently regular function 1> on the boundary aU and solve 
on each plaque P c U the Dirichlet problem for )..j - .6.F f - g = 0 with the 
boundary condition flaP = 1>laP, and show the continuity of the solution. 

Step 2. Choose a constant I';, such that g ;:::: )..1';, (resp., g :::; )..1';,) on M, define 
the function UdL (resp., (hh), L being any leaf of F, as the smallest upper 
bound (resp., the largest lower bound) of the set of functions fD solving the 
Dirichlet problem for )..f - .6.F f - g = 0 with the boundary condition flaD = 1';" 

where D ranges over all bounded regular domains DeL. Let fi : M ~ ffi. 
(i = 1, 2) be functions satisfying fi I L = (II h for any leaf L. Show that II is 
upper semicontinuous while h is lower semicontinuous. 

Hint. By the Maximum Principle for elliptic operators, II and h are finite. 
To show that lim infy--->x II (y) ;:::: II (y) consider the covering L of L, the leaf of F 
through x, corresponding to the holonomy group HL and use the fact that, given 
a bounded domain DeL, the foliation induced by F on the normal bundle N(L) 
of L coincides with a product foliation in a neighbourhood of the zero section of 
N (L). (This is a bit technical but quite elementary and related to the arguments 
used above in the case of foliations without holonomy.) 

Step 3. Consider h = h - II, show that it is bounded, non-negative, upper 
semicontinuous and C2-differentiable along the leaves. Therefore, h attains its 
global maximum at a point Xo. At this point, .6.F h(xo) :::; O. Since h satisfies the 
equality .6.F h = )"h, it follows that h(xo) :::; O. This implies that h == 0 and II = h 
everywhere on M. Consequently, f = II is continuous and satisfies the conditions 
of (*). 

Now, let us observe that if Un) is any sequence of continuous functions such 
that Ilfnll ~ 0 and II.6.F fn - gil ~ 0 as n ~ 00, then g == 0 on M. Indeed, if g > 0 
on a closed disc D contained in a leaf and h ;:::: 0 is a function which is smooth and 
has a non-empty compact support contained in D, then - by Green's Theorem-

and - by our assumptions -

a contradiction. This observation shows that the operator .6.F has an extension A 
defined on a subspace F of C(M) by the condition 

(4.7.17) 
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for every regular bounded domain D contained in a leaf of :F and every compactly 
supported function ¢ EC2 (D). The space F can be chosen to contain the space 
of all the continuous functions C2-differentiable along the leaves. Such an F is 
dense in C (M). It is not too hard to show that the extension A is bounded and 
closed. The condition (*) shows that the images of operators )",1 - t1F are dense in 
C(M). By (4.7.16), these operators are injective, their inverses have finite norms 
(::; 1/)",), so can be extended all over C (M). It follows that the operators AI - A 
are surjective. Therefore, Yosida's Theorem 4.7.6 can be applied to A. Denote by 
Dt , t 2': 0, the operators on F determined by A. We leave to the reader the proof 
of the identity Dt = Dt which holds on C(M). This will complete the proof of 
Lemmas 4.7.4 and 4.7.5 in full generality. 

A function f : M ---> IR is said to be diffusion invariant when 

Dd = f, t 2': o. (4.7.18) 

It follows directly from (4.7.8) that any diffusion invariant function f is leafwise 
harmonic (i.e., t1F f = 0). The converse is also true: any bounded leafwise har
monic function f satisfies (4.7.18). Roughly speaking, the argument goes as follows: 
(4.7.8) yields 

d 
dt Dds = Ds 0 t1F = t1F 0 Ds. (4.7.19) 

Therefore, if f is leafwise harmonic, then 

for any s 2': o. 
Definition 4.7.7. If fL is a Borel probability measure on M, then the formula 

(4.7.20) 

where f is any bounded measurable function on M, defines the diffused measure 
fLt (denoted hereafter by DtfL), t 2': 0, on M. A measure fL is said to be diffusion 
invariant when 

(4.7.21) 

for all t 2': o. 
It is not too hard to show that a measure fL is diffusion invariant if and only 

if DtfL = fL for some t > O. 

Lemma 4.7.8. If DtfL = fL, then Dt acts in a natural wayan the space Ll(M'fL). 

Proof. Let f be a non-negative integrable function on (M, fL). Put 

fn(X) = min{f(x),n} 
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for all n E N and x E M. The functions fn are bounded, fn / f and (Ddn) is an 
increasing sequence of bounded measurable functions. Put 

Dd = lim Ddn· (4.7.22) 
n---+oo 

By our assumption, 

1M Ddndl-l = 1M fndl-l:::; 1M fdl-l· 

This shows that Dd is integrable. Moreover, if f = 0 I-l-a.e., then f n = 0 I-l-a.e. 
for all n E N. Also, Ddn 2: 0 and - by invariance of I-l under Dt -

1M Ddndl-l = 1M fndDtl-l = 1M fndl-l = O. 

Therefore, Ddn = 0 and Dd = 0 I-l-a.e. This shows that formula (4.7.22) defines 
properly the action of D t on Ll(M'I-l)' 0 

Harmonic measures can be characterized locally as follows. 

Proposition 4.7.9. A measure I-l on M is harmonic if and only if it disintegrates 
locally, in any distinguished by F chart U, as 

(4.7.23) 

where T c U is a transversal, a is a Borel measure on T, nx is the Riemannian 
volume on the plaque Px C U through x and hx, x E T, is a harmonic function 
on Px . 

Proof. If I-l is given by (4.7.23) with harmonic coefficients hy, then - by (4.7.3) -

{ flJ:JhxnLx = 0 Jpx 
for any plaque Px and J u fly: f dl-l = 0 for any distinguished chart U and any 
bounded measurable C2-differentiable along the leaves function f supported in 
U. Since M is compact, it can be covered by finitely many distinguished charts 
and any f on M can be decomposed into a finite sum of functions supported in 
these charts. Consequently, I-l is harmonic. This proves the implication "¢::" in our 
statement. 

Conversely, any measure 1/ on U disintegrates as 

1/ = ( I/xda(x) 
JTu 

for some measures I/x on the plaques Px , x E Tu, and some measure a on Tu. If 
1/ = 1-l1U, I-l is harmonic on (M, F) and f is a C2-differentiable function compactly 
supported in U, then 
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for (T-almost all x E U. Applying the above to a countable set (fJ) dense in the 
space of C2-functions supported in U we can find a set A c Tu of full (T-measure 
and such that the above equality holds for any C2-function f supported in U and 
any x E A. Therefore, Vx is a weak solution for D.:Fh = 0 on Px. By the regularity 
theorem for elliptic differential equations (see [War], for instance), weak solutions 
are smooth, i.e., Vx = hxOLx for some harmonic function hx. This establishes the 
implication ",*" and completes the proof of the proposition. D 

Now, assume that (T is a transverse invariant measure on (M,F), take any 
nice covering U by distinguished charts and equip M with a Riemannian structure. 
For any U E U put 

(4.7.24) 

where, as before, Ox is the Riemannian volume on the plaque Px C U through 
x. Since (T is invariant under the holonomy pseudogroup, formula (4.7.24) defines 
properly a finite Borel measure P,u on M. The measure P,u is harmonic since it is 
of the form (4.7.23) with hx == 1 for all x. In this way, we have established the 
following. 

Corollary 4.7.10. The space of transverse invariant measures on a compact foliated 
Riemannian manifold embeds naturally into the space of harmonic measures. D 

Another, this time global, characterization of harmonicity is provided by 

Proposition 4.7.11. A measure p, on (M, F) is harmonic if and only if it is diffusion 
invariant. 

Proof. The implication "-¢=" follows directly from (4.7.21) and (4.7.8). To get the 
converse, assume that p, is harmonic. 

We have to prove that the equality 

(4.7.25) 

holds for all t and f. Again, we shall provide the reader with two different proofs of 
this equality. First, we prove it in the case of foliations without holonomy following 
more elementary arguments of [Garl]. Then, we prove it in general applying the 
extension of diffusion operators established in the course of proof of Lemmas 4.7.4 
and 4.7.5 by use of Yosida's Theorem 4.7.6. 

So, assume first that all the leaves of F have trivial holonomy groups and 
observe that it is enough to show that (4.7.25) holds for t :::; 1 and f non-negative 
and supported in a chart U distinguished by F. To this end, it is sufficient to show 
that for any E > 0 there exists Ro > 0 such that 

(4.7.26) 
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for all such J and R ~ Ro, where Dr denotes, as before, the truncated heat 
diffusion along the leaves. 

Given R, we can "slice" U into a finite number of "thin" distinguished charts 
U1 , ... , Um such that the foliations FIUi(R), Ui(R) being the set of all the points 
y E M which can be connected to some points of Ui by a leaf curve of length:::; R, 
are trivial. Clearly, it is enough to get (4.7.26) for J supported in one of Ui's. 

By Proposition 4.7.9, t-tIUi(R) is of the form (4.7.23) with some measure cr 
and some harmonic functions hy, yETi, the transversal of Ui. Uniform geometry 
bounds for the leaves of F imply that the volumes of plaques in Ui(R) grow at 
most exponentially with R. By the Harnack Inequality (see [Mol or [LSU], for 
example), the values hy(z) grow also at most exponentially with Rand dF(z, Ui ), 

dF being the distance along the leaves. On the other hand, given any t :::; 1 and 
K > 0, the heat kernel p(z, x, t) tends to 0 faster than exp( -K . dF(x, z)) when 
dF(X, z) --> 00. Therefore, there exists Ro such that 

(4.7.27) 

for all R ~ Ro, z E Ui n Lx and x E Ti . 

Denote by Px and Px(R), respectively, the plaques of Ui and Ui(R) passing 
through a point x of Ti. Since 

{ DfJdt-t = {{ (J(y)p(z, y, t, R)nLJy)hx(z)nLJZ)dcr(x) iM iT, iPx(R)) ipx 
and the functions (z, y) f--7 p(z, y, t, R)hx(Y) are integrable, we can apply the Fubini 
Theorem and the symmetry of the heat kernel to get 

{ DfJdt-t= { ( J(y) ( hx(z)p(y, z,t, R)nLx (z)nLx (y)dcr(x). (4.7.28) 
iM iT, ipx iPx(R) 

On the other hand, 

(4.7.29) 

Comparing (4.7.27), (4.7.28) and (4.7.29) yields (4.7.26) as required. 
Now, in the general case, denote by Dt : C(M) --> C(M) the diffusion oper

ators for the extension A of tl.F established by use of Yosida's Theorem. By the 
Riesz Representation Theorem, it is sufficient to get (4.7.25) for all J in a dense 
subset of C(M), for instance for all J E C(M) which are C2-differentiable along 
the leaves. For such an J we have Dd = Dd and (d/dt)Ddlt=s = tl.F(DsJ) 
(compare (4.7.19)). Consequently, 

o 
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Remark 4.7.12. From the theory of diffusion and Brownian motion ([Fe], [IW], 
etc.) it follows that the above proposition can be interpreted in terms of Wiener 
measures. To explain this interpretation let us consider first an arbitrary complete 
Riemannian manifold N, fix Xo EN and denote by PXo the space of all continuous 
paths "y : [0, +00) ----+ N originated at Xo. Equip PXo with the topology of uniform 
convergence on compact sets. For arbitrary Borel subsets E l , ... ,Em of Nand 
arbitrary positive numbers h ::; t2 ::; ... ::; tm denote by C( {ti' Ed) the Borel 
cylinder in P Xo defined by 

Clearly, all the Borel cylinders generate the whole cr-algebra of Borel subsets of 
P Xo' Let p be the Riemannian distance function on Nand ¢ the standard Gaussian 
distribution given by 

d..(t u) = 1 . e-u2 /(2t) u E IR t > 0 
'1', (27l't)n/2 '" 

where n = dimN. Put 

W(C({ti' Ei })) = /. j¢(h, p(xo, Xl)}" .·¢(tm -tm-h P(Xm-h xm))OMxm) ... OMxd, 
EJ E~ 

ON being the Riemannian volume element on N. The standard extension theorem 
shows that w can be extended uniquely to a Borel measure w = wxo on Pxo ; wxo is 
called the Wiener measure at Xo. Given any probability measure J1 on N one can 
define p, a measure on P, the space of all the paths "y : [0,00) ----+ N, by 

(4.7.30) 

Such a measure p is called the Wiener measure with initial distribution J1. 
Coming back to our foliated manifold (M, F) one can perform a similar 

construction of a Wiener measure with initial distribution J1 by formula (4.7.30), 
where Wx is the Wiener measure at X for the leaf Lx of F through x. In this case, 
p becomes a Borel probability measure on P:F, the space of all the leaf paths 
"y: [0,00) ----+ L, L E F. For any T > 0 one has a natural transformation ST of P:F 
given by 

(4.7.31) 

With this notation Proposition 4.7.11 can be expressed as 

Proposition 4.7.13. A measure J1 on (M, F) is harmonic if and only if p is ST
invariant for all (equivalently, some) T > O. 0 

Coming back to the main line of our exposition we shall provide another 
proof of the existence of harmonic measures. 
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For any t 2': 0, Dt is a continuous linear operator on C(M), the space of con
tinuous real functions on M (Lemma 4.7.5). By the Riesz Representation Theorem, 
the functionals 

where JL is any fixed Borel probability measure on M, represent elements JLt of 
M(M), the space of all Borel probability measures on M. Since M(M) is compact, 
JLtn ----) JLoc E M(M) for some tn ----) 00. JLoc is diffusion invariant, hence, by 
Proposition 4.7.11, harmonic. 0 

As M(X, 9), the set of all Borel probability measures on X which are invari
ant under the action of a pseudogroup Q, is always convex in M(X) (Section 4.1), 
so is the set H(M,F) of all the harmonic probability measures on M in M(M). 
Also, one can define ergodicity of measures on (M, F) as follows. 

Definition 4.7.14. A Borel probability measure JL on a compact foliated manifold 
(M, F) is ergodic when any F-saturated Borel set A c M has measure either 0 
or 1. 

It is easy to see that the harmonic measure JL(J coming from a transverse 
invariant measure a becomes ergodic (after normalization) if and only if a E 
£(T, H), where T is a complete transversal, H - the holonomy pseudogroup of 
F acting on T and £(T, H) - the set of all ergodic H-invariant measures on T. 
Therefore, the above definition is coherent with that of ergodic invariant measures 
for pseudogroups (Definition 4.1.4). As mentioned at the beginning of this section, 
the advantage of this approach is that harmonic and ergodic measures in the above 
sense always exist. To see this more clearly, we shall prove a result analogous to 
Proposition 4.1.6. To this end, we need first the following ergodic theorem: 

Theorem 4.7.15. If JL is a harmonic measure on (M,F) and f : M ----) ~ is JL
integrable, then there exists a JL-integrable function f* : M ----) ~ constant along 
the leaves and such that 

and 

n-l 

f*(x) = lim ~ L Dkf(x) for JL-a.a. x 
n----too n 

k=O 

1M f*dJL = 1M fdJL. 

(4.7.32) 

(4.7.33) 

Proof. The existence of a D1-invariant function f* satisfying (4.7.32) and (4.7.33) 
follows directly from the individual ergodic theorem in [Yo] (Theorem 6, Chapter 
XIII.2). It remains to show that such an f* is constant along almost all the leaves. 

Since f* is D1-invariant, it is harmonic along the leaves. So, it is enough to 
show that any bounded Borel leaf-harmonic function h on M must be constant 
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along fl-almost all the leaves; this means (here and after) just that the set of all 
the x E M for which h is constant on Lx has fl- measure 1. 

To this end, observe first that any set A with fl(A) = 0 has to satisfy the 
following: for fl-almost all the points x of M, the Riemannian volume of A n Lx 
equals zero. Then, set ge = min{h, c} for any c > O. Clearly, Igel S Ihl. Since 
ge shand ge S C, D1gc S Dlh = hand D1ge S c; consequently, D1ge S gc· 
It follows that both gc and D1gc are fl-integrable. Moreover, since fl is harmonic, 
fM Dlgcdfl = fM gedfl and D1ge = ge fl- a .e. Therefore, there exists a saturated 
set Ze such that fl(Ze) = 1 and D1ge = ge almost everywhere (with respect to the 
Riemannian measure on the leaves) for every leaf contained in Ze. 

If x E Ze, then Dl h( x) > c if and only if h > c on a set of positive Riemannian 
measure in Lx, the leaf through x. If so, ge = c on this set and, since D1ge = ge, 
ge = c and h ::::: c everywhere on Lx. (In fact, by one of the properties of diffusion 
operators mentioned at the beginning ofthis section, D1gc were everywhere strictly 
less than c if h(y) would be strictly smaller than c at a point y of Lx.) 

Let Z = ne Ze, where c ranges over the set of all positive rationals. The 
argument above applied to both hand -h shows that h is constant on the leaves 
contained in Z. Obviously, fl(Z) = 1. D 

Next, let us prove the following Lebesgue decomposition for harmonic mea
sures. 

Theorem 4.7.16. If fl and v are two harmonic probability measures on (M,F), 
then v can be decomposed as v = Vl + V2, where Vl and V2 are harmonic, Vl 

is absolutely continuous with respect to fl while fl and V2 are mutually singular. 
Moreover, Vl and V2 are concentrated on disjoint saturated sets. 

Proof. By the standard Lebesgue decomposition theorem ([Rud], Thm. 6.9), there 
exists a set A c M with fl(A) = 0 and such that vl(M "A) is absolutely continuous 
with respect to fl. Let B be the union of all the leaves L of F for which the leaf 
volume of L n A is positive. (The set B could be considered as the essential 
saturation of A.) Let C = M" B, Vl = viC and V2 = viB. 

Obviously, v = Vl + V2, Vl and V2 are harmonic. Since fl(A) = 0 and B is 
its essential saturation, then - by the structure of harmonic measures described 
above - fl( B) = 0 and fl( C) = 1. Therefore, V2 and fl are mutually singular. It 
remains to show that Vl is absolutely continuous with respect to fl. 

Let E c M and fl(E) = O. Since vl(M " A) is absolutely continuous with 
respect to fl, v(E" A) = O. Let E' be the essential saturation of E " A, i.e., E' is 
the union of all the leaves L such that the leaf volume of L n (E " A) is positive. 
As before, by the structure of harmonic measures, v(E') = O. Let E" be the union 
of all the leaves L for which the volume of L n C n E is positive. If L c E", then 
the leaf volume of L n E is positive and also the leaf volume of L n (E " A) is 
positive, consequently E" c E'. It follows that V(E") = 0 and - again since E" 
is the essential saturation of En C - v(E n C) = O. Finally, Vl (E) = O. D 
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Now, we are able to prove the above-mentioned characterization of ergodic 
harmonic measures. 

Theorem 4.7.17. A harmonic probability measure /l on (M, F) is ergodic if and 
only if it is an extreme point of 1-i(M, F). 

Proof. If /l is not ergodic, then M = A u B, A and B being disjoint saturated 
Borel sets of positive measure. The measures /l1 and /l2 defined by /l1 (E) = /l( An 
E)//l(A) and /l2(E) = /l(E n B)//l(B) for all Borel sets E c M are harmonic 
and provide the decomposition /l = /l(A)/l1 + /l(B)/l2 which shows that /l is not 
extreme in 1-i(M, F). 

Conversely, if /l is ergodic, /l1 and /l2 are harmonic and /l = t/ll + (1 - t)/l2 
for some t E (0,1), then we can decompose /l1 into the sum /l1 = VI + V2, VI 
and V2 being harmonic, VI - absolutely continuous with respect to /l2, V2 and 
/l2 - mutually singular. Ergodicity of /l implies that V2 = 0, i.e., /l1 is absolutely 
continuous with respect to /l2' Similarly, /l2 is absolutely continuous with respect 
to /l1' Consequently, /l, /l1 and /l2 have the same sets of measure zero. Now, if 
E c M is an arbitrary Borel set, then - by Theorem 4.7.15 -

/l1 (E) = 1M XE d/l1 = 1M x'Ed/l1 = /l(E) 1M d/l1 = /l(E), 

since - by ergodicity of /l - the function x'E is constant and equal to /l(E) a.e. 
on M. So, /l1 = /l and, in the same way, /l2 = /l. This shows that /l is an extreme 
point of 1-i(M, F). D 

Finally, we shall prove a result analogous to Proposition 3.1.6 in the classical 
ergodic theory. To this end we accept the following. 

Definition 4.7.18. A non-compact proper leaf is said to be eventually wandering. 
A leaf is eventually non-wandering when it does not eventually wander. 

More precisely, a leaf L of a foliation F is eventually wandering if and only 
if it is non-compact and each point x of L admits a transversal T such that 
LnT={x}. 

Theorem 4.7.19. If /l is a harmonic measure on a compact foliated manifold (M, F) 
and W is the union of all the eventually wandering leaves of F, then /l(W) = O. 

In other words, this theorem says that any harmonic measure is supported 
in the union of eventually non-wandering leaves. 

To prove the theorem, let us choose a countable set {ii, i E N} dense in the 
space of real continuous functions on M. For any x E M define the diffused Dirac 
measure J~ by 

(4.7.34) 

where f is any continuous function on M and 1* satisfies the conditions of Theorem 
4.7.15. The measures J~ are harmonic. We call a point x E M regular when J~ is 
ergodic and x E supp J~. 
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Lemma 4.7.20. There exists a Borel saturated set ReM such that all the points 
of R are regular, p,(R) = 1 for any harmonic measure on M and o~ = 0; whenever 
x and y belong to the same leaf L C R. 

Proof. By Theorem 4.7.15, for any i EN there exists a saturated set Ri C M such 
that it is constant along each leaf L C Ri and P,(Ri) = 1 for any p, E H(M,F). 
The set R = ni Ri has all the required properties. D 

Lemma 4.7.21. If p, E H(M,F) and f is a bounded Borel function on M, then 

1M fdp, = L (1M fdO~) dp,(x). (4.7.35) 

Proof. By Theorem 4.7.15, equation (4.7.34) and the properties of the set R we 
have 

for continuous f. Since any Borel measure on M is regular, equality (4.7.35) for 
bounded Borel functions follows from the above by the Monotone Convergence 
Theorem, first for characteristic functions of open and closed sets, then for char
acteristic functions of arbitrary Borel sets, etc. D 

Passing to the proof of Theorem 4.7.19 let us observe that it is enough to 
show that points of eventually wandering leaves cannot belong to R. In fact, if 
We M" R, then 0 S p,(W) S 1 - p,(R) = 0 for any harmonic p,. 

So, assume that x E L n Rand L is an eventually wandering leaf. Let U be a 
distinguished chart around x for which Un L consists of a single plaque P. Since 
x E R, O~(U) > O. Also, if f : M -+ IR is a continuous function which is positive 
on U " P and vanishes everywhere else, then f == 0 on Land 

It follows that 0~(U " P) = 0 and O~(P) > O. Ergodicity of o~ implies that 
o~(L) = 1 and, therefore, L admits a harmonic probability measure. The structure 
of harmonic measures on Riemannian manifolds (see [War], for instance) implies 
the existence of a positive harmonic function h : L -+ IR integrable with respect to 
the Riemannian volume on L. Since the geometry of L is bounded, such a function 
has to be constant. This yields a contradiction since the Riemannian volume of L 
is infinite. In fact, L contains an infinite family of pairwise disjoint plaques of a 
nice covering U and the volumes of all the plaques are bounded from below by a 
positive constant. D 

Harmonic measures on foliated manifolds have been successfully applied to 
the study of foliations. For example, Ghys obtained a kind of Gauss-Bonnet theo
rem for the average (with respect to a harmonic measures) of the scalar curvature 
of a 2-dimensional foliation ([Gh2]' see also [Ro2]) and characterized generic (with 



4.7. Harmonic measures 141 

respect to a harmonic measure again) leaves of 2-dimensional foliations (in fact, 
laminations) of compact spaces [Gh3]. For the first result we refer the reader to 
the original papers. The second one is described in Chapter 6. Here, we shall com
plete the section just by a remark concerning geometric entropy of foliations and 
a recent result concerning geometric entropy and non-wandering leaves. 

First, let us say that it seems to be interesting (and important !) to search for 
a good definition of a measure theoretic entropy for foliations which could provide 
a kind of variational principle for the geometric entropy. Since holonomy invariant 
measures need not exist, the class of harmonic measures seems to be suitable here. 
If so, a variational principle and Theorem 4.7.19 would imply that the geometric 
entropy is always supported in the closure of the union of all the eventually non
wandering leaves. This was conjectured in [GLW2], where the authors suggested 
the reader to search for a "reasonable" definition of such an entropy referring to 
the notion considered in [GLWl] for arbitrary linear operators acting on the space 
of integrable functions. This idea could be probably applied to the heat diffusion 
operator Dl on a compact foliated Riemannian manifold (M, F). However, Frings 
[Fri] has shown that this entropy of Dl vanishes when dim F = 1. Since also 
other attempts known to us ([Fri], [Hul], [Hu2] etc.) of defining measure theoretic 
entropies for foliations (as well as for pseudogroups and groups) are not fully 
satisfactory from this point of view, the problem of defining good measure theoretic 
entropies for these systems stays open. Note that even in the relatively simple case 
of a commutative group, existing definitions of measure and topological entropies 
do not provide satisfactory variational principles. A variational principle for 71/' 
was proved by Ruelle [Rul] (see also [Misl]) but the entropies involved there vanish 
when generating maps are of finite entropies, for instance when zn acts smoothly 
on a compact manifold (see [Con]). 

Finally, let us mention a recent Hurder's [Hu4] result relating entropies of 
codimension-one foliations and their restrictions to the set of all non-wandering 
points. The result does not solve the conjecture mentioned above in every respect, 
but shows that its affirmative solution can be plausibly expected. 

Let F be a co dimension-one C1-foliation of a compact Riemannian manifold 
(M, g). Recall that a leaf of F is eventually wandering whenever it is non-compact 
and proper. A point x E M and the leaf L through x are said to be wandering when 
x has an open neighbourhood U (the domain of a distinguished chart) such that 
the intersection of any leaf L' and U consists of at most one plaque. Otherwise, 
x and L are called non-wandering. Clearly, the set O(F) of all the non-wandering 
points is closed and the relative entropy (see Remark 3.3.2(iii)) h(F,O(F),g) can 
be considered. 

Theorem 4.7.22. IfcodimF = 1 and h(F,g) > 0, then h(F,O(F),g) > 0. 

To begin with, we shall prove first the following. 

Theorem 4.7.23. If codimF = 1 and J-l is a ¢-invariant m-hyperbolic measure on 
V = TIF, then the m-support of J-l is contained in O(F). 
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Here, as in Section 4.6, ¢ = (¢t) is the geodesic flow of F. 

Proof. Assume first that f-L is ergodic. Results of Section 4.6 show that a generic 
point v E supp f-L provides us with a contracting holonomy map h : I = (z - EI, 

Z + Ed ---> I, where EI > 0, Z belongs to the m-support of f-L and can be chosen 
arbitrarily close to x = 1f( v). Since the leaves L y, y E 1,- {z }, intersect I infinitely 
many times and the points of intersection cluster on z, Z E n(F). Since x can be 
expressed as the limit of a sequence (zn) of such points Zn E n(F), x E n(F). 
Finally, since the orbit t ---> ¢t(v) is dense in sUpPf-L and its projection to M is 
entirely contained in n(F), 1f(suPPf-L) C n(F). 

If f-L is arbitrary (but m-hyperbolic), then TIL-almost all measures m in the 
ergodic decomposition (4.6.9) are m-hyperbolic. By the previous argument, almost 
all supports sUpPf-L are contained in 1f-I(n(F)). If f: V ---> ~ is supported outside 
1f- I (n(F)), then Iv fdm = 0 for each such m, 

r fdf-L = r ( r fdm) dTIL = 0 
iv iE(V,q,) iv 

and therefore f-L is supported in 1f-I(n(F)). D 

Finally, let us complete this section with the proof of Theorem 4.7.22. 
To this end, observe that the result on the existence of resilient leaves (The

orem 4.6.1) shows that the assumption h(F,g) > 0 implies the existence of a 
transverse segment I and two contracting holonomy maps hI, h2 : I ---> I such that 
hI (I) n h2(I) = 0. Each of them has a fixed point Xi = hi(Xi) E I. The leaves 
passing through points y (y i= Xi) arbitrarily close to Xi are not proper, therefore 
the leaves Li through Xi, i = 1,2, are contained in n(F). Let K = LI U L 2. Then 
K c n(F) is compact and saturated, and the holonomy pseudogroup 1{K of FIK 
contains a subpseudogroup g generated hIlK and h21K. By arguments used in 
the proofs of Theorems 3.4.1 and 3.6.1, 

h(F, n(F), g) 2: h(F, K, g) 2: c· hW, gl) > 0, 

where c is a positive real number and gl = {idK , hIIK, h21K, (hIIK)-I, (h2IK)-I} 
is the symmetric set generating g. 

This ends the proof of Theorem 4.7.22. D 

4.8 Patterson-Sullivan measures 

Let us recall once again that the set M(X, G) of G-invariant Borel probability 
measures for a finitely generated group G of transformations of a space X may be 
empty. For such a group G one may search for measures satisfying less restrictive 
conditions, for instance for measures f-L such that the measures f-L and g* f-L, 9 E 

G, are mutually absolutely continuous, i.e., for measures f-L which are G-quasi
invariant in the sense of the following 
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Definition 4.8.1. A measure J1 on X is G-quasi-invariant when 

(4.8.1) 

for some positive measurable functions ¢g on X. 

The best known and most geometric construction of quasi-invariant mea
sures is due to Patterson [Patl] and Sullivan ([Su2] and [Su4]) who dealt with 
discrete groups of Mobius transformations of the unit ball in lRn. In this section, 
we recall this construction and collect some natural and important properties of 
Patterson-Sullivan measures. Our exposition is rather brief and condensed. The 
reader interested in more on this topic is referred to the original Patterson and Sul
livan papers or to good and more elaborated expositions by Patterson [Pat2] and 
Nicholls [Ni]. Also, note that Patterson-Sullivan type measures on the boundary 
of arbitrary hyperbolic metric space have been defined and studied by Coornaert 
[Coo]. 

The group of transformations of lRn generated by the inversion x f---+ x/lxl 2 

and all affine transformations of the form x f---+ a· Ax + b, where a E lR" {O}, b E lRn 

and A E O(n), the orthogonal group, is called the Mobius group. If B c lRn is 
the unit ball and M(B) is the subgroup of the Mobius group consisting of all the 
transformations preserving B, then any discrete subgroup f of M(B) is called 
Fuchsian when n = 2 or Kleinian when n ~ 3. The terminology may vary from 
one reference to another. Some authors restrict the term "Kleinian" either to the 
case n = 3 or to f's with the limit set A (see below) satisfying some conditions 
(like A -=I- S, S being the boundary of B). 

Equip B with the hyperbolic Riemannian metric g, 

4 2 
g(x) = (1 -lxI2)2 . dx , x E B. 

The Riemannian manifold (B, g) has constant sectional curvature -1, so it be
comes a hyperbolic metric space when considered with the Riemannian distance 
function d. Its boundary can be identified with the unit sphere S = {x; Ixl = I}. 
M(B) coincides with the group of isometries of (B,g). Recall that 

1 + Ixl 
d(O, x) = log -1-1 

1- x 
(4.8.2) 

and the formula for the distance of arbitrary points x and y of B can be derived 
from (4.8.2) by passing through any map of M(B) which keeps x fixed and sends 
y to O. 

For any discrete group f C M(B), points x, Y of Band r > 0 put 

N(x,y,r) = #b E f;d(x,I'(Y))::; r}. (4.8.3) 

N is called the orbital counting function of f. One can check easily that its type 
of growth does not depend on the choice of x and y. 
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Lemma 4.8.2. Given x, y and r, there exists a constant A such that 

N(x,y,r) ~ A. e(n-l)r (4.8.4) 

for all r > o. 
Proof. Let B(c) be the ball of centre y and radius c > 0 so small that d(y,,(y)) > 
2c for all , E r, , =I- e. Such c exists since r is discrete. Let V(r) denote the 
volume of the hyperbolic ball of radius r. Then 

1 r+c 
N(x, y, r) . V(c) ~ V(r + c) ~ 2n - 1 10 e(n-l)t dt 

(compare (2.2.22)). Therefore, equality (4.8.4) holds with 

e(n-l)c 
A- --~~--~~ 

- 2n - 1 (n - l)V(c)· 
o 

Again, since r is discrete, orbits of r have no points of accumulation in B. 

Definition 4.8.3. The limit set A of r is defined as the set of all Xoo E S such that 
the orbit r(x) = b(x);, E r} accumulates on Xoo for some (equivalently, all) 
x E B. The group r is of the first kind when A = S, of the second kind otherwise. 

All the transformations of M(B) act on S. Our goal is to construct a prob
ability measure fL on S which is r -quasi-invariant, 

(4.8.5) 

where 1,'1 is the linear distortion of , E r and 8 is an exponent defined by some 
geometric data. We begin by finding a suitable exponent 8. 

Definition 4.8.4. The Poincare series Ps(x, y), x, y E B, of r is given by 

Ps(x, y) = L e-s.d(x,y(y». 

"fEr 

(4.8.6) 

The triangle inequality implies that the convergence of Ps does not depend 
on x and y. Also, there exists a positive number 8 (called the critical exponent) 
such that Ps converges for all s > 8 and diverges for all s < 8. Lemma 4.8.2 yields 
the inequality 8 ~ n -1. The group r is of convergent (resp., divergent) type when 
P{j converges (resp., diverges). 

The critical exponent can be defined for many abstract series Em am of 
positive numbers am. It equals 8 whenever the series Em a-;;'S converges for all 
s > 8 and diverges for all s < 8. The construction of Patterson-Sullivan measures 
fL relies on the following elementary fact. 
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Lemma 4.8.5. Let 8 be the critical exponent of a series 2:::'=1 a;;"s. Then, there 
exists an increasing function k : [0,00) ----+ (0,00) such that the series 

(4.8.7) 

has the same exponent of convergence 8 and diverges at 8. Moreover, for any e > 0, 
there exists to > ° such that 

k(rt) s; rCk(t) (4.8.8) 

for any t ~ to and r ~ l. 

Proof. The existence of the critical exponent implies that we can reorder the se
quence (am) in such a way that the entries am increase. Then am ----+ 00 since 
8 > 0. Let (em) be a convergent to zero decreasing sequence of positive reals. 
First, take tl = 1 and put k(t) = 1 on [0, tIl. Then, suppose that we already 
defined tl < t2 < ... < tm and k on [0, tml. Choose tm+l large enough to provide 
the inequality 

This can be done since the series 2:: j aj(c5-cm) diverges. Define k on [tm' tm+ll by 

( t )cm 
k(t) = k(tm)· tm 

Obviously, the function k is positive and increases. 
Since 

00 00 00 

k(tm)(aj/tm)"majli ~ L 1 = 00, 
m=1 

the series in (4.8.7) diverges. 
Choose e > ° and mo EN such that em < e for all n ~ mo. It is not too hard 

to see that (4.8.8) holds for t ~ tmo' Finally, if s > 8 and e = (s - 8)/2, then, by 
(4.8.8), the sequence (k(am)/a;,,) is bounded and 

for all m large enough and some c> 0. This shows that the series 2::m k(am)a;;"S 
converges when s > 8 and ends the proof. 0 

Now, adapt a function k of Lemma 4.8.5 to the Poincare series in (4.8.6). For 
any s > 8 define the measure j.ls,x,y on B by the formula 

I/. = 1 . '""' k(ed(x,'f(y)))e-sd(x,'f(y))8 ( ) 
,-s,x,y P*( ) L...J 'f Y , 

s x,y 'fEr 
(4.8.9) 
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where 1\ denotes, as before, the Dirac measure at a point z E Band 

Ps*(x, Y) = L k(ed(x,,(y)))e-sd(x,,(y)). 

,Er 
(4.8.10) 

For any x, y and s, /-ls,x,y is a probability measure on the compact space 13 = BUS, 
so one can find a sequence (Sj) such that Sj "-.,. 0 and /-lSj,x,y ---.. /-l, /-l being a 
probability measure on B. Since P; (x, y) ---.. 00 when S "-.,. 0 and any compact 
subset K of B contains only a finite number of points 1'(y) , l' E r, /-l is supported 
in S, in fact in A, the limit set of r. 

Definition 4.8.6. Any measure /-l constructed as above is called a Patterson
Sullivan measure (for the group r). 

To begin with properties of Patterson-Sullivan measures, let us see first what 
happens when we change the "base point" x. 

Proposition 4.8.7. For all S > 0, x, Y E Band 7 E r the equality 

/-ls,r(x),y = 7* /-ls,x,y (4.8.11) 

holds. Therefore, we can always choose Patterson-Sullivan measures /-lx,y in such 
a way that 

/-lr(x),y = 7* /-lx,y 

for all 7 E r. 

Proof. Since every 7 E r is an isometry, 

Ps(7(X), y) = L e-sd(r(x),,(y)) = L e-sd(x,(r-1o,)(y)) 

,Er ,Er 

= L e-sd(x,1)(y)) = Ps(x, y) 
1)Er 

and the same holds for P; (x, y). It follows that 

I/. () = 1 . " k(ed(r(xl.l(y)))e-sd(r(xl.l(y))o ( ) 
/""'s,r x ,y p*( () ) ~ , y 

s 7 X ,y ,Er 

= 1 . "k(ed(x,1)(y)))e-sd(x,1)(y))O (,) = 7*11. . 
P* (x ) ~ r1) y /"",S,x,y 

s ,Y 1)Ef 

(4.8.12) 

Here again, we used the substitution 7- 1 01' f---> TJ. Therefore, if (/-lSj,X,y) converges 
to /-lx,y, then (/-lsj,r(x),y) converges to 7*/-lx,y for all 7 E r. D 

To prove that our measures satisfy (4.8.5) we have to define precisely the 
measure 11"1 of distortion of l' E r on S. First, denote by do the standard distance 
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function on the unit sphere S. Then, choose x E B and a Mobius transformation 
r such that r(x) = O. Let 

(4.8.13) 

Clearly, dx does not depend on the choice of r and one can interpret ll! = dx (Yoo, zoo) 
as follows: an eye situated at x and equipped with a hyperbolic telescope sees the 
segment [Yoo, zoo] at the angle ll!. Finally, set 

for x E B, Yoo E S and "( E r. 
Lemma 4.8.8. If 

p(x, Yoo) = (1- Ixl 2 )/lx - Yoo12, x E B, Yoo E S, 

is the Poisson kernel, then 

where la - bl denotes the Euclidean distance of points a and b of IRn. 

(4.8.14) 

(4.8.15) 

Proof. If a Mobius transformation r E M(B) maps x to the origin and r' is its 
differential, then, for any z E 13, r'(z) is a conformal matrix, so r'(z) = Ir'(z)I·A(z) 
for some orthogonal matrix A(z) and some scalar coefficient Ir'(z)l. 

It is not too hard to show that 

1T}(z) - T}(y) I = 1T}'(z)1 1/ 2 ·1T}'(y)1 1/ 2 ·Iz - yl (4.8.16) 

for all y and z of 13 and any T} E M(B). (In fact, this is a matter of a straightforward 
calculation when T} is the inversion with respect to the unit sphere and can be 
derived for any rJ by the Chain Rule.) In particular, 

Ir(zoo) - r(yoo) I = Ir'(yooW/2 ·lr'(zooW/2 . I Zoo - yool 

and 

Since, by an elementary geometric argument, the quotient 

converges to 1 when Zoo -+ Yoo and the same holds for the points "((Yoo) and "((zoo), 
it follows that 
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Since T maps x to the origin, it can be expressed as the composition of 
a Euclidean isometry with the inversion L with respect to the sphere of radius 
r = (1 - IxI2)1/2/Ixl centred at a = x/lxl 2 . Therefore, IT'(yoo)1 = It'(yoo)1 and 
again this is a matter of a straightforward calculation to derive the formula 

from the equation 
t(z) = a* + (Ia* -l)(z - a*)*, 

where u* = u/lul 2 is the image of u under the inversion with respect to the unit 
sphere. 

The same argument applied to TO I yields (4.8.15). D 

Now, we are in a position to prove 

Theorem 4.8.9. For any Borel set E C S, any x E B and I E r the equality 

(4.8.17) 

holds. 

Proof. Formula (4.8.2) defining the hyperbolic distance d implies the equality 

e~d(x',z) 

lim 
z--+z~ e~d(x,z) 

p(x', zoo) 
p(x, zoo) . 

Also, property (4.8.8) of the function k in Lemma 4.8.5 implies that for t in any 
bounded interval I c lR, 

uniformly when r --.; 00. These observations and equation (4.8.9) defining Patter
son~Sullivan measures imply that 

lim /ks,x,y(E(t)) = (p(x,yoo))S 
t--+O /ks,x',y(E(t)) p(x', Yoo) , 

where E(t) is the set of all the points Zoo E E within the Euclidean distance t 
from Yoo and x' = l~l(X). More precisely, for any E > 0 there exists t(E) > 0 such 
that 

(1- E)/ks,x,y(E(t)) [(:(~;,~:)) s - E] ~ /ks,x',y(E(t)) 

~ (1 + E)/ks,x,y(E(t)) [(:g,',~:)J s + E] 



4.8. Patterson-Sullivan measures 149 

for all t E (0, t(s)) and S E (8,8+ 1). If (Sj) is such a sequence that /-lSj,x.y -+ /-lx,y 
and /-lSj,X',y -+ /-lx',y, then the above inequalities written for Sj in place of S yield, 
after passing to the limit as j -+ 00, 

(1 - s)/-lx.y(E(t)) [ (:g",~:))) <5 _ s] :S /-lx',y(E(t)) 

:S(l+s)/-lx,y(E(t)) [(:g",~:)))<5 +s]. 
This shows that the measures /-lx,y and /-lx',y are absolutely continuous each with 
respect to the other and that the Radon-Nikodym derivative d/-lx',y/d/-lx,y is given 
by 

d/-lx"y(Zoo) = (P(Xl,Zoc))O 
d/-lx,y p(x, zCXJ) 

( 4.8.18) 

Clearly, (4.8.17) follows from (4.8.15) and (4.8.18). o 
Proposition 4.8.7 and the theorem above imply immediately the following. 

Corollary 4.8.10. For any Kleinian group r there exist Patterson-Sullivan mea
sures /-l satisfying condition (4.8.5) with 8 > 0 being the critical exponent of the 
Poincare series of r. 0 

We shall complete this section by proving some ergodicity property of Patter
son-Sullivan measures. To this end, we need the following 

Definition 4.8.11. A limit point XCXJ E A is called conical when the quotients 

IxCXJ -r,](x)1 
1 -lrj(x)1 ' 

x E B, (4.8.19) 

remain bounded as j -+ 00 for some 'Yj E r such that 'Yj(x) -+ Xoo' All the conical 
limit points form the conical limit set Ac of the group r. 

Clearly, Ac is r-invariant. The condition (4.8.19) can be expressed more ge
ometrically in the following way: there exists a Euclidean cone C with vertex at 
Xoo such that C c B and almost all points 'Yj(x) belong to C. 

Recall also (Section 1.5) that finite groups and finite extensions of a cyclic 
group Z are called elementary. 

Theorem 4.8.12. ffr is non-elementary, then any Patterson-Sullivan measure /-lx,y 
is ergodic on Ac, i.e., if a Borel set E c Ac is r-invariant, then either /-lx,y(E) = 0 
or /-lx,y(E) = /-lx,y(Ac). 

Proof. Without loss of generality, we may assume that x = y = O. Let us write /-lo 
instead of /-lo,o. 

Suppose that a set E c Ac is r-invariant and /-lo(E) > O. We have to prove 
that 
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We split the argument into two parts. In the first one, we show that 

(4.8.20) 

where mo = max{fLo ( {zoo} ); Zoo E A} is the largest mass of an atom of flo. In the 
second, we show that 

mo =0, 

that is flo has no atoms at all. 

Hereafter, D(x,y,r) (x,y E B, r E lR+) denotes the hyperbolic shadow of a 
hyperbolic ball B(y,r) observed on 8 by an eye situated at x. That is, D(x,y,r) 
is the ball in the metric space (8, dx ) consisting of all the points Zoo E 8 for which 
the hyperbolic geodesic joining x to Zoo intersects the ball B(y, r). 

Part 1. Let Xoo be the density point of E and hj) a sequence of elements of 
f for which ,j(O) ---+ Xoo and the quotients in (4.8.19) stay bounded. Let C c B 
be a Euclidean cone at Xoo containing almost all the points ,j(O), ] E N. 

By definition of density points, given r > 0, 

as ] ---+ 00. 

fLo(EnD(O"j(O),r)) ---+ 1 
fLo(D(O, ,j(O), r)) 

(4.8.21) 

Fix c > 0. There exists ]0 E Nand ro E lR+ such that for all ] > ]0 and 
r > ro the inequality 

holds. In fact, otherwise we were able to find sequences (jd and (rd converging 
to infinity and such that 

for all k. Since rk ---+ 00, the diameters ofthe sets A" Dh;;;l(O), 0, rk) converge to ° and these sets are contained in some balls Bk = B( *, ryk) c 8, where ryk ---+ ° as 
k ---+ 00. Passing to a subsequence if necessary, we may assume that the balls Bk 
are descending to a point Zoo of 8. For this point we obtain 

a contradiction. 

Since Dhjl(O), 0, r) = Ijl(D(O, ,j(O), r) and E is f-invariant, we obtain 
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from (4.8.18) the equalities 

/1o(Dbjl(O), 0, r) n E) 

/1o(Dbjl(O), 0, r)) 

/1'"'/j(0) (D(O, '"}'j(0), r) n E) 
/1"/j(0) (D(O, I'j(O), r)) 

JD(O,'"'(j (O),r)nE p( I'j (0), Yoo)8 d/1o(Yoo) 

J D(O,ij(O),r) pbj (0), Yoo)8d/10(Yoo) 

_ 1 _ JD(O'iJ(O),r),-EPb] (0), Yoo)8d/10(Yoo) 

- J D(O,i] (O),r) pb] (0), Yoo)8d/10(Yoo) 
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An elementary calculation shows that for any r > 0 there exists a constant a > 0 
such that 

a < p(x, Yoo) . (1 - Ixl) < 2 ( 4.8.22) 

whenever Yoo E D(O, x, r) and x E C. Moreover, the upper bound in (4.8.22) holds 
trivially for all x and Yoo' Applying these estimates to the integrals above we 
obtain the inequality 

/1o(Dbjl(~),O,r) n E) ~ 1- (~)8. /1o(D(O,I'j(O),r) " E) ~ 1- c 
/1o(Dbj (0),0, r)) a /1o(D(O, I'j(O), r)) 

for j and r large enough. The last inequality follows from (4.8.21). Consequently, 

/10 (E) > /1o(Dbjl(O), 0, r) n E) ~ (1- c)/1o(Dbjl(O), 0, r)) 

> (1 - c)(/1o(A) - mo - c). 

Letting E --+ 0 we obtain (4.8.20). 
Part 2. To prove that /10 has no atoms, observe first that it cannot have 

exactly one atom. If so, the atom, say Zco E S, would be fixed by all I' E r, so r 
would be elementary. If /10 has at least two atoms, then, by (4.8.20), some of them 
lie in E. So, Ac would contain an atom of /10' To complete the proof we shall show 
that this is not the case. 

For this purpose, it is more convenient to work with the upper half space 
model of the hyperbolic space. Let lR~ = {(Xl, ... ,Xn ); Xn > O} and 1] be a Mobius 
transformation mapping B onto lR~. Then, 1] maps S = 8B onto lRn - l U {oo}, 
where lRn - l is identified with the set of all (Xl, ... , Xn) E lRn for which Xn = 
O. Conjugating elements of r with 1] we get a group, denoted by r again, of 
transformations of lR~. The Poisson kernel p assumes the form 

where X = (Xl, ... ,Xn ) E lR~ and Yoo E lRn- l . 

Suppose that /10 has a conical atom. Without loss of generality we may 
assume that 1] maps it onto 00. 
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First, consider the stabilizer roo of 00: , E roo iff, E rand ,(00) = 00. If 
, E roo, then for any x E JR+. the measure f.1x = f.1x,oo satisfies f.1x ( {,-1 (oo)}) = 
f.1x ( { 00 } ) and f.1x ( { 00 }) = f.1,(x) ( { 00 } ). The transformation rule (4.8.18) for Patter
son-Sullivan measures yields 

Yn = p(r(x), 00) = (df.1,(x) (00)) 1/8 = 1, 
Xn p(x, 00) df.1x 

where Y = (Y1,"" Yn) = ,(x) and x E JR+.. This shows that the elements of 
roo preserve the hyperplanes Xn = const. (that is, the horospheres at 00 of our 
hyperbolic space). 

Next, consider the quotient ~ = r /r 00 and the series 

L ([r(Y)]n)", (4.8.23) 
blE,6. 

where [Z]n denotes the n-th coordinate of Z E JRn. The quantity in (4.8.23) is 
well defined since - as was observed above - elements of roo preserve horizontal 
hyperplanes. Moreover, series (4.8.23) converges. In fact, since Patterson-Sullivan 
measures are finite and points ,-1(00) for different classes [r] in ~ are different, 
we have 

L f.1x( {r-1(00)}) < 00 and 
blE,6. 

L f.1,(x)({oo}) < 00. 
blE,6. 

The last inequality and the transformation rule (4.8.17) yield the inequality 

L (p(r(X),OO))". f.1x({oo}) < 00 
blE,6. p(X, 00) 

which is equivalent to the convergence of (4.8.23). 
Finally, since 00 is a conical limit point, we can find a sequence (,j) of 

elements of r and a point Y E JR+. such that [rj(Y)]n / 00. Since [r(Y)]n = [Y]n 
when, E roo, all the cosets [rj], j E N, are different and 

m 

L ([r(Y)]n)" 2: L([,j(Y)]n)" --7 00 
blE,6. j=l 

as m --7 00 , a contradiction. 
This completes the proof of Theorem 4.8.12. o 
Some application of Patterson-Sullivan measures will be given in the next 

chapter (Section 5.5), where we shall deal with the Hausdorff dimension of the 
limit set A. 

Let us complete this section with the following remark. As far as we know, 
the existence of Patterson-Sullivan measures on boundaries of leaves in compact 
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foliated manifolds is an open question. Certainly, a suitable notion of a leaf bound
ary is needed for a reasonable formulation of this question. "Good" boundaries ax 
of complete metric spaces X should allow homeomorphic extension (to aX) of any 
quasi-isometry of X, therefore ax should depend (up to a homeomorphism) on 
the quasi-isometry class of X only. In the literature, there exists the notion of 
Higson [Hig] boundary which has been shown to be "good" for complete open 
Riemannian manifolds and adapted (by Higson and Roe [HR]) to complete metric 
spaces. This idea can be applied to the leaves of foliations of compact manifolds. 
It can be explained in terms of K-theory and certain C* -algebras but this goes 
far beyond the limits put by the author in this book. A reader interested in these 
ideas should consult [Hu3] and references there. 



Chapter 5 

Hausdorff dimension 

Since the late 1970s of last century, a large interest in geometry of fractals can 
be observed. Fractals can be defined in different ways with the use of various 
notions of dimensions, usually as sets or spaces with non-integer dimension. The 
most classical notion of dimension is due to Hausdorff [Hau], see [Ed] and [Fa] for 
a modern exposition. Here, we calculate or estimate the Hausdorff dimension of 
several fractal-like sets which appear, for instance, as limit sets of group actions 
(Section 5.5) or exceptional minimal sets on foliated manifolds. 

The main results concerning dimensions in the context of foliated manifolds 
are presented in Section 5.3, where we show that: 

(i) the Hausdorff dimension of the Markov invariant set of any C2-Markov 
system on lR. is always strictly less than 1 (Theorem 5.3.5) and 

(ii) the transverse Hausdorff dimension (defined in Section 5.1 of this Chap
ter) of a codimension-one C2-foliation F is equal to the standard Hausdorff di
mension of the intersection of a complete transversal T and the union C(F) of all 
the compact leaves provided that the leaves of F are not dense (Theorem 5.3.10). 

Since the present interest in fractal geometry came from the theory of com
plex dynamical systems, we decided to devote some pages to Hausdorff dimension 
of Julia sets, subsets of the Riemann sphere Coo which carry the major part of 
dynamics of complex transformations of Coo (Section 5.2) even if these pages are 
the only ones in this book which are related to complex dynamics. 

5.1 Definitions and basic facts 

Let (X, d) be a metric space. For any c > 0 denote by CE:(X) the family of all 
countable covers of X by sets of diameter ::; c. For any s > 0 and a countable 
cover A of X put 

Hs(A) = L (diamA)S, H:(X) = inf{Hs(A); A E CE:(X)} (5.1.1) 
AEA. 
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and 
(5.1.2) 

By convention, inf0 = +00. Clearly, the limit in (5.1.2) exists and HS(X) E 
[0,+00]. 

The function X:J Z 1---+ HS(Z) is an outer measure on X. In X = ]RI, HI co
incides with the I-dimensional Lebesgue measure. In X = ]Rn, Hn is proportional 
(by a constant factor) to the n-dimensional Lebesgue measure. Clearly, HS (X) = 0 
for all s > 0 when X is either finite or countable. 

The following fact is crucial for defining the Hausdorff dimension. 

Lemma 5.1.1. If 0 < Ht(X) < 00 and s < t < u, then HS(X) 
HU(X) = O. 

Proof. If s < t < u, then for any cover A E Cs(X) we have 

c t - s L (diam A)S 2: L (diam A)t 2: ct- u L (diamA)u. 
AEA AEA AEA 

This implies the inequalities 

Passing to limits as c ---+ 0+ yields the statement. 

+00 and 

o 

Definition 5.1.2. The Hausdorff dimension dimH X of a metric space (X, d) is 
given by 

dimH X = inf{s; HS(X) = O} = sup{s; HS(X) = +oo}. (5.1.3) 

From the previous remarks it follows that dimH U = n when U is a non-empty 
open subset of]Rn (or, of any n-dimensional manifold M). Obviously, dimH X = 0 
when X is either finite or countable and dimH Y ::; dimH X when Y is a subspace 
of X. Moreover, dimH X = max{dimH Y1 , dimH Y2 } when X = Y1 U Y2 . 

Proposition 5.1.3. If f : X ---+ Y is a Lipschitz map, then 

(5.1.4) 

for any Z C X. 

Proof. If c > 0 is a Lipschitz constant for f and A E Cs(Z), then f(A) = 
{f(A); A E A} E Ccs(J(Z)) and diam f(A) ::; c· diam A for any A E A. It follows 
that H~,:Cf(Z)) ::; H:(Z) for all sand c > O. Consequently, for any s > dimH Z 
we have HS(Z) = 0, HS(J(Z)) = 0 and s 2: dimH feZ). 0 

Corollary 5.1.4. If two metric spaces X and Yare Lipschitz homeomorphic, then 
dimx H = dimH Y. 0 
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Note that Hausdorff dimensions of quasi-isometric spaces may differ. For 
instance, any compact metric space is quasi-isometric to a single point but it can 
have Hausdorff dimension as large as we want (including +00). 

As we could observe while proving Proposition 5.1.3 it is relatively easy to 
estimate the Hausdorff dimension from above. To this end, it is sufficient to find 
covers by sets of small diameters and to estimate the suitable sum in (5.1.1). 
Estimating Hausdorff dimension from below is, in general, more difficult but it 
becomes easier when we can find a probability measure with good properties. 

Definition 5.1.5. A Borel probability measure J.L on X is said to be s-continuous 
(s > 0) when there exist numbers ro > 0 and c > 0 such that 

J.L(B(x, r)) ::; crs (5.1.5) 

for any x E X and r E (0, ro). 

Clearly, the Lebesgue measure on lRn (and on any Riemannian manifold) is 
n-continuous, s-continuous measures have no atoms and s-continuous measures 
are t-continuous for all t ::; s. 

Proposition 5.1.6. If (X, d) admits an s-continuous Borel probability measure J.L, 
then dimH X 2': s. 

Proof. If E > 0 is small enough and A E CE(X), then 

1::; L J.L(A) ::::; c· L (diamA)s. 
AEA AEA 

o 

The following example is very classical and well known but it is so instructive 
that we decided to describe it scrupulously. 

Example 5.1.7. Let Z C [0,1] be the classical ("triadic") Cantor set considered 
here already in Section 1.4 (Example 1.4.4 (b)). For any n E N we can cover Z 
by 2n sets of the form h,n = Z n [k3-n , (k + 1)3-n] and of diameter En = 3-n. 
Therefore, H:JZ) ::; 2n. 3-ns and HS(Z) = 0 when s > log2/10g3. This shows 
that dimH Z ::; log 2/ log 3. On the other hand, let J.Ln be the Borel probability 
measure on [0,1] equal to the sum of all Lebesgue measures on the intervals Ik,n 
multiplied by the factor (~)n. That is, J.Ln(A) = Lk(~)n . '\(A n h,n) for any 
Borel set A C [0, 1], where ,\ is the Lebesgue measure on the real line lR.. The 
sequence (J.Ln) converges to a probability measure J.L on [0,1] which is supported in 
Z. If r = 3-n and x E Z, then the Z-ball B = B(x, r) is contained in one of the 
components h,n' Similarly, B is contained in the union of 2m components h,n+m' 
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Therefore I/. (B) < (.:.!)n+m. 2m . 3-(n+m) = rlog2/log3 for all m > 0 and , ,..-n+m - 2 _ 

J-L(B) :S rlog 2/log 3. Finally, if 3-(n+1) :S r :S 3-n , then J-L(B(x, r) :S J-L(B(x, 3-n ) :S 
3log 2/ log 3 . rlog 2/log 3. This shows that the measure J-L is (log 2/ log 3)-continuous 
and implies the inequality dimH Z ~ log 2/ log 3. Consequently, 

log 2 
dimHZ= --. 

log 3 

The argument used in the above example can be generalized to arbitrary 
subsets of IRn which are self-similar and satisfy the so-called Moran's condition. 
If X c IRn can be decomposed as X = U~=l li(X), where Ii : IRn ~ IRn is a 
similarity with ratio ri E (0,1), then dimH X :S s, where s is the unique solution 
of the equation 

k 

2::>: = 1. (5.1.6) 
i=l 

If, moreover, the similarities h, ... ,!k satisfy Moran's condition 

(*) there exists a non-empty open set U such that Ii (U) c U and Ii (U) n Ij (U) = 0 
for all i and j :S k, j i- i, 

then dimH X = s. 
This allows us to compute dimensions of several classical fractal sets such as, 

among many others, Koch curve K, Sierpinski gasket S and Menger sponge M (see, 
for example, [Ed] and Figure 5.1 below): K = h (K) U h(K) with r1 = r2 = 1/)3, 
so dimH K = 2 log 2/10g3; S = h(S) U h(S) U h(S) with r1 = r2 = r3 = 1/2, so 
dimH S = 10g3jlog2; M = U~~l Ji(M) with r1 = ... = r20 = 1/3, so dimH M = 

log 20/ log 3. 

a) b) c) 

Figure 5.1: Fractals: a) Koch curve, b) Sierpinski gasket, c) Menger sponge. 

Now, let us consider a finitely generated pseudogroup 9 of locally Lipschitz 
homeomorphisms between open subsets of a compact metric space (X, d). For any 
E > 0 denote by Cc:(Q) the set of all finite generating (not necessarily symmetric) 
sets 91 consisting of maps g with domains Dg of diameter :S E. Analogously to 
(5.1.1) and (5.1.2) put 

H:(Q) = inf{ 2: (diamDg)S; 91 E Cc:(Q)} (5.1.7) 
gE9, 
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and 
(5.1.8) 

The function s -+ HSW) has a property similar to that described in Lemma 5.1.1: 
if 0 < Ht(Q) < 00 and s < t < u, then Ht(Q) = +00 and HUW) = O. Therefore, 
we may accept the following. 

Definition 5.1.8. [WaI2] The Hausdorff dimension dimH 9 of a pseudogroup 9 is 
given by 

dimH 9 = inf{ s; HSW) = O} = sup{ s; HSW) = +oo}. (5.1.9) 

Comparing the above definitions of Hausdorff dimensions for spaces and pseu
dogroups one can easily see that dimH X = dimH 9(idx ) for any X. Before pro
viding more examples we shall prove some basic properties of the dimension of 
pseudogroups. 

Proposition 5.1.9. (i) If9 c Homeo X, then dimH9:::; dimHX. 

(ii) If 9' is a subpseudogroup of 9, then dim H 9' 2: dim H 9. 

(iii) If Y C X is 9-invariant, then dimH 91Y :::; dimH 9. 

Proof. (i) Let 91 = {gl, ... , gd be any finite set generating 9. For any cover 
A E Co(X) put 911A = {gilA; A E A,i :::; k}. Without losing generality we may 
assume that all the members of A are open. Then, 911A E CO W) and 

L (diamDg)s:::; k· L (diamA)s. 
gEQ1IA AEA 

This implies the inequality H;W) :::; k . H;(X) and yields the required relation 
between Hausdorff dimensions of 9 and X. 

(ii) The proof is analogous to that of (i). However, one has to replace A by 
9i E CoW'), assume that idx E 91, put 9i' = {g 0 g'; 9 E 91,g' E 9D and observe 
that 9~ generates 9. Since Dgogl C Dgl, diamDgogl :::; diamDgl, 9~ E CoW) and 

As before, this yields the inequality H;W) :::; k· H;W') and the required relation 
between the dimensions. 

(iii) If 91 E CoW), then 911Y = {gIY;g E 9d E CoWIY) and diamDg1y :::; 
diamDg for any 9 E 91. 0 

The following result is analogous to Proposition 5.1.6. 

Proposition 5.1.10. If X carries a 9-invariant s-continuous measure j.l, then 
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Proof. If E > 0 is small enough, f1 satisfies (5.1.5) and {h E CoW), then the 
condition 

implies the inequalities 

gE9, 9 9 

The rest is immediate. o 
Now, let us collect more simple examples. 

Example 5.1.11. (i) If X = 3 1 , f(z) = Z2 and 9 = 9(f), then for any E > 0 there 
exist open arcs Ul , ..• ,U4 of length :::; E and a number kEN such that the set 
{JkIUi ,fk+ l IUi ;i = 1, ... ,4} generates 9. Therefore, H:W):::; 8ES and HSW) = 0 
for any s > O. This shows that dimH 9 = O. 

(ii) If 9 = 9(f), f = {h, ... , fm} being a finite group of Lipschitz homeomor
phisms, then dimH 9 = dimH X. In fact, if Ak, k = 1, ... , m, are open coverings 
of X and 91 = {JkIU; U E Ad E CoW), then all the sets of the form fj(U), where 
U E A k , j :::; m and k :::; m, cover X and 

m 1 m 

L (diamDg)S = L L (diamU)S ~ meS L L (diamfj(U))S 
gE9, k=l UEA k j,k=l UEA k 

~ _l-H~o(X), 
mcS 

where c is the maximum of Lipschitz constants for all !k's. Therefore, 

This yields the inequality dimH 9 ~ dimH X. The opposite one follows from 
Proposition 5.1.9 (i). 

(iii) If 9 is a pseudogroup of local isometries of a compact Riemannian man
ifold M, then dimH 9 = dim M. In fact, 9 preserves the Riemannian volume 
element on M and voIB(x,r) :::; erdimM for some c> 0, all x E M and all r > 0 
sufficiently small. 

Finally, let us prove an analogue of Corollary 5.1.4. 

Proposition 5.1.12. If finitely generated pseudogroups 9 on X and H on Yare 
Lipschitz isomorphic, then dimH 9 = dimH H. 

Proof. Let IP : 9 ---t H be an isomorphism consisting of Lipschitz maps cp : D¢ C 
X ---t R¢ c Y. Let IPo C IP be a finite set generating IP. If 91 E CoW), then 
Hi = {cpo go 'ljJ-l;g E 91,CP,'ljJ E IPo} E Cco(H), where c is the maximum of 
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Lipschitz constants for all the members of <Po. Therefore, H:CH) S; m 2 cs . H~E;(Q) 
with m = #<Po and this yields the inequality dimH H S; dimH g. The converse is 
similar. D 

Applying the above and Proposition 1.3.6 to a Cl-foliation of a compact 
manifold we obtain the following. 

Corollary 5.1.13. If Tl and T2 are complete transversals of a Cl-foliation :F of 
a compact manifold M, then dimH HI = dimH H2 , where Hi is the holonomy 
pseudogroup of:F acting on Ti . D 

This allows us to define the transverse dimension of :F as the dimension of 
its holonomy pseudogroup. 

Definition 5.1.14. The transverse Hausdorff dimension dim'i}:F of a Cl-foliation 
:F of a compact manifold M equals dimH H, H being the holonomy pseudogroup 
of:F acting on any complete transversal T. 

From Examples 5.1.11 (i) and (iii) it follows that the transverse Hausdorff 
dimension of the Hirsch foliation equals 0 while the transverse Hausdorff dimension 
of any Riemannian foliation :F equals co dim :F. In general, dim'i}:F S; co dim :F. 
Later on, we shall establish some relations between dim'i}:F and the structure of 
:F in the case of co dimension 1. 

5.2 Julia sets 

As we could see in Section 5.1 it is quite easy to compute the Hausdorff dimension 
of self-similar sets in IRn. Such sets appear often in the theory of dynamical systems 
but there are many sets important for dynamics and much more complicated ones. 
Calculating (or, estimating) dimensions of such sets is an important topic in the 
theory of dynamical systems. 

One good example of such sets, a Julia set, is provided by complex dynamical 
systems defined by rational maps f = P / Q of the Riemann sphere Coo = C U { 00 }. 

Here, P and Q are complex polynomials of one variable of degrees n = deg P 
and m = deg Q. The number deg f = max { m, n} is called the degree of f. The 
dynamics of rational maps of degree 1 (that is, of homographies z f--7 (az + b) / (cz + 
d) with a, b, c, dEC satisfying ad - bc i= 0) is rather simple, so we shall assume 
throughout this section that deg f ::::: 2. 

Given f, Coo can be decomposed into the union of two disjoint sets, Coo = 

Jj U Fj, called the Julia set and the Fatou set of f, respectively. To define them, 
let us recall that a point z E Coo is said to be periodic when fk(z) = z for some 
k ::::: 1. Such a periodic point z is called repelling when I (r)'( z) I > 1. Then, 
Jj can be defined as the closure of the set of all repelling periodic points of f. 
So, Jj is compact while Fj , the complement of Jj in Coo, is open. Also, it is 
almost clear from the definition that the both sets Jj and Fj are completely f
invariant: f(Jj) = f-l(Jj) = J j and f(Fj)) = f-l(Fj ) = Fj . Since the Fatou 
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set can be defined also as the largest open subset U of <Coo for which all the 
iterations Jk , kEN, are equicontinuous (i.e., for any E: > 0 and Zo E U there 
exists I) > 0 such that IJk(z) - Jk(zo)1 < E: for all kEN and z E B(zo, I))), the 
most chaotic part of the dynamics of J is carried by Jf and this is why Julia sets 
of rational maps are of great interest. This does not mean that the behaviour of 
the Fatou set is of little interest. One of the most remarkable results of the 1980s 
in complex dynamics was due to Sullivan [Su5] who proved that every connected 
component Fo of Ff is eventually periodic, i.e., that there exist k and l in N such 
that Jk(fl(Fo)) = jZ(Fo). 

Note that the set Ff may be empty while the Julia set Jf is always non-empty 
(in fact, infinite and perfect, therefore uncountable) when deg J 2: 2. Indeed, if 
Jf = 0, then the family (fn) is equicontinuous on the whole Riemann sphere <Coo 
and - by the Arzela-Ascoli Theorem - contains a subsequence (fnk) converg
ing uniformly to a rational map J 00' Since - by the classical Rouche Theorem 
- the map J f---+ deg(f) is continuous with respect to the topology of uniform 
convergence, 

(degf)nk = deg(rk) --+ degJoo 

as k --+ CXl and deg J = 1 contradicting our assumption. Now, if Jf were finite and 
z E Jf, then - by complete invariance of Jf - the union UnEZ r( {z}) would 
be finite and - by elementary arguments - z would lie in Ff' a contradiction. 
Therefore, Jf is infinite. Similar arguments show that Jf contains no isolated 
points. 

In this section, we restrict ourselves to some results about the Hausdorff 
dimension of the Julia set. For more results concerning the sets Jf and Ff , as 
well as for the detailed discussion of the structure of components of Ff leading to 
their classification used and discussed briefly below, we refer to [Be2] and several 
references there. 

First, let us list some examples showing how different Julia sets can be. 

Example 5.2.1. (i) If J(z) = zn for some n > 1, then Jf = 8 1 , the unit circle. 
(ii) If J is the n-th Tchebychev polynomial defined by J(cosz) = cosnz, then 

Jf = [-1,1]. In fact, Jk(cosz) = cos(nkz) and this implies that Jk(w) --+ CXl when 
w tJ- [-1,1]. Moreover, if x = cosy E [-1,1] is periodic, then y = nk2~:1 '7r for some 

l E Z and kEN, and l(fk)'(x)1 > 1 whenever l -=I- 0 and k is sufficiently large. 
(iii) If J(z) = Z2 + az- 3 , where a > 0 is small, then Jf is the uncountable 

union of Jordan curves ("a Cantor set of circles"). 
(iv) If J(z) = (z - 2?/Z2, then Ff = 0 and Jf = <Coo. (For a justification of 

Examples (iii) and (iv) we refer to [Be2], Sections 11.8 and 11.9.) 

The last example shows that we cannot expect any non-trivial estimate of 
the Hausdorff dimension of Julia sets from above. To estimate dimH Jf from below 
we have to find first a point Zo E Ff with some particular properties. 

Lemma 5.2.2. There exists Zo in Ff such that the sets J-n ( {zo} ), n EN, accumu
late on Jf and In(zo) is a regular value oj J Jar any n = 1,2, .... 
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Proof. The existence of such Zo follows from the classification of periodic connected 
components of the Fatou set. If Fo is such a component, then either 

(i) Fo is parabolic, i.e., it contains an attracting periodic point of f, or fkn(z) ---+ 

wo as n ---+ 00 for some Wo E J f' kEN and all Z E Fo , or 

(ii) Fo is a Siegel disc, i.e., fIFo is analytically conjugate to a rotation of a disc, 
or 

(iii) Fo is a Hermann ring, i.e., fIFo is analytically conjugate to a rotation of an 
annulus. 

In all these cases, f-l(Fo) contains a closed disc D such that no sequence (fn(z)), 
Z E Ff' accumulates on D. It follows that for any open neighbourhood U of Jf 
there exists no E N such that f-n(D) C U for all n 2: no. For, otherwise we 
could find a sequence nl < n2 < ... and points Zj E f- nj (D) " U, j = 1,2, .... 
Passing to a subsequence, if necessary, we could assume that Zj ---+ Zoo for some 
Zoo E Coo" U. Then Zoo E Ff , all the iterates fn, n = 1,2, ... , are equicontinuous 
in a neighbourhood of Zoo and, given E > 0, Irj (Zj) - r j (zoo) I < E for j large 
enough. Since r j (Zj) E D for all j, this would show that the sequence (r (zoo)) 
accumulates on D, a contradiction. 

Now, the union of all the orbits of critical points of f is at most countable, 
so D contains a point Zo satisfying all the requirements. D 

To continue, assume that m = deg f 2: 2 and 00 E F f . Then, the Julia 
set Jf is contained in C and there exists 'f] > 0 such that the 'f]-neighbourhood 
N'r/(Jf) = {z; d(z, Jf) < 'f]} of the Julia set contains no poles of f. Let 

M = M('f]) = max{If'(z)l; Z E N'r/(Jf)}. (5.2.1 ) 

Since Jf contains a repelling periodic point Wo, I (fk)'(wo) I > 1 for some k 2: 1 
and M('f]) 2: M(O) = maxJf 1f'1 > 1. Choose Zo satisfying conditions of Lemma 
5.2.2. Since we may replace Zo by any point of j-j({zo}), we may assume that 

00 

U f-n( {zo}) C N'r/(Jf)· 
n=O 

With these assumptions and notation we have 

Theorem 5.2.3. [Gal dimH Jf 2: log m/ log M. 

Let Zo E Ff be as above. Set 

and -n fJn = m . 

(5.2.2) 

(5.2.3) 

Oz being the Dirac measure supported by z. Then (fJn) is a sequence of probability 
measures on Coo. It contains a converging subsequence (fJnk)· Let fJ = limk--->oo fJnk. 



164 Chapter 5. Hausdorff dimension 

The theorem will follow from Proposition 5.1.6 if we prove that the measure 
f-l is s-continuous with s = log m/ log M. Since s-continuity of f-l follows from s
continuity of the measures f-ln, it is sufficient to show that the measures (5.2.3) 
satisfy 

(5.2.4) 

for all n E N, z E Coo, r > 0 small enough and some C > O. For this purpose, we 
shall prove two lemmas. 

Lemma 5.2.4. dn :::; M· dn +l . 

Proof. Take any w E Jj and z E j-(n+l)(zo). If Iw - zl :;::. 'T], then (5.2.2) yields 
inequalities dn :::; 'T] < M'T] :::; Mlw - zI. If Iw - zl < 'T], then the segment [w, z] is 
entirely contained in NT}(Jj), 1f'1 :::; M along it and dn :::; Ij(w) - j(z)1 :::; Mlw-zl 
since j(w) E Jj and j(z) E j-n({zo}). 0 

Next, let C = {Cl, ... , Cl} be the set of all the critical points of j in Jj . None 
of the points of C is periodic. Indeed, if f' (Cj) = 0, Cj would be attracting and, if 
periodic, would belong to the Fatou set Fj. Therefore, we can choose an integer 
p> 0 such that jP(C) n C = 0. Next, we can find p > 0 such that the open discs 
D(cj,2p) are pairwise disjoint, IUP)'I < Ion each of them and d(C, jP(C)) > 4p. 
Let 

I 

Y; = Jj " U D(cj,p). 
j=l 

Since the set Jj is compact, we can choose T > 0 such that j is univalent (that 
is, injective) on any disc D(z, T) with z E Jj and an integer q :;::. 1 such that 
do/Mq < minh, p, T}. 

Lemma 5.2.5. The inequality 

(5.2.5) 

holds jar all z E J j, n :;::. 1 and k :;::. q. 

Proof. Since # j-n( {zo}) :::; mn, it is clear that (5.2.5) holds for k = q and all 
n:;::' 1. Also, if k > q and 1:::; n :::; k + 1, then by Lemma 5.2.4, 

and inequality (5.2.5) is satisfied trivially. 
We shall continue by induction on k. We assume that our inequality holds 

for some k, all z E Jj and all n :;::. 1 and we prove that it holds for k + 1, all z 
and all n > k + 1. We split the inductive step into two cases: (i) z E Jj and (ii) 
z E Uj D(cj,p). 
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In case (i), since do/Mk+l :S do/Mq < min{7],r}, I is univalent on the 
disc D(z,do/Mk+l) and 1f'1 :S M there. It follows that I maps this disc into 
D(f(z), do/Mk) and therefore, by inductive assumption, 

#[D(z, M:O+l) n rn( {zo})] :S #[D(f(z), :k) n r(n-l)( {zo})] 

:S m(n-l)+q-k = mn+q-(k+l). 

In case (ii), since do/Mk+l :S do/Mq < p, we see that I(fP)'1 :S 1 on the 
disc D(z,do/Mk+l) and that IP maps this disc into D(fP(z),do/Mk+l). Clearly, 
#I-P({w}) :S mP for any wE D(fP(z),do/Mk+l). Also, IP(z) lies in J'j, so (5.2.5) 
holds there by case (i). It follows that 

d d 
#[D(z, Mko+l) n I-n( {zo})] :S mP. #[D(fP(z), Mko+l) n I-(n-p)( {zo})] 

:S mPm(n-p)+q-(k+l) = mn+q-(k+l). 

This completes the proof. o 

We can interpret (5.2.5) in terms of measures J.tn as 

(5.2.6) 

Passing to the limit when n ---> 00, we obtain (5.2.6) with J.t in place of J.tn. Finally, 
if dol Mk+l :S r :S dol Mk, then (5.2.6) yields 

with s = log m/ log M. This ends the proof of Theorem 5.2.3. o 

The result presented above is rather simple and general. The past 20 years 
have brought at least 50 papers devoted to Hausdorff dimension and related mea
sures for Julia sets, where several more specific and deep results have been ob
tained. Among them, Sullivan [Su3] has shown that Julia sets behave quite analo
gously to the limit sets of Fuchsian groups and that, in some cases, the Hausdorff 
dimension of J I depends analytically on the coefficients of rational maps I, a 
similar result was obtained by Ruelle [Ru2] (see [DS] for a short proof), Gar
nett [Gar2] provided a computer algorithm for computing dimH JI, Kotus ([Kol], 
[Ko2]) and Baranski [Bar] received some estimates of dimH JI for several families 
of non-rational meromorphic maps I, Bodart and Zinsmeister [BZ] proved a con
tinuity result for the function c ~ dimH Jle' Ie being the quadratic polynomial 
z ~ z2 + c. An interested reader is referred also to [DU1], [DU2], [JM], [UrI], [Zd] 
and comprehensive surveys [EL] and [Ur2]. 
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5.3 Dimension in foliated manifolds 

In this section, we are going to estimate Hausdorff dimension of Markov invariant 
sets and Markov exceptional minimal sets of a codimension-one foliation :F and 
to show that Hausdorff dimension of the holonomy pseudogroup of such an :F 
coincides with the dimension of the trace of the union of all the compact leaves 
of:F (if any) on a complete transversal. These results are related to the following, 
old but still open question in the theory of foliations. 

Is the Lebesgue measure of any exceptional minimal set of a codimension-one 
C 2 -foliation of a compact manifold equal to zero (see [La])? 

Theorem 5.3.5 below shows that the answer is "yes" in the Markovian situa
tion. In general, the answer is unknown and there exist examples of non-Markovian 
exceptional minimal sets (see [CC5]). 

To begin with, take a Markov system S = {hI, .. . , hm }, hi : Di ----+ R i , on 
the real line 1Ft. Throughout this section we keep the notation used in Section 
1.4. So, Di and Ri are open intervals, each interval Ri contains a compact non
degenerated subinterval K i, Ri n R j = 0 when i -I- j and either Ki n D j = 0 or 
Ki C Qj = h j l(Kj ). Let P = [Pij] be the transition matrix of S. We shall see that 
the dimension dimH Zo of the Markov invariant set Zo depends on the dynamics 
of the shift a p defined by P and of the strength of contraction of the maps hi. 
Our first result is analogous to that for Julia sets (Theorem 5.2.3). 

Theorem 5.3.1. If P satisfies condition (1.4.12) of Section 1.4 and S consists 
of C1-maps, then the Markov invariant set Zo has positive Hausdorff dimension. 
More precisely, if A is the largest positive eigenvalue of P and 

A = max{lh~(x)I, II(hi l )'(y)l; x E Qi, Y E K i , i = 1, ... , m}, (5.3.1) 

then 
. log A 

dlmH Zo ~ log A . (5.3.2) 

Proof. Let us recall again that we keep the notation of Section 1.4 and define 
probability measures on ffi. by 

(5.3.3) 

where Zn = U ES 8Kg , Pn = -21 #Zn = 2:m _ 1 p~Jn) and bx is the Dirac measure 9 n 2,J-
at x. Our goal is to estimate /In-measures of neighbourhoods of points of Zoo 

First, put 
1 1 

dn,k = max#[Znn(x- Ak'x+ Ak)]' 
xEZo 

(5.3.4) 

Then 
dn+l,k ::::: PI' (dn,k + 6) (5.3.5) 
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and 
dn+1,k+1 :::; dn,k 

when k is large enough to satisfy the inequality 

A-k < .min dist(Ki , K j ). 
",J'5,m 

167 

(5.3.6) 

(5.3.7) 

To prove (5.3.5) take any z E Zn+l n (x - 1k' X + 1k) such that z E 8Kg , 

where 9 = 91 0 92,91 E Sn and 92 E Sl. Since Kg C Kg" we have three possibilities: 
(1) Kg, c (x - 1k' X + 1k), 
(2) #[8Kg , n (x - 1k' X + 1k)] = 1, 
(3) (x - 1k' X + 1k) c Kg,. 
By definition, the sets Kg" 91 E Sn, are pairwise disjoint, therefore the 

number of 91 E Sn satisfying (1) is at most dn,k, (2) - at most 2 and (3) - at 
most 1. Since the number of all 92 E Sl is PI, (5.3.5) follows. 

To prove (5.3.6) just note that if k satisfies (5.3.7), then the Markov shift 
T (which is defined locally as the inverse of one of the hi's) maps (x - A;+" x + 
Ak\' ) n Zn+1 into (x - 1k' X + 1k) n Zn and it is one-to-one there. 

Inequalities (5.3.5) and (5.3.6) imply 

dn,k :::; dn+ko-k,ko :::; (dko,ko + 6) . Pn-k (5.3.8) 

for all k > ko and n > k, where ko is any number satisfying (5.3.7). Condition 
(5.3.8) can be read as 

(( 1 1) Pn-k 
/1n X - A k ' X + A k) :::; C1 . --, 

Pn 
(5.3.9) 

where C1 = ~(dko,ko + 6). Also, since Pn's are defined in terms of p;7)'s, the entries 
of the n-th power of the matrix P, there exists a constant C2 > 0 such that 
Pn-k/Pn :::; C2 . )..-k when n is sufficiently large. Therefore, (5.3.9) implies 

(5.3.10) 

for large nand k. 
Finally, if /1 is any point of accumulation of the sequence (/1n), k is large 

enough and A-(k+1) :::; r :::; A-k, then /1 is supported in Zo and (5.3.10) yields 

where 
k log).. 

S=--·--. 
k + 1 logA 

The theorem follows from Proposition 5.1.6. o 
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The estimate in (5.3.2) is sharp. For instance, the equality holds in the case 
of the standard 1/3-Cantor set discussed earlier in Examples 1.4.4 (b) and 5.1.7. 
Also, a simple modification (replace, for instance, homotheties of scale 1/3 by these 
of scale 1/(2 + E), where E is positive and small) of this example provides Markov 
invariant sets of dimension arbitrarily close to 1 (and equal to log 2/ log(2 + E) 
in the situation just described). We shall show that the dimension 1 cannot be 
reached by Markov systems S = {hI, ... , hm } consisting of C2-maps. The core 
of the proof of this fact consists in estimating carefully sizes of gaps in the sets 
Zn = n:=1 U{Kg;g E 8m } "converging" to the Markov set Zo (in the sense that 
- compare Definition 1.4.2 - Zo = Z " int Z, where Z = nn Zn). To this end, 
we begin by a series of lemmas coming from elementary differential calculus, the 
first of them being due to Sacksteder [Sa]. 

Lemma 5.3.2. If an interval [x, y], x, Y E JR., is contained in the domain of a map 
gn = hin 0 ... 0 hi" gk = hik 0 .. ·0 hil for k = 1, ... ,n - 1, go = id and 

(5.3.11) 

where z ranges over Q i or Ki and i over the set {I, ... , m}, then 

Ig~(x)1 :s; Ig~(y)l· exp (0 ~ Igk(X) - gk(Y)I) . (5.3.12) 

Proof. Since g~ = TIkh: k ogk-I, logg~ = I:klog(h:k ogk-d and, by the Mean 
Value Theorem, 

for some tk E (x, y). Therefore, 

Ilogg~(x) -logg~(Y)1 :s; o· L Igk-I(X) - gk-l(y)1 
k 

and this implies (5.3.12). o 
The next two lemmas provide some consequences of the previous one. Essen

tially, they are due to Matsumoto [MatI]. 

Lemma 5.3.3. Under the notation above, if J is a gap of Zo (i. e., J is a connected 
component of JR. " Zo) and Xo E aJ, then there exist positive constants 0- and 5 
such that 

n 

L Ig~(Yk)1 :s; 0- (5.3.13) 
k=O 

whenever IYk - Xo I < 5 and g = gn satisfies the condition 

(*) (xo - 5, Xo + 5) U J c Dg and the intervals J, gl (J), ... ,gn(J) are mutually 
disjoint. 
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Proof. Let A be the length of a compact segment containing all the intervals Qi 
and K i , i ::::: m. Then, by the Mean Value Theorem and Lemma 5.3.2, 

A;::: L Igk(J)1 = 111· L Ig~(tk)1 ;::: IJI· L Ig~(xo)le -°2.: j <k Igj(xO)-gj(tk)1 

k k k 

;::: IJle- BA L Ig~(xo)1 
k 

for some elements tk, k = 1, ... ,n, of J. Hereafter, IKI denotes the length of an 
interval K. 

Let a = 2AeAO /IJI and choose 5 so small that e°G'o < 2. The last inequality 
reads 

L Ig~(xo)1 ::::: ~a. (5.3.14) 
k 

Moreover, (5.3.12) implies that 

(5.3.15) 

for all y E (xo - 5, Xo + 5) and k ::::: n. In fact, since a ;::: 1, (5.3.15) holds for k = 1 
and if it holds for all k < l, then 

Igf(y)1 ::::: Igf(xo)l· exp (0 L Igk(Y) - gk(xo)l) 
k<l 

::::: Igf(xo)l· exp (0 L Ig~(tk)lly - xOI) ::::: Igf(xo)l· e°G'o ::::: 2Igf(xo)1 
k<l 

with some tk's in the interval with end points Xo and y. Clearly, (5.3.14) and 
(5.3.15) yield (5.3.13). 0 

Lemma 5.3.4. If s ::::: 1, Xo and 5 satisfy conditions of the previous lemma, K c 
(xo - 6, Xo + 6) is a closed non-degenerate interval and I = {h, ... , Ip}, p ;::: 2, 
is a finite family of pairwise disjoint intervals contained in K, then there exists 
.x > ° such that for any 9 satisfying (*) the inequality 

p 

L Ig(hW ::::: .x ·lg(K)IS (5.3.16) 
k=l 

holds. If s > so, where 

logp 
So = c---:-------:------,--

log(pa + p -1) -loga 
(5.3.17) 

for some a > 0, then.x can be chosen in such a way that .x < 1. 
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Certainly, given g, (5.3.16) holds for some A < 1. The essence of the lemma 
consists in that A can be chosen uniformly, the same for all maps 9 satisfying (*). 

Proof. For any k = 1, ... ,p choose a gap Jk of K -..... UI adjacent to h. Let 
ak = Ihl . IJkl-1 . exp(O(JIKI) and a = maxak. Inequalities (5.3.12) and (5.3.13) 
together with the Mean Value Theorem imply the relations 

Ig(h)1 Ihl Ig'(Xk)1 
Ig(Jk)1 IJkl· Ig'(Yk)1 

:s II~:II . exp (0 ~ Igj(Xk) - gj(Yk)l) 

:s II~:\ . exp (0 ~ 19j(K)I) :s i~:', . exp (OIKI ~ 19j(Zj)l) 

:s II~:II . exp(O(JIKI) = ak :s a 

for some points Xk, Yk and Zj of K. Since the number of gaps of K -.....I lies between 
p - 1 and p + 1, it follows that 

'"' pa ~ Ig(h)1 :s Ig(K)I· p(a + 1) - 1· 
k 

(5.3.18) 

Any function rjJ of the form 
1 p 

rjJ(s) = - 2:ak 
p k=l 

with al, ... , ap > 0 is convex on lR. Therefore, (5.3.18) implies (5.3.16) with 

(5.3.19) 

The last statement follows from the equality A(SO) = 1 and the property 
A'(s) < 0, S E JR, of the function A in (5.3.19). D 

The constant A in inequality (5.3.16) is "universal" in the following sense: 
if K' is a subinterval of K and IL k = 1, ... ,p, are subintervals of h n K', 
then this inequality remains true with the same A, K and Ik's being replaced 
respectively by K' and I~'s. Indeed, since the corresponding gaps J~ of K' -..... Uk I~ 
are larger than these of K -..... UI, a' = maxk(II~1 exp(O(JIK'I)/IJW :s a, s~ = 
logp/(log(pa' + p - 1) -log a') :s So and A' = p. (a' /(p(a' + 1) - 1) :s A. 

It is easy to check that So < 1 for any a > 0 in (5.3.17), so we always have 
(5.3.16) with some A < 1 and S < 1. This observation is crucial for the proof of 
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Theorem 5.3.5. [Wall] For any C 2 -Markov system S = {hI"'" hm }, m> 1, the 
Markov invariant set Zo satisfies the inequality 

dimH Zo < 1. (5.3.20) 

Corollary 5.3.6. Under the same assumptions, Zo has I-dimensional Lebesgue mea
sure zero. 0 

The proof of the theorem is essentially due to Cantwell and Conlon [CC5] 
who proved the above corollary. To get the theorem one needs some modifications 
consisting first and foremost in the use Lemmas 5.3.3 and 5.3.4. 

Throughout the proof we shall denote by A CXl , A c Zo, the set of all the 
points x of Zo such that rn(x) E A for infinitely many n in N. A point x E Zo 
will be called good when it admits a neighbourhood V open in Zo and such that 
dimH VCXl < 1. G will denote the set of all good points while B = Zo " G the set 
of all bad points. By definition, G is open in Zo while B is closed there. 

Lemma 5.3.7. If A eGis compact, then dimH ACXl < 1. 

Proof. There exist open sets VI"'" Vn covering A and such that dimH(Vi)CXl < 1 
for i = 1, ... , n. Since ACXl c (VI U··· U Vn)CXl = (VI)CXl U··· U (Vn)CXl' dimH ACXl :S 
dimH(VI U ... U Vn)CXJ :S maxi dimH(Vi)CXJ < 1. 0 

This Lemma shows that for the proof of the theorem it is sufficient to show 
that B = 0. If so, Zo = G is compact, (Zo)CXJ = Zo and dimH Zo < 1 as stated. 

So, we have to show that any point Xo of Zo is good. Evidently, all the isolated 
points of Zo are good. Therefore, we have to consider two cases: 

(i) Xo is a one-sided point of accumulation of Zo, 

(ii) Xo is a two-sided point of accumulation of Zoo 

Case (i). A one sided-point Xo belongs to oj for some gap J of Zoo Assume, 
for instance, that Xo = inf J. (The case Xo = sup J is quite similar.) Let 5 and (J 

satisfy conditions of Lemma 5.3.3. Since Zo has empty interior, we can find 5' < 5 
such that Xo - 5' ~ Zo and put V = (xo - 5',xo] n Zoo 

Assume first that Xo is non-cyclic, i.e., that rk(xo) =I- Xo for all k > O. This 
allows us to apply Lemma 5.3.4 to any segment K of the form Kg n (xo - 5', xo] 
with 9 E Sno' where no E N is fixed and sufficiently large. Let K be the family 
of all such segments K. For each K E K denote by IK the family of all the 
segments of the form K n Kh with h E Sno+I. Then, choose positive constants 
SK < 1 and AK < 1 satisfying (5.3.16). Put s = maxsK and A = maxAK. 
For any n E N the families An = {g(K) n VCXJ ; 9 E SI, l 2 nand K E K} and 
A~ = {g(I) n V CXJ; 9 E SI, l 2 n,I E I K and K E K} cover V CXJ and, by inductive 
application of Lemma 5.3.4, 

L (diamA')s:s A L (diamA)S < 00. 

A'EA;' 
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If no is large enough, all the sets Kg (9 E Sno) are either contained in or disjoint 
from (xo - 8',xo] and then, by the Markovian property of our system S, A~ = 
An+!. Consequently, HS(An) -+ 0 and diamAn -+ 0 as n -+ 00. This implies that 
HS(Voo) = 0, dimH Voo ::; 8 < 1 and Xo E G. 

Next, assume that Xo is cyclic, rP+!(xo) = Xo, P 2:: 0 being the smallest 
possible. Let X = {XO,X1, ... ,Xp}, where Xk = rk(xo). Also, let {Y1, ... ,Yr} = 
r-1(X) "X and for each j ::; r find 9j E Snj such that 9j(Xo) = Yj and nj EN 
is the smallest possible. Choose an open interval U and l E {I, ... , m} such that 
Xo E V = Un zo n K 1• 

Lemma 5.3.8. Voo = U;=l (9j V)oo u A, where A is a countable set. 

Proof. Find numbers jo, ... ,jp E {I, ... ,m} such that hji(Xi) = Xi+1 and put 
90 = hjp 0 ···0 hjo. Then, 90(Xo) = Xo and - since points of Zo fixed by 90 are 
r-periodic and r is semiconjugate to the shift (lp : Xp -+ Xp via a two-to-one 
map - there exists at most one other point x~ E Zo n Kl fixed by 90. Let A be 
the union of the g(S)-orbits of Xo and x~. Clearly, A is countable and 

To complete the proof take any Y E Voo and let n1 < n2 < ... be such a 
sequence of natural numbers that rnj (y) E V for all j. Set Vo = V and Vi = hji_1 0 
.. . ohjo(V) when i 2:: 1. Since V = UnZOnKI and U is an interval, Vp+1 C Vo. For 
any j, rnj-1(y) E r-1(V) = VU9t1 (V)U·· ·U9tq (V) for some t1, ... , tq E {I, ... , r}. 
If rnj-1(y) E V1, then r nj - 2(y) E r-1(V1) = V2 U 9S1 (V) U··· U 9s 1 (V) for some 

q 

81, ... , 8 q l E {I, ... , r}. Continue as long as possible. 
If rn(y) E Uj Vj for all large n, then there exists no E N such that z = 

rno (y) E V, 90n(Z) is defined and lies in V for all n 2:: O. In other words, z E 

nn 90(KlnZo) = {xo, x~}. This implies that YEA. If r mk (y) E 91(V)U·· ·U9r(V) 
for some m1 < m2 < ... , then Y E Uj (9j V)oo. 0 

The points Yj are not periodic. By previous arguments, one can shrink V, if 
necessary, in such a way that dimH(9j V)oo < I for all j. Since dimH A = 0, the 
lemma above implies that dimH Voo ::; maxj dimH(9jV)oo < 1 and x E G. 

In this way, we have proved that all the one-sided points of accumulation of 
Zo are good. 

Case (ii). Assume that Zo accumulates on a point Y from both sides and 
that Y is bad. Then, Y lies in the interior of Kl for some l E {I, ... , m} and there 
exist a gap J = (a, b) of Zo and an admissible sequence j = (11,···, jno) such 
that Kg = [c, Ii] C Kl and a < b < c < Yo < d, where 9 = hi! 0 ···0 hjno and 
Yo = min(B n [b, +00». 

Write Sno = {!1, ... , Ip+r}, where the enumeration is chosen in such a way 
that KJ; n (a, c) = 0 if and only if i ::; p. Express each Ii in the form Ii = hai 09i, 
where ai E {I, ... ,m} and 9i E Sno-1. Let It = ha,lKgi and denote by g* the 
pseudogroup generated by the Markov system S* = {Ii, ... , I;}. Since S* consists 
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of restrictions of all the elements of Sno which contribute to Zo, the corresponding 
Markov invariant set Zo is sparser than Zo and therefore J is contained in a 
gap J* = (a*,b*) of Zoo By definition of Zo, (a,c) C J* and b* E Kg (see 
Figure 5.2). The corresponding shift T* defines the operation Zo :l A f--+ Aoo* = 
nn>O Uk>n(T*)-k(A) analogous to the correspondence Zo 3 A f--+ Aoo considered 
before. -

J Kg 
_ •••••.•...•••••••••••••••...•••••••••••••.....•••••••••••••.....••••••••••••• _-_____ ......5l. ____ ----

a*a b c b*yo d 

Figure 5.2: Gaps of Zo and Zo. 

Lemma 5.3.9. For any V C Zo one has 

r 00 
Voo c U(Ai)oo U U T-k«V n Z~)OO*), (5.3.21) 

i=l k=O 

where Ai = K fp+i. 

Note that from the definition of Aoo it follows directly that T-k(Aoo) C Aoo 
for all k ~ 0 and A, but here we deal with the operation (-)00*' so the statement 
of the lemma is not trivial. 

Proof. Let x E Voo. If Tk(X) E Zo for some k ~ 0, then one can find infinitely 
many n ~ k for which Tn(X) = (T*)n-k(Tk(x)) E V. Then, Tk(X) E (V n Zo)oo* 
and x E T-k«V n Zo)oo*). 

If Tk(X) ¢. Zo for all k ~ 0, then for any k ~ 0 there exist n ~ k such that 
Tn+k(x) ¢. Uf=l KJ;- Also, Tn(X) lies in the union of all KJi's, i ~ P + r, just 
because x lies in Zoo Therefore, there exist infinitely many natural numbers n for 
which Tn(X) E U~ K fp+i = Ui Ai. This means that x E (Al)oo U··· U (Ar)oo. 0 

To complete the proof of the theorem we intend to consider all possible 
positions of b* and to arrive at a contradiction in all the cases. This will show that 
the assumption y E B is false and B has to be empty. 

(1) b* = d. Then (a, d) n Zo = 0 and V = (a, d) n Zo satisfies, by (5.3.21), 

r r 

i=l i=l 

By the construction; each Ai is compact and contained in (b, c), therefore in G. 
Consequently, dimH~(Ai)oo < 1 and dimH Voo < 1. Since Yo E V, Yo E G, a 
contradiction. 

(2) b* < d and (T*)-n({b*}) = 0 for some n ~ 1. Then, any neighbourhood V 
of Yo contained in (c, d) nzo satisfies (VnZo)oo* = 0 and, as before, dimH Voo < 1, 
Yo E G, a contradiction. In fact, since the set (T*)-n( {b*}) is empty, b* belongs to 
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the domains of only finitely many maps of G*. Since b* E K{, K{ intersects only 
finitely many such domains and (K{ n ZinXJ* = 0. 

(3) b* < d and (T*)-n( {b*}) =1= 0 for all n E N. That is, b* lies in the domain 
of infinitely many maps g* E g*. In this case, we have to apply Lemmas 5.3.3 and 
5.3.4 to S* and J*. From the proof of Lemma 5.3.3 it follows that the corresponding 
constants 6* and 6 for J* and J can be chosen in such a way that 6* 2': 6. Without 
losing generality, we may assume that Kg C (b* - 6, b* + 6). Therefore, estimates 
analogous to (5.3.16) can be obtained for segments K C Kg and the canonical 
extensions of maps of g*. (The canonical extension of a map fi, 0 ... 0 fik is just 
ha . 0··· 0 ha . . ) Consequently, 

J1 Jk 

where V = (a, d)nZo. This inequality together with (5.3.21) shows that dimH Vex> < 
1 and that Yo E G, a contradiction. 

This completes the proof of Theorem 5.3.5. 0 

The last result presented in this section concerns the transverse Hausdorff 
dimension of co dimension-one foliations. 

Theorem 5.3.10. [IWa] If F is a transversely oriented codimension-one C 2-folia
tion of a compact manifold M and the leaves of F are not dense, then 

dim1} F = dimH(C(F) n T), (5.3.22) 

where C(F) is the union of all the compact leaves of F and T is a compact complete 
transversal. 

Proof. The inequality 
dim1} F 2': dimH(T n C(F)) 

follows directly from Proposition 5.1.9 and the fact that the holonomy of FIC(F) 
is trivial. 

To prove the converse, fix s > dimH(C(F) n T), rJ > 0 and c > O. Recall 
once again (compare Section 3.6) that the centre Z(F) = C(F) U El U··· U Em is 
compact and contains finitely many exceptional minimal sets E i . Moreover, each 
leaf L of F accumulates on Z(F): L n Z(F) =1= 0. 

The Sacksteder Theorem [Sa] allows us to choose points Zi E T n E i , i = 
1, ... , m, and contracting holonomy maps hi defined in some transverse segments 
Ji containing Zi. 

Since the set C(F) is compact, we can cover it by a finite number of mutually 
disjoint foliated I-bundles (some of them degenerating to single leaves isolated in 
C(F)) C l , ... , Cn bounded by closed leaves Lj and Lj semi-isolated in C(F). 
Choose fibres I j = [Xj, Yj] C T of Cj and extend them to slightly larger segments 
Ij = [xj,yj] such that the segments [xj,Xj] and [Yj,vi] are attracted to Xj and 
Yj by the global holonomy groups fj of FICj . More precisely, for any j = 1, ... n 
and 6 > 0 there should exist holonomy maps fJ and fj in f j which extend to Ij 
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and bring xj ( resp., yj) to within distance b of Xj (resp., Yj). Shrink segments Ij, 
if necessary to I" = [x" yll] in such a way that Xl < x" < X· y. < y" < yl and , J J' J J J J, J J J 
Ijl n Ir = 0 whenever j i= k. Set 

Tn n 

Tl = U Ji U U Ijl. 
i=1 j=1 

Tl is a complete transversal for F. 
For any j ::; n, choose a finite symmetric set r~ generating r j. Without loss 

of generality we may assume that the previously chosen segments Ij are so small 
that all the members of r~ extend to holonomy maps defined on Ij. Let Hl be the 
subpseudogroup of the holonomy pseudogroup HT' generated by the contractions 
hi, i ::; m, and the holonomy maps of r~ (extended to Ijl), j ::; n. 

Since s > dimH(C(F)nT), we can cover TlnC(F) by segments K 1, ... ,KN 
with endpoints in C(F) and lengths IKil ::; E, and such that 

N 

L IKii s < 1]. 
i=l 

Put b = ~Emax{l, IK11, ... , IKNI}. For any j, choose holonomy maps gj 
(resp., gn in rj which extend to Ij and bring xj (resp., yj) to within distance 
5 of Xj ~resp., Yj). Also, for any gap (i.e., a connected component) U = (a, b) of 
I j " Ui Ki choose - at the same time - points c, d E U, c < d, and holonomy 
maps fi] (resp., N;) which bring d (resp., c) to within distance b of a (resp., b). 

Take any i ::; N. If Ki = [a,;3] C (Xj,Yj), then take the gaps U- and U+ 
adjacent to K i , such that, say, a E ()- and (J E ()+, denote by V- (resp., V+) 
the ,s-neighbourhood of a (resp., (3) and put 

If Ki = [Xj,;3] C I j , then take U+, V+ and fi;+ as before and put 

Ai = {hlintKi, hogj1lWj, ho (f;;"+)-llV+; h E r~}, 

where Wj = (Xj - 5, Xj + b). Define Ai similarly when Ki = [a, Yj]. Finally, for 
any i ::; m choose an exponent ni E N such that the image h7i (Ji ) has diameter 
less than E and put 

A = {h-: ni h-:-(ni +1). i < m} U Au .. · u A t , t , _ 1 N· 

The set A generates Hl, the diameters of the domains of the maps in A do 
not exceed E and 

L(diamDh)S ::; 2mEs + max#r~. (1 + 2Es h 
hEA J 
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It follows that HS(H/) < (Xl and s ~ dimH H'. Since dimH 1{' ~ dim1} .1' by 
Proposition 5.1.9, we obtain the required inequality 

o 

Remark 5.3.11. (i) The argument above shows that dim1} .1' = 0 when .1' is mini
mal with non-trivial holonomy. One has just to take as T' any arbitrarily short seg
ment transverse to .1', choose any finite set AD generating HT, a point Xo E int T' 
and two holonomy maps h1 and h2 attracting the end points of T' to within dis
tance E of Xo. Then the maps go h11 and go h21, 9 E AD, will generate H T , while 
their domains will have diameters at most 2E. This will yield HS(HT') = 0 for any 
s> O. 

(ii) The Denjoy diffeomorphism f of 8 1 (Example 1.2.2) admits a minimal 
invariant set X such that fiX preserves the I-dimensional Lebesgue measure >.. 
Since >'(X) > 0, dimH X = 1. Since f has no periodic points, its suspension .1' 
has no compact leaves, dimH (C(.1') n T) = 0 while dim1} .1' = 1. Therefore, the 
assumption of C2-differentiability in Theorem 5.3.10 is essential. 

(iii) If .1' is minimal with trivial holonomy, then we are not able to determine 
its transverse Hausdorff dimension. For instance, such an .1' can be Riemannian 
and then dim1} .1' = co dim F. On the other hand, Arnold [Ar] produced an exam
ple of an analytic diffeomorphism f of 8 1 with an irrational rotation number p(J) 
obtained as the limit of a sequence of rationals with "small denominators". The 
suspension .1' of f is minimal and its leaves have trivial holonomy since they are 
simply connected. It is possible to show that dim1} .1' = O. See [IWa] for details. 
Till now, we do not know examples of holonomy free minimal foliations of codi
mension 1 for which the transverse Hausdorff dimension is strictly positive and 
strictly less than 1. 

5.4 Dimension of a hyperbolic boundary 

It is easy to imagine that the Hausdorff dimension of the boundary of a hyperbolic 
space may be infinite. However, the most natural hyperbolic spaces, Riemannian 
manifolds of negative sectional curvature and finitely generated hyperbolic groups, 
as well as metric spaces quasi-isometric to such objects, have boundaries of finite 
Hausdorff dimension. The main reason for that is the following: the "areas" of 
spheres in such spaces grow at most exponentially. 

Definition 5.4.1. A hyperbolic metric space (X, d) grows at most exponentially 
when there exist positive constants a and (3 such that - for a fixed point Xo E X 
- each sphere 8(r) = {x E X; d(xo, x) = r} ofradius r > 0 and centre xo contains 
a finite set Z such that the balls B(z, 1), z E Z, cover 8(r) and 

(5.4.1) 
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Example 5.4.2. (i) If G is a hyperbolic group, X is its Cayley graph determined by 
a finite symmetric generating set G1, n E Nand S(n) = {g E G; d(e, g) = n}, then 
#S(n) ::; en, where e = #G1. This implies that X grows at most exponentially. 

(ii) If M is a simply connected complete n-dimensional Riemannian manifold 
of negative sectional curvature K, -b2 ::; K ::; -a2 < 0, then the volumes V(r) of 
balls of radius r in M satisfy inequalities of the form 

(compare (2.2.22) in Chapter 2) with some fixed positive constants a1,a2,c1 and 
C2. A maximal 1-separated set Z C S(r) (d(z, z') ::::: 1 when z, z' E Z and z i= z') 
is 1-dense: S(r) C UzEz B(z, 1). For such Z, #Z . V(1/2) :::; V(r + 1) - V(r - 1). 
More precisely, 

Clearly, this yields an inequality of the form (5.4.1) and shows that M grows at 
most exponentially in the sense of the above definition. 

Proposition 5.4.3. If a hyperbolic space X grows at most exponentially, then 

dimHaX < 00. 

Of course, we think about aX equipped with the metric dE defined for some 
c > 0 as in Section 1.5. 

Proof. Let B(n) = {Bin), Z E Zn}, be a minimal cover by unit balls of the sphere 

S(n) centred at a fixed point Xo EX. Define the cover U(n) = {U~n); z E Zn} of 

aX as follows: Xoo E U~n) if and only if there exists a geodesic ray "I originated at 
xo, representing Xoo and intersecting the ball Bin). 

If Xoo and Yoo lie in U~n), then the Gromov product (-I·) based at Xo satisfies 
the inequality 

(xooIYoo) ::::: n - 3. 

In fact, let "10 and "11 be intersecting B~n) and originated at Xo rays representing 

Xoo and Yoo. Choose points "Io(t) and "11(8) of Bin). Then, n - 2:::; 8, t :::; n + 2, 

dbo(n + i),"I1(n + j)) :::; dbo(n + i),"Io(t)) + db1(n + j),"11(8)) + 2::; i + j + 6 

and 

for any i and j of N. 

It follows that diam uin ) ::; exp(3c) . exp( -nc). If f3 - c8 < 0, where a and f3 
are constants involved in (5.4.1), then 

L (diam uin )) S ::; ae3sE eC(3-SE)n ---> 0 
zEZn 
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when n ---7 00. This shows that 

D 

The next result concerns the Hausdorff dimension of the pseudogroup Q(f) 
generated by a hyperbolic group f acting on the boundary ax of its Cayley graph 
X = C(f,f 1), fl being any finite generating set. 

H f is non-elementary, then it contains a hyperbolic element h which keeps 
some points Xoo and Yoo of ax fixed. The force of one of them, say x oo , is strictly 
less than 1. Then the force iI>(h, Yoo) has to be strictly bigger than 1. Take any 
finite set f 1 = {gl, ... , gN} generating f, kEN arbitrarily large and set f~ = 

{hk, glhk , ... ,gNhk}. Clearly, f~ generates f. Since iI>(hk , xoo) = iI>(h, xoo)k can 
be arbitrarily close to 0, the maps gihk and (gihk)-l, i = 1, ... ,N, contract some 
balls B(xoo, R) and B(yoo, R), respectively, into themselves. Therefore, each of the 
maps gihk has exactly two fixed points x~ and y~ in ax. By the classification of 
elements of f, f~ consists of hyperbolic elements only. 

In this way, we have obtained 

Proposition 5.4.4. Any non-elementary hyperbolic group can be generated by hy
perbolic elements. D 

Let us keep the above notation for a while. Take any E > 0, let U = B(xoo,~) 
and V = B(yoo, ~). Observe that, if k is large enough, hk maps ax" U into V 
while h- k maps ax " V into U. The maps 

generate Q(f) and have domains of diameter::; E. It follows that 

for all s > O. This implies 

Proposition 5.4.5. If f is a non-elementary hyperbolic group, then 

dimH Q(f) = o. (5.4.2) 

D 

The reader can easily see that what we really needed in the proof of this 
proposition was exactly the existence of a hyperbolic element. Therefore, this 
proposition can be formulated in the form of 

Proposition 5.4.6. If a finitely generated group f of isometries of a hyperbolic 
metric space X contains a hyperbolic element, then equality (5.4.2) holds. D 
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5.5 Dimension of a limit set 

Let us consider again a discrete group r of Mobius transformations of the open 
unit ball B c ]Rn. Recall that the limit set A of r consists of all the points 
Xoo E S = BB for which ')'j(x) -+ Xoo for some ')'1,')'2,'" E r and x E B. We shall 
suppose that r is convex co-compact, i.e., that the action of r on the convex hull 
C(A) of the limit set A = A(r) has a compact fundamental domain D. That is, 
there exists a compact subset D of B such that the orbit of any point of C(A) 
meets D. Our goal here is to prove 

Theorem 5.5.1. [Su2] If r is convex co-compact, then 

dimH A(r) = 6(r), (5.5.1) 

where 6(r) is the exponent of convergence of r. 
Recall (Section 4.8) that 6 = 6(r) is defined as the largest lower bound of 

the set of all s > 0 for which the Poincare series 

Ps(x,y) = Lexp(-sd(x,')'(y))) 
,Er 

of r converges for some (equivalently, any) x and y of B. 
Theorem 5.5.1 follows directly from 

Theorem 5.5.2. If r is convex co-compact, then there exists a positive constant 
a > 0 such that 

(5.5.2) 

where J.lo is the Patterson~Sullivan measure considered in Theorem 4.8.12 and Hii 
is the 6-dimensional Hausdorff measure on A. 

To prove Theorem 5.5.2 define the measure 

and observe that J.lo is absolutely continuous with respect to m. Let 

f = dJ.lo 
dm 

(5.5.3) 

be the Radon~Nikodym derivative. Since J.lo satisfies the transformation rule 
(4.8.17) and - by definition (4.8.14) of the distortion 1,),'1 of')' E r - the similar 
holds for H Ii , f is r -invariant. By Theorem 4.8.12, f has to be constant a.e. on 
Ac, the conical limit set of r. To complete the proof we have to show that Ac = A 
and that f cannot be identically 0 nor 1 on Ac. We shall do all of that in a series 
of lemmas and propositions. 

Proposition 5.5.3. If r is convex co-compact, then Ac = A. 
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Proof. Let Xoo E A and x E C(A). The geodesic ray (T joining x to Xoo is entirely 
contained in C(A). If D is a compact fundamental domain for f acting on C(A), 
then the ray (T meets infinitely many images 'Yj (D) with 'Yj E f, j = 1,2 .... 
If y ED, then the hyperbolic distances between 'Yj (y) and some points of (T, 

say cr(tj) with tj / 00, are bounded by the diameter of D. Since any tubular 
neighbourhood (of a fixed radius) of a geodesic ray is contained in a Euclidean 
cone with the vertex at the end point of the ray, this shows that 'Yj(Y) converges 
to Xoe within a Euclidean cone, i.e., Xoo is conical. 0 

Next, let us recall that D(x,y,r), X,y E B, r > 0, is the set of all the points 
Zoo E 8 for which the geodesic ray joining x to Zoo meets the hyperbolic ball 
of radius r and centre y. D(x, y, r) turns out to be a ball in (8, dx ), dx being 
the distance function given by (4.8.13) in Chapter 4. Clearly, the centre of this 
ball coincides with the end point of the geodesic ray which originates at x and 
passes through y. An elementary calculation in hyperbolic trigonometry (see, for 
example, [Bel], p. 147) shows that the dx-radius p = p(x, y, r) of this ball satisfies 
the relation 

tanp'sinhd(x,y) =tanhr, 

where d denotes the hyperbolic distance in B. For x =1= 0 this yields 

where L is the inversion with respect to the unit sphere 8. For x 
reduces to 

tanh r . (1 _ IYI2) 
tanp = 21yl . 

(5.5.4) 

0, (5.5.4) 

(5.5.5) 

Lemma 5.5.4. For any r1 > r2 > 0 there exist positive constants C1, C2 and C3 such 
that 

whenever x, y E B, d(x, y) :::; r2, d(O, x) ::::: C3 and d(O, y) ::::: C3' 

Proof. From (5.5.5) it follows that 

tan p(O, y, r1 + r2) 
tanp(0,x,r1) 

tanh(rj + r2) Ixl 

tanh r1 Iyl 

(5.5.6) 

If c~ > ° is large enough and d(O,x)::::: C3, then tanp(O,x,rd:::; 2p(0,x,rd. Since 
tan t ::::: t for all t E [0, ~), it follows that 

p(0,y,r1 +r2) < a. 1-lyl 
p(0,x,r1) - I-lxi' 
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where a > 0 is a positive constant which depends in fact on rl and r2 only. Finally, 
by (4.8.2), 

1 - Iyl < 2ed(O,x)-d(O,y) < 2ed(x,y) < 2eT2 

l-Ixl - --
and this yields the first inequality in (5.5.6). The proof of the second one is quite 
similar. D 

Now, denote by B(xoo, r) the common part of S and the Euclidean ball of 
radius r > 0 and centre Xoo E S. With this notation we have the following. 

Lemma 5.5.5. If f is convex co-compact, then there exist positive constants c, C 
and ro such that 

(5.5.7) 

whenever Xoo E Ac and r :S roo 

Proof. Let D be a fundamental domain for f acting on C(A) and D,,, be the TJ
neighbourhood of D: Dry = {x E B;d(x, D) :S TJ}. Take TJ large enough to satisfy 
o E Dw Let r2 be the hyperbolic diameter of Dry. Since Xoo lies in Ac , the geodesic 
ray joining 0 to Xoo is covered by some images ,(Dry), , E f. Also, given r small 
enough and rl > r2, there exists a unique point y on this geodesic ray for which 
B(xoo,r) = D(O,y,rl). Then, y E ,(Dry) for some, E f, d(y,,(O)):S r2 and 

D(O, ,(0), rl - r2) C D(O, y, rl) C D(O, ,(0), rl + r2). 

It follows that 

If r is small enough, then r ~ p(O, y, rl). More precisely, 

1 - c < p(O, y, rd < 1 + c 
- r -

for some c > O. Dividing all the quantities in the previous inequalities by r8 and 
applying the last ones together with Lemma 5.5.4 yields 

(5.5.8) 

Since f is convex co-compact, /-Lo cannot reduce to a single atom and, as in 
the proof of Theorem 4.8.12, 

1 
/-Lo(D(r(O), 0, R)) ~ 2(/-Lo(A) - mo) > 0 



182 Chapter 5. Hausdorff dimension 

for almost all T E rand R large enough. Here again, rno denotes the largest mass 
of an atom of /-lO. 

Also, moving our "eye" from 0 to T(O) yields 

/-lo(D( T(O), 0, R)) = /-IT-1 (0) (D(O, T- 1(0), R) = r p( T- 1 (0), Yoo)1i d/-lo(Yoo), 
} D(O,T-l(O),R) 

and, by (4.8.22) in Chapter 4, 

for some positive constants a1 and a2. When IT- 1 (0)1 is close to 1, then (by (5.5.5)) 
1-IT-1 (0)1 is close to p(0,T- 1 (0),R) and (5.5.9) yields 

(5.5.10) 

for other positive constants b1 and h Recall that (5.5.10) holds for all but finitely 
many T E r. 

Comparing (5.5.8) with (5.5.10) written for R = r1 ± r2 and T = ,),-1 yields 
(5.5.7). [] 

Inequalities (5.5.7) imply (by arguments similar to those in the proof of 
Proposition 5.1.6) that the Radon-Nikodym derivative f in (5.5.3) cannot be 
identically either 0 or 1. This completes the proof of Theorem 5.5.2. [] 

The same result, dimH A = b'(r), was obtained by Sullivan [Su4] and Tukia 
[Tu] for geometrically finite Kleinian groups. Quite recently, Bishop and Jones [BJ] 
proved the equality dimH Ac = b'(r), Ac being the conical limit set of arbitrary 
discrete group r of Mobius transformations of the 3-dimensional ball, by means 
of definitions and elementary properties of Mobius transformations only. Also, 
one can observe a great interest in relating different geometrical data like entropy 
of the geodesic flow, Hausdorff dimension of the limit set of the fundamental 
group, Hausdorff measures etc. on negatively (or, non-positively) curved manifolds. 
Presentation of these beautiful and important ideas goes beyond purposes of this 
book. Interested readers are referred to, among many other papers, the series of 
papers [Haml]-[Ram5] (see also references there), the survey [ERS] and several 
books ([BGS], [Ni] etc.) devoted to these and related topics. 



Chapter 6 

Varia 

In this chapter, we collect different results related to some topics (like entropy 
or harmonic measures) discussed before. In the first section, we follow beautiful 
ideas due to Attie and Hurder [AB] who have shown that geometry of Riemannian 
manifolds quasi-isometric to leaves on compact foliated manifolds cannot be very 
chaotic in the sense that, on such a manifold, the maximal number of non-quasi
isometric pieces of a given radius grows at most exponentially as a function of the 
radius. In Section 2, we introduce, after Inaba and Tsuchiya [IT], the notion of 
expansivity for pseudogroups and foliations and prove that expansive foliations of 
codimension 1 have strictly positive entropy and, therefore, contain some resilient 
leaves. In Section 3, we show how to calculate entropy of a group in terms of sep
arated pseudo-orbits. This should provide a computational method of calculation 
(or, estimation) of entropies of groups, pseudogroups and foliations. Finally, Sec
tion 4 is devoted to the study of topology of generic, with respect to any harmonic 
measure, leaves. Following Ghys [Gh3] we show that there are just six topological 
types of such leaves in dimension 2. 

6.1 Complexity growth 

Let (X, d) be a metric space. Fix R > 0 and c ?: 1 and define the number 
Nx(R, c) as the smallest number k of metric spaces (Zl' dI), ... , (Zk' dk) such 
that diam Zi :S R and any subset Y of X with diam Y :S R is c-quasi-isometric to 
a subset of one of the spaces (Zi' di ). Also, put Nx(R, c) = 00 when such k's do 
not exist. 

Definition 6.1.1. The type of growth of the function R ~ N x (R, c) is called the 
type of c-complexity growth of (X, d). 

Let us begin with the simplest examples and properties of this notion. 
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Example 6.1.2. If X is compact, its complexity growth type is constant. The same 
holds when X is homogeneous, i.e., when any two points x and y of X admit an 
isometry f of X such that f(x) = y, or when X is a (metric) covering of a compact 
space. To produce an example with Nx(R,E) = 00, take a real line lR and at each 
point t = n 2 (n E N) attach a large number k, say k = 2n , of segments of large 
length l, say l = n. Given E :::: 1 and R > 0, there exists no E N such that the balls 
B(n2 ,R) and B(m2 ,R) are not E-quasi-isometric for all nand m:::: no. 

Proposition 6.1.3. If two metric spaces (X, d) and (X', d') are quasi-isometric, 
then for any E :::: 1 there exists E' :::: 1 such that the types of E' -complexity growth 
of X' and E-complexity growth of X are the same. 

Proof. If X and X' are >--quasi-isometric via maps f : X ---7 X' and g : X' ---7 X, 
Y' c X' has diameter:::; Rand Y = g(Y') is E-quasi-isometric to a space Z of 
diameter:::; (R + 1)>- via maps cp : Y ---7 Z and 'if; : Z ---7 Y, then Y' is E"-quasi
isometric to Z via the maps ¢/ = cp 0 g and 'if;' = f 0 'if; , where E" = >-E + max {A , E}. 
Multiplying the metric on Z by a constant factor R/[(R+1)>-] we achieve diam Z :::; 
R. With this new metric, cp' and 'if;' become E'-quasi-isometries for some E' which 
depends on E and >- only. This shows that Nx,(R,E') :::; Nx(>-(R+ l),E). In the 
same way, Nx(R,E'):::; Nx,(>-(R+ l),E). 0 

The examples above show that we can easily produce metric spaces with 
arbitrarily large complexity. This is not true in the case of Riemannian manifolds 
of bounded geometry. 

Proposition 6.1.4. If (M, g) is a complete Riemannian manifold of bounded geom
etry, then, for any E large enough, its E-complexity growth is at most that of the 
function exp 0 expo 

Proof. Recall that "bounded geometry" means here that the sectional curvature 
K of M is bounded by some constants a and b, ~OO < a :::; K :::; b < 00, and the 
radius of injectivity r(x) of M is bounded from below by a positive constant ro: 
r(x) :::: ro > 0 for all x E M. 

The curvature bound from below implies that the volumes of balls of radius 
R are bounded from above by a number V(R) :::; cea'R where c and a' are positive 
constants which depend on the curvature bounds and the dimension on M. The 
other curvature bound together with the bound for injectivity radius imply that 
the volumes of balls of radius 1] :::; ro are bounded from below by a positive 
number v(1]). Therefore, there exists another constant c' > 0 such that if Z = 
{Zl,"" zd c B(x, R) c M is a maximal 1]-separated set, then k = #Z :::; 
V(R)/v(1]/2) :::; c'ea'R. Also, if 1] < ~, then B = B(x,R) is 1-quasi-isometric 
to Z via the maps id : Z ---7 Band f : B ---7 Z defined by f(y) = Zi, where 
i = min{j;d(y,zj) < 1]}. 

For any such Z define the pattern of intersection as 

{(Z, z') E Z x Z; B(z, 1]) n B(z', 1])} =I- 0. 
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If Z and Z' have the same cardinality and the same pattern of intersection, then 
there exists a bijection ¢ : Z ---+ Z' such that B(¢(z), TJ) n B(¢(z'), TJ) =I- 0 if and 
only if B(z, TJ) n B(z', TJ) =I- 0. The map ¢ is a 2-quasi-isometry. Since the number 
of possible patterns for sets consisting of k elements does not exceed the number 
of all possible subsets of the set {I, ... , k} x {I, ... , k} we can conclude by 

for all R and all E large enough. o 
Later on, we shall show that the estimate in Proposition 6.1.4 is sharp, i.e., 

that there exist complete Riemannian manifolds of bounded geometry which have 
super-exponential type of complexity growth. First, however, we shall prove that 
this cannot happen in the case of leaves of differentiable foliations of compact 
manifolds. 

Theorem 6.1.S. [AH] If L is a simply connected leaf of a C1-foliation F of a com
pact Riemannian manifold (M,g), then the type of complexity growth of (L,gL), 
gL being the Riemannian structure on L induced from M, is at most exponential. 

Proof. Fix a nice covering U of (M, F) and a complete transversal T. Let A c LnT 
be a finite (4R, E)-spanning set, E being small enough. This means that for any 
yET n L there exists x E A such that any curve "( : [0, 1] ---+ L originated at y and 
of length l("() :S 4R can be projected orthogonally to L in such a way that the 
projection Px("() is originated near x and dM("((t),Px("()(t)) < E for all t E [0,1]. 

For any z E B(y, R), the leaf ball of radius R centred at y, we can define a 
projection p(z) E L by p(z) = Px("()(l), where "( : [0,1] ---+ L is any curve of length 
:S Rjoining y = "((0) to z = "((1). Since L is simply connected, it has no holonomy 
and this definition is correct. Also, since M is compact, there exists a constant 
A > 1 such that the norm of any orthogonal projection between two plaques of U 
within distance :S E is bounded by A. Therefore, p maps B(y, R) into B(x, AR+<5), 
where <5 is an upper bound for distances between the projection of any point of 
T to a plaque P (within distance :S E) and the closest point of intersection of P 
and T. Also, since any two points Yl and Y2 admit a loop "( which is contained 
in L, passes through y, Yl and Y2, has length :S 4R and can be projected onto 
another one passing nearby x and through P(Yl) and P(Y2), the projection p is a 
A-quasi-isometry. After shrinking the image p(B(y, R)) into B(x, R) if necessary 
we can see that the balls B(x, R) and B(y, R) are TJ-quasi-isometric with TJ > 1 
which depends on the choice of E, U and the geometry of M only. Therefore, 

NdR,TJ):S r(4R,E,L):S r(4R,E,F), 

where r( 4R, E, L) is the smallest cardinality of (4R, E)-spanning subsets of Tn L. 
Now, the result follows from Proposition 2.4.7 and Remark 3.3.2. 0 

Applying Proposition 6.1.3 we get immediately 
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Corollary 6.1.6. If a complete simply connected Riemannian manifold of bounded 
geometry is quasi-isometric to a leaf on a compact Cl-foliated Riemannian mani
fold, then its complexity growth is at most exponential. 

The following example is due to Zeghib [Ze]. Roughly speaking, his con
struction consists in distributing around the hyperbolic plane ("an ocean") groups 
("archipelagos") of discs ("islands") containing positively curved domains ("moun
tains"). The size of archipelagos, islands and mountains grows polynomially in such 
a way that for each size we have super-exponentially many archipelagos with dif
ferent distribution of mountains of large but different size ("height"), so no two 
sufficiently large archipelagos are c-quasi-isometric for an arbitrary fixed c. There
fore, such an ocean has the super-exponential type of complexity growth. More 
precisely, we have the following 

Example 6.1.7. Take the hyperbolic plane H2, a number r > 1 and a ball B C H2 
of radius r5. Geometric properties of H2 imply the existence of a constant c > 1 
such that any ball of radius rm (m 2: 2, r 2: 1) contains k = cT pairwise disjoint 
balls of radius r m - l /2. Therefore, one can choose k points Xl, ... ,Xk E B such 
that d(xi' Xj) 2: r4 for i -I- j. Modify B by attaching standard spheres S2(r) of 
radius r (with a disc of a given radius J « 1 removed) at the points Xl, ... , Xj 
and standard spheres S2(r2) at the points Xj+l, ... , Xk-l. Let Do(j, r) denote the 
obtained Riemannian manifold while Dl (j, r) ~ our manifold Do(j, r) modified 
by attaching at Xk a sphere S2(r3 ). With these manifolds Do(j,r) and Dl(j,r) 
in hand, construct for any map a : {I, ... , k} ---+ {O, I} a Riemannian manifold 
M(a, r) by taking a hyperbolic ball B' of radius r7, k points Yl, ... , Yk E B' 
with d(Yi,Yj) 2: r6 for i -I- j, and replacing any ball B(Yj,r5 ) by Da(j)(j,r). 
Finally, choose a geodesic ray "( : [0, +00) ---+ H2 and a sequence (t n ) increasing 
so fast that tn+l - tn > 100· n 8 , and attach at the points "((tn) all the possible 
manifolds M(a, r) with r = 1,2, .... That is, for each n you have to remove the 
ball B(,,((tn ),r7) E H2 and to replace it with some M(a,r). 

Denote by M the Riemannian manifold obtained by the above construction. 
Clearly, M is complete and has bounded geometry. We claim that it has super
exponential type of complexity growth. That is, the complexity growth of M is 
exactly that of the function 

with some constants A and C greater than l. 
To prove this claim it is sufficient to show that if E > 1 is fixed and r is large 

enough, then the manifolds M(a, r) and M(a', r) are c-quasi-isometric if and only 
if a = a'. Since the number of all possible functions a : {I, ... , k} ---+ {O, I} equals 
2k = 2cr , this would show that N M (r 7 , c) 2: 2cr , proving the claim. 

So, fix E, take a large positive r and two functions a, a' : {I, ... , k} ---+ {O, I}. 
Assume that a(j) -I- a'(j), say a(j) = 1 and a'(j) = 0, for some j. Then, there 
exists a point Xo E Dl(j,r) (the "north pole" of the attached sphere of radius 
r3 or ~ if you prefer this terminology ~ the summit of the highest mountain) 
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such that voIB(xa,r3 ) ::::: a· r6 for some universal constant a > 0 (a ~ 47r). On 
the other hand, if x E Da(j,r), then B(x,r3) eM contains a hyperbolic ball of 
radius r and, therefore, vol B(x, r:l) ~ br for another universal constant b > 1. 
An argument similar to that of the proof of Proposition 2.2.16 shows that any 
c-quasi-isometry has to map Xa onto a point of D1 (i, r) for some i =1= j. 

The same argument shows that the "north poles" of all the standard spheres 
S2 (r2) contained in D1 (i, r) have to be mapped by any c-quasi-isometry onto some 
points of the spheres S2(r2) contained in D1(j,r). The same holds for north poles 
of spheres S2(r) in D1(i,r) and D1(j,r). Since i =1= j and the distances between 
different north poles exceed r4, this is impossible when r is large. 0 

By Corollary 6.1.6, the surface M in the example above is not quasi-isometric 
to a leaf of any C 1-foliation of a compact manifold. The first example of this sort is 
due to Attie and Hurder [AR]. Their manifold with super-exponential complexity 
growth is of dimension 6 and the estimate of its type of complexity growth is 
obtained by comparing Pontrjagin characteristic classes of pieces inserted into 
H 6 , the 6-dimensional hyperbolic space. Also, Schweitzer [Sch] has shown that 
a Zeghib's type construction performed over any complete non-compact surface 
~ provides a Riemannian structure on ~ with respect to which ~ is not quasi
isometric to a leaf of a codimension-one foliated 3-manifold. Schweitzer's argument 
is that ~ contains short loops which can be contracted to points only through 
very long curves, while any leaf L of any codimension-one foliation of a compact 
Riemannian manifold has the following property: For any a > 0 there exists A > 0 
such that any homotopically trivial loop 'Y on L of length lh) ::::: a admits a 
homotopy ht), 0 ::::: t ::::: 1, such that 'Ya = 'Y, 'Y1 = {pt} and l ht) ::::: A. Recall 
that Cantwell and Conlon [CC4] proved that every surface is homeomorphic to 
a leaf of a foliation of a compact 3-dimensional manifold, while Ghys [Ghl] and 
Inaba, Nishimori, Takamura and Tsuchiya [INTT] provided examples of open 3-
dimensional manifolds which are not homeomorphic (nor, homotopy equivalent) to 
leaves of codimension-one foliations of compact manifolds. It seems that examples 
of topological non-leaves in higher co dimension do not exist and that it is pretty 
hard to construct some of them. 

6.2 Expansive systems 

In the classical theory of dynamical systems, expansive mappings have been known 
and studied for a long time. The list of relevant references is too long to be pre
sented here, see [Wa] for some information. 

Definition 6.2.1. A homeomorphism f of a compact metric space (X, d) is said to be 
expansive when there exists a positive constant b (called a constant of expansion 
for 1) such that for any x and y in X, x =1= y, there exists n E Z for which 
d(r(x), r(y)) ~ b. 
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The reader can easily modify this definition to get the notion of an expansive 
map (not necessarily one-to-one). Also, it is possible to generalize this notion to 
the case of groups (or, pseudogroups) of homeomorphisms. 

Definition 6.2.2. A (finitely generated) group G acting on a compact metric space 
(X, d) is called expansive when there exists 5 > 0 such that for any x and y in X, 
x -1= y, one can find 9 E G for which d(g(x),g(y)) :::: 5. 

Rewriting this definition by replacing formally groups with pseudogroups 
could be confusing. By property (iv) in Definition 1.1.1, if x -1= y, U and V are 
disjoint neighbourhoods of x and y, respectively, 9 and h are elements of a pseu
dogroup 9 for which U C Dg and V C Dh , then k = glU u hlV is an element of 9 
which very likely expands x and y to the distance 5. That is, with such a definition 
almost all pseudogroups would be expansive and the notions of expansiveness for 
groups and pseudogroups generated by them would be completely inconsistent. 
Therefore, it is better to accept the following 

Definition 6.2.3. Let 9 be a good pseudogroup on a compact metric space (X, d) 
generated by a good finite symmetric set 91. 9 is expansive with a constant 5 > 0 
when for any two points x and y of X there exist n E Nand 9 E 9~ for which 
{x,y} c Dg and d(g(x),g(y)):::: 5. 

Working as in the proof of Lemma 2.4.3 one can show that expansiveness 
is independent of the choice of a good generating set 91. However, a constant of 
expansion may change while varying a generating set 91. Similarly, expansiveness 
is independent of the choice of the metric d on X. If d' is another metric on X 
(providing the same topology as d), then 

5' = inf{d'(x,y); x,y E X and d(x,y):::: 5} 

is positive and becomes a constant of expansion on (X, d') for any expansive system 
with a constant of expansion 5 on (X, d). 

Also, if two good Lipschitz pseudogroups 9 on (X, dx ) and H on (Y, dy ) are 
Lipschitz isomorphic, then one of them is expansive if and only if the other one 
is such. In fact, suppose that H is expansive with a constant 5, cP : 9 -t H is an 
isomorphism generated by a finite set CPa, 91 and HI are good finite sets generating 
9 and H, respectively, A :::: 1 is a Lipschitz constant for all the maps of CPa, 91 and 
HI, and TJ is a Lebesgue number for the covers of X by the domains of ¢ E CPa and 
of Y by the ranges of these maps. If x and x' are arbitrary points of X, x -1= x', 
then either dx (x, x') :::: TJ or there exists ¢ E CPa for which x and x' lie in D</>. In 
the first case, x and x' are certainly expanded to the distance TJ by idx E 9. In the 
second case, ¢(x) -1= ¢(x') in Y and there exists h E H for which ¢(x), ¢(x') E Dh 
and dy(h( ¢(x)), h( ¢(x'))) :::: 5. The element h of H can be chosen to be "minimal" 
in the sense that hE Hn and d(h'(¢(x)), h'(¢(x'))) < <5 for all h' E Hn- 1 . Then, 
d( h( ¢( x)), h( ¢( x'))) < M ::; TJ provided that <5 is small enough. If so, there exists 
'ljJ E CPa such that the points h(¢(x)) and h(¢(x')) lie in R,p, the range of'ljJ. With 
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this 'lj; we get dx(g(x),g(x')) 2: 5/>.., where 9 = 'lj;-1 0 h 0 cP. This shows that 9 is 
expansive with a constant 5' = min{5/>", 1]/>..2}. 

The above observation allows us to define expansive foliations. 

Definition 6.2.4. A C1-foliation F of a compact manifold M is called expansive if 
its holonomy pseudogroup 'liT is expansive for some (equivalently, any) complete 
transversal T. As usual, we equip T with the distance function defined by the 
Riemannian structure on T induced from a Riemannian structure on M. 

Expansive foliations were defined and studied by Inaba and Tsuchiya [IT] 
who defined expansivity in terms of holonomy maps along curves. That is, F is 
expansive with a constant 5 when, for any two points x and y lying on a small disc 
transverse to F, there exists a leaf curve, : [0,1] -+ Lx such that ,(0) = x and its 
holonomy lift l' to the leaf Ly through y satisfies the inequality d(r(1),1'(1)) 2: 5. 
Evidently, these two approaches are equivalent. 

It is known that expansive homeomorphisms of the unit circle Sl do not 
exist ([Wa], Thm. 5.27). However, one can easily construct an expansive group of 
homeomorphisms of Sl as well as an expansive foliation of codimension 1. 

Example 6.2.5. First, take two orientation preserving Morse-Smale diffeomor
phisms fo and h of Sl, each of them with exactly two periodic points Xi and Yi, 

i = 0, 1. Suppose that Xi'S are sources, y/s are sinks and that the sets Ui = {x E 

S\ fI(x) > 1 + 1]}, i = 0,1, become, for some 1] > 0, open arcs covering Sl. Let 5 
be a Lebesgue number of the cover {Uo, U1 }. We shall show that the free group r 
generated by fo and h is expansive with the constant 5. If x, Y E S\ x i- y and 
0< do = d(x,y) < 5, then there exists an index i1 E {O, 1} such that {x,y} C Uil . 

Then, d1 = d(h (X),fi l (y)) 2: (1 + 1])do. If d1 < 5, then {h (x), h (y)} C Ui2 

for some i2 E {0,1}, and so on. After a finite number of steps we end up with 
9 = lik 0···0 IiI E r such that d(g(x),g(y)) 2: (1 + 1])kdo 2: 5. 

Now, take any compact manifold M with the fundamental group 1f1 (M) 
containing a free subgroup generated by two elements Zo and Zl of 1f1 (M). Choose 
any homomorphism h : 1f1(M) -+Diff(Sl) for which h(zo) = fo and h(Zl) = h 
The suspension of h (see Section 1.3) provides an expansive foliation (in fact, a 
foliated bundle) of codimension 1. 

Calculating entropy of expansive systems is somewhat easier than for arbi
trary systems. This is because of 

Proposition 6.2.6. Let 9 be a good pseudogroup on a compact metric space (X, d) 
and 91 a finite good symmetric set generating 9. If 9 is expansive with a constant 
5, then 

h(g, 91) = s(c, 91) (6.2.1) 

for all c < 5. 

Proof. Recall that s(c, 91) = limsupn ..... oo ~ log s(n, c, 91), where s(n, c, 91) is the 
maximal cardinality of an (n, c)-separated set A C X and that two points x and 
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y of X are (n, c)-separated when there exists 9 E 9n such that {x, y} C D 9 and 
d(g(x),g(y)) 2': c. 

Take any c < o. Since 9 is expansive with a constant 0 and the complement of 
the c-neighbourhood ofthe diagonal ~ C X xXis compact, there exists m = m(c) 
such that the inequality d(x, y) 2': c implies that d(g(x), g(y)) 2': 0 for some 9 E 9m. 
This shows that any (n, c)-separated set A C X is also (n + m, o)-separated and 
implies the inequalities 

for all c < o. Clearly, the above yields (6.2.1). o 
Evidently, a similar argument applies to foliations of compact Riemannian 

manifolds and therefore we may write 

Proposition 6.2.7. If a foliation F of a compact Riemannian manifold M is ex
pansive with a constant 0, then 

h(F, g) = s(c, F) 

for all c < o. 
Here, s(c, F) is defined by (3.3.3) in Definition 3.3.l. 

(6.2.2) 

o 

There exist examples of expansive systems with zero entropy. The simplest 
one is that of an isometry of a finite metric space. However, good one-dimensional 
expansive systems have positive entropy. 

Theorem 6.2.8. [IT] Let 9 be a good pseudogroup of orientation preserving local 
homeomorphisms of a finite union X of non-degenerate compact intervals I j C JR. 
Suppose that 9 is generated by a good set 91 consisting of maps with connected 
domains. If 9 is expansive, then it has a resilient orbit and, therefore, its entropy 
is positive. 

Proof. Denote by 0 a constant of expansion of 9. Cover X with a finite number 
of closed non-degenerate segments Ki = [ai, bi], i = 1, ... ,m, of lengths less than 
0/3. 

First, observe that the union of orbits Y = U7:1(Q(ai) U 9(bi )) is dense 
in X. If not, X " Y would contain an open interval (0:, (3), 0: < (3. Shrinking 
it, if necessary, we would be able to find 9 E 9~ such that (0:, (3) C D 9 and 
d(g( 0:), g((3)) 2': o. The interval (g( 0:), g((3)) would contain some segment Ki and 
g-l(ai) (as well as g-l(bi )) would lie in (0:,(3) contradicting (0:,(3) n Y = 0. 

Next, note that X contains a local minimal set, i.e., a 9-invariant non-empty 
open set U such that any orbit 9(x) with x E U is dense in U. If not, there would 
exist points Si and ti arbitrarily close to ai and bi , respectively, and with orbits 
9(Si) and 9(ti) not locally dense. But, the argument similar to the above one 
shows the density (in X) of the set Y' = U7:1 (Q(Si) U 9(ti)), a contradiction. 

Also, one can see that there exist 9 E Un 9~ and i E {I, ... , m} for which 
Ki C int g( K i ) cU. In fact, we can find an interval I = (0:, (3), 0: < (3 entirely 
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contained in U and such that there exists h E Qf, lEN, for which I c Dh 
and d(h(a), h((3)) > J. Then Kil C h(I) c U for some h. Again, we can find 
hl E Qf, such that Kil c Dhl and d(hl(ai,),hl(bi,)) > J. Then Ki2 C inthl(Ki ,) 

for some i2. By induction, we can find infinite sequences (il' i2"") of numbers 
in E {I, ... , m} and (hl' h2, ... ) of maps in Un Q~ such that Kin+l C int hn(KiJ 
for all n. There exist integers m and n such that 1 :::; m < nand im = in. The 
interval K i= and the map 9 = hin 0 ... 0 hi=+l satisfy our requirements. 

For these Ki and 9 we have g(bi ) < bi , g2(bi ) < g(bi ) etc., so the sequence 
gn(bi ) converges to some x. Then g(x) = x and, since the orbit Q(x) is dense in a 
neighbourhood of x, there exists y in (x, b;) n Q(x). Evidently, gn(y) -7 X and the 
orbit through x is resilient. 

The second part of the statement follows directly from the first one and 
Proposition 2.4.10. 0 

This theorem applied to foliations yields 

Corollary 6.2.9. Any expansive codimension-one foliation contains a resilient leaf 
and has positive entropy. 0 

Inaba and Tsuchiya [IT] proved also that some expansive foliations of codi
mens ion greater than 1 have also positive entropy. Such foliations should be 
"strongly expansive" in the sense that any arbitrarily small transverse disc at 
a point x should be mapped by some holonomy map h onto a set containing the 
transverse disc at h(x) of radius J, J > 0 being a constant of expansion. 

6.3 Pseudo-orbits and pseudoleaves 

Pseudo-orbits for classical dynamical systems were introduced by Bowen [Bow2] 
and were used by several authors as a powerful conceptual tool in dynamics. In 
particular, Misiurewicz [Mis2], Barge and Swanson [BS] showed how to calculate 
topological entropy htop (J) of a continuous transformation of a compact metric 
space (X, d) in terms of pseudo-orbits. In this section, we discuss a similar question 
for foliations and finitely generated groups of transformations. We begin with the 
classical case of a single transformation. 

Let a be a non-negative number and G l a finite set generating a group G of 
transformations of a compact metric space (X, d). 

Definition 6.3.1. A map z : G -7 X is said to be an a-pseudo-orbit when 

d(z(hg), h(z(g))) :::; a (6.3.1) 

for all 9 E G and h E G 1. 

If G = Z is generated by a single transformation f, then (6.3.1) reduces to 

(6.3.2) 
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for all n E Z. Therefore, our definition is consistent with Bowen's. 
Clearly, O-pseudo-orbits coincide with genuine G-orbits of points of X. 
Now, let us say that two pseudo-orbits z and z' : G ---+ X are (n, 10 )-sepamted 

when 
d(z'(g), z(g)) :::: 10 (6.3.3) 

for some g E Gn . Let Xa be the the space of all a-pseudo-orbits (so, Xo is just the 
space of orbits) and Na(n, E) the maximal cardinality of a subset A of Xa such 
that any two pseudo-orbits z and z' of A, z -I- z', are (n, E)-separated. 

The following result is originally due to Misiurewicz [Mis2]. 

Theorem 6.3.2. If f : X ---+ X is a homeomorphism of a compact metric space 
(X, d), then 

1 
htop (J) = lim lim lim sup - log N a (n, E). 

6"---+00---+0 n---+CXJ n 
(6.3.4) 

We split the proof into some lemmas. First, equip the spaces X a , a :::: 0, with 
a distance function do, 

do(z, z') = L -kd(Zk, zU, 
kEZ 2 

and consider the shifts aa : Xa ---+ Xa given by 

for all k E Z. 

Lemma 6.3.3. htop(ao) = htop(J). 

(6.3.5) 

(6.3.6) 

Proof. Denote by s( n, E) and Sa (n, E) the maximal cardinalities of subsets of X 
and Xa which are (n,E)-separated with respect to to f and aa, respectively. 

By definition, if points x and y of X are (n, E)-separated by f, then their 
orbits ZX and zY are (n, E)-separated by ao with the same nand E. Therefore, 
so(n, E) :::: s(n, E) for all nand 10, and this yields the inequality htop(J) ::; htop(ao). 

On the other hand, if the orbits ZX and zY are (n, 10 )-separated with respect 
to ao, then 

L 2~jl d(Jk+j (x), fk+j (y)) = do(a~(zX), a~(zY)) :::: 10 
jEZ 

for some k ::; n. There exists m = m(E) EN such that 

For this m we obtain 

1 
L 2j 
j>m 

10 
< . 

4diamX 

m 

L 2~ld(Jk+j(x),fk+j(y)):::: ~ 
j=-m 
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and 

for some k S; nand j E {-m, ... , m}. This shows that the points x and yare 
(n + m, E/8)-separated. In this way, we have obtained the inequality so(n, E) S; 
s(n + m(E), E/8) which yields the relation htop(o-o) S; htop(f). D 

Lemma 6.3.4. No:(n,E) S; so:(n,E). 

Proof. The statement follows directly from the inequality do(z, z') 2': d(zo, zb) 
which holds evidently in view of (6.3.5) and implies do(o-~(z), o-~(z')) 2': d(Zk' zU 
for all k E Z, z and z' in Xc>' D 

As usually when defining entropy (compare Section 3.1.1), put 

So:(E) = lim sup ~ log so:( n, E). 
n----",oo n 

The most important step in the proof of the theorem is the following 

Lemma 6.3.5. so(E/2) 2': info:>o Sa(E). 

Proof. Let Uc be the cover of X by all the open balls of radius E /2. By the argument 
of the proof of Theorem 3.1.3, 

and 

where the last equality follows from elementary calculus and from the relation 
N(U V V) S; N(U) . N(V) which - as was mentioned in Section 3.1.1 - holds for 
arbitrary open covers U and V of X. It follows that 

for all n. Since all the spaces Xc> are compact and Xo = na>o X a, the distance 
between Xo and the complement of Xa (in, say, Xl) decreases to 0 as a ----> O. 
Therefore, if A is a maximal (n, E)-separated subset of Xo and a is small enough, 
then any E-ball centred at a point of Xc> intersects at least one of the E-balls centred 
at points of A and this implies that Sa (n, E) ----> So (n, E) when a ----> O. Passing to 
suitable limits yields the statement. D 

The inequality "S;" in (6.3.4) is evident. To prove the reverse just compile 
Lemmas 6.3.3 through 6.3.5. D 
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A good part of the above argument can be adapted to the case of an arbitrary 
finitely generated group G of transformations of X. For instance, we can define a 
distance in Xc> by 

do(z,z') = f: 21k maxd(z(g),z'(g)) 
gEGk 

k=O 

and lift the action of G to Xc> by 

ag(z)(h) = z(gh) 

(6.3.7) 

(6.3.8) 

for all 9 and h of G. Clearly, the maps a g are supposed to play the role of the 
shifts ac> in the proof above. It is easy to rewrite the proofs of Lemmas 6.3.3 and 
6.3.4 to get analogous results for G. In particular, the entropies of G with respect 
to any finite generating set G l on X and X o are equal. However, the argument in 
the proof of Lemma 6.3.5 is purely "one-dimensional", in the sense that the group 
there is just Z and has linear growth. Moreover, the example below shows that 
the equality analogous to (6.3.4) does not hold for general groups. 

Example 6.3.6. Consider the group f described in Example 6.2.5 and use the 
notation from there. Take any point x E Sl, a > 0, c: > ° and n E N. Choose any ,= 1;,,0'" 0 fi1 in f n and let Y = ,(x). Then, Y E Uin+1 for some in+l E {O, I}. 
Put Yl = fin+1 (y) + a. Again, Yl E Uin+2 for some in+2 E {a, I} and we put 
Y2 = fin+2 (Yl) + a. We continue defining consequent points Y3, Y4, ... in such a 
way that Yk+l = fik+1 (Yk) when Yk E Uik+1. The Mean Value Theorem shows that 
d(Yrn' fi n+= 0··· 0 fin+l (y)) 2': c for some mEN which depends on a, c and 'TI, a 
constant involved in Example 6.2.5, only. 

Define an a-pseudo-orbit z = z(r,x) of f as follows: 

(1) z(g) = g(x) for all 9 E fn and any 9 E fk" f k- l , k > n, of the form 9 = g',', 
where g' E f k - n , " E f nand " =1= ,. 

(2) If ,(x) E Uo, then put hI = fo, otherwise hI = II and, in both cases, Z(hl') = 
hl(r(x)) + a. 

(3) Assume that hl, ... ,hk E fl and Z(hk ... hn) are already defined. If 
z(hk ... hI') lies in Uo, then put hk+l = fo, otherwise hk+l = II and, in 
both cases, 

(4) If kEN, mEN, h = h~, ... hihk ... hn, where h; E fl' hi =1= hk+l and 
hi =1= hkl, then z(h) = h~n" .hi(z(hk ... hl'))' 

Roughly speaking, z(" x) is obtained by a suitable modification of the orbit 
f(x) along a single, originated at " branch of the Cayley graph of f. 

The Mean Value Theorem shows that d(z(hk ... hn),hk ... hn(x)) 2': c: 
whenever k satisfies the inequality k > log(c:/a)/ log(l + 'r]), 'r] being the constant 
from Example 6.2.5 as before. 
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It follows that for any (n, c)-separated set A C 8 1 the set 

A, = {zb,x), IE rn and x E A} 

of all the pseudo-orbits built as above is (n + m, c)-separated for some m indepen
dent on n. Consequently, 

and 
1 

lim lim lim sup -logsa(n,c) 2': log 2 + h(r,r1). 
E---+ 0 a---+O n---+CXl n 

The suitable result concerning calculation of h( G, G 1) in terms of separated 
pseudo-orbits reads as follows. 

Theorem 6.3.7. For any group G of Lipschitz transformations of a compact metric 
space X and any finite symmetric set G I generating G we have the equality 

(6.3.9) 

where 
. 1 

Sf3(c) = hmsup -log sf3n (n, c) 
n---+CXJ n 

(6.3.10) 

and (J = ((In) ranges over the set of all the sequences of positive reals which decrease 
to 0 as n --+ 00. 

Note that the "error" (In decreases to 0 as n --+ 00 and this is the principal 
difference between this result and the classical one (Theorem 6.3.2). 

Proof. The proof is quite analogous to that of Theorem 6.3.2, so we just sketch it 
here emphasizing some differences. 

As we mentioned before, G acts on the space X""' a 2': 0, of a-pseudo-orbits 
and the entropies of G (with respect to G1 ) acting on X and on X o, the space of 
genuine orbits, are equal. Take any a-pseudo-orbit z, the genuine orbit z' of the 
point z(e) and any g E Gn . Since all the maps of G are Lipschitz, the inequality 

d(z(g),z'(g)):S a· (1 + L + ... + Ln - I ), 

where L is a Lipschitz constant for all the maps g E G1 , holds. 
This shows that if A = {Zl' ... , Zk} is an (n, c)-separated subset of Xa and 

the product 
a· (1 + L + ... + L n - 1 ) 

is small enough, then the set A' = {z~, ... z~} of corresponding orbits z;, z; (e) = 

zi(e), is (n, c')-separated with c' sufficiently small, say c' = c/10. Clearly, #A' = 
#A, so 
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if 0: is small enough. This implies inequality "2:" in (6.3.9). 
The converse inequality is obvious since any genuine orbit belongs to Xc> for 

any 0: > O. 0 

Note that the same result holds for pseudogroups of locally Lipschitz trans
formations of X (see [BW1]). However, one has to define carefully pseudo-orbits 
of pseudogroups and to find a good distance function on Xc>' It occurs that for 
our purposes one can define o:-pseudo-orbits of a finitely generated pseudogroup 
g as maps Z : Dz ---+ X, Dz c goo = Un gn being the domain, such that 

(i) eEDz , 

(ii) Dz c g(z(e)) = {g E goo; z(e) E Dg}, and 

(iii) if 9 E Dz and h E gl, then hg E D z if and only if z(g) E Dh, and then 
d(z(hg), h(z(g))) ~ 0:. 

Since the domains of different pseudo-orbits can differ, the formula analogous to 
(6.3.7) does not define any distance function on Xc> and one has to modify it, for 
instance in the following way: 

and 

do(z, z/) = f: 21n max{d(z(g) , z/(g)); 9 E gn n Dz n Dz'} 
n=O 

m-I 

dl(z,z/) = inf{L do(zj,zj+d; Zj E X""zo = z and Zrn = z/}. 
j=O 

Note that the function do is symmetric and non-negative but a priori does not 
satisfy the triangle inequality while d l satisfies all the axioms of distance. There
fore, (Xc>, dd, 0: 2: 0, become metric spaces. One can check that they are compact 
and therefore we can repeat the proof of Theorem 6.3.7 to get the same result for 
pseudogroups. 

Applying the above to holonomy pseudogroups of foliations one can consider 
their pseudo-orbits. Since orbits of holonomy pseudogroups correspond to leaves 
one can expect the analogous correspondence between holonomy pseudo-orbits 
and submanifolds called pseudoleaves in [In2]. 

Definition 6.3.8. An o:-pseudoleaJ (0: 2: 0) on a compact foliated Riemannian 
manifold (M, F) is a complete immersed submanifold N of M such that dim N = 

dimF and the angle between tangent spaces TxN and TxF (x E N) is at most 0:. 

This condition can be expressed by the following inequality: 

max { min{lv - wi; v E TxN, Ivl = I}; wE TxF, Iwl = I} ~ \/2(1- cos 0:). 

(6.3.11) 
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It is easy to see that any o:-pseudoleaf N equipped with a base point x E N 
gives rise to a pseudo-orbit ZN of the holonomy pseudogroup if only 0: is sufficiently 
small. To see this better let us take a nice covering U of (M, F) such that any 
two overlapping plaques P and Q of U are contained in a geodesicallY convex ball 
on the corresponding leaf of F and consider the holonomy pseudogroup 1i = 1iu 
acting on the transversal T = Tu determined by U. First, put zN(e) = x. Then, 
if ZN(g), 9 E 1i, is already defined and h = huv is an elementary holonomy map 
corresponding to suitable overlapping charts U and V of U, then define zN(hg) 
as the end point of the lift i to N of a unique minimal leaf geodesic 'Y joining 
ZN(g) to h(ZN(g)). By definition, i is a unique curve in N originated at ZN(g) and 
projecting orthogonally onto 'Y. Such i exists if only 0: is small enough. It is clear 
that ZN becomes a ,B-pseudo-orbit of 1i for some ,B = ,B(o:) such that ,B "" 0 as 
0: "" O. The correspondence 0: f-+ ,B(o:) depends on U and the geometry of (M, F). 

Constructing pseudoleaves from holonomy pseudo-orbits is not so obvious in 
generaL We shall show how to perform such a construction in the case of foliated 
bundles. The construction consists in suitably "stretching" a submanifold (seen as 
a membrane) on a "frame" built from all the points of a holonomy pseudo-orbit. 
It provides non-trivial (that is different from the leaves themselves and manifolds 
obtained by tiny local deformations of leaves) examples of pseudo-leaves. 

First, let us recall the notion of the centre of mass in Riemannian geometry 
(see [BK] for more details). 

Let N be any Riemannian manifold and x EN. Assume that r > 0 is so 
small that r < rx = min{r(x), :t7r/II;}, where r(x) is the injectivity radius of Nat 
x and 11;2 > 0 bounds from above the sectional curvature of Non B(x, r). For any 
points Xl, ... , xm of B(x, r) and any non-negative reals >\1, ... , Am (masses of the 
points Xl, ... , x m ) with Li Ai = 1 the function 

X f-+ L Ald(x, Xi)2 

i 

is strictly convex and admits a unique minimum point c = c( {(Xi, Ai)}). This point 
c is called the centre of mass of xi's with respect to the mass distribution (Ai). It de
pends smoothly on xi's and Ai's. That is, if N' is any other manifold, (AI, ... , Am) 
- a smooth partition of unity subordinated to an open cover (UI , ... , Um ) of N' 
and Ii : Ui ---4 B (x, r), i = 1, ... , m - differentiable maps, then the map 

N' 3 Y f-+ c( {(fi(Y), Ai(Y))}) 

is smooth. 
Now, let F be the suspension of a homomorphism I : r ---4 Diff(F), where 

r = 7r1(B), Band F are compact Riemannian manifolds (Example 1.3.8). Lift 
the Riemannian structure of B to B, the universal covering of B, equip B x F 
with the product Riemannian structure and project it to M = (B x F)/r. Let 
r I be a finite symmetric set generating rand Z : r ---4 F be an o:-pseudo-orbit, 
0: > o. Cover B by open sets U .. p 'Y E r, in such a way that U"! n U~ i=- 0 if and 
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only if ,',-I E r1. This can be achieved, for instance, by defining the sets U, as 
'I]-neighbourhoods of the sets 

v, = {i E B; d(i, ,(io)) s: d(i,,' (io)) for all,' E n, 
where io is a fixed base point of B and 'I] > 0 is sufficiently small. Next, choose 
any smooth partition of unity A" , E r, with supp A, C U, and define the map 
[ : B ---+ M by the formula 

(6.3.12) 

where 7r : B x F ---+ M is the canonical projection. Note that if z is a genuine 
orbit, then ,-lzh) is the same for all, E r. Since for any i E B the number 
of strictly positive weights A,(i) is finite, all the points ,-I zh) corresponding to 
positive weights are close and [ is well defined whenever a is sufficiently small. 
Clearly, [ maps B onto a leaf of Fo when z is a genuine orbit of r. Therefore, 
again if a is small enough, [ is an immersion of B into M which provides us with 
a ,8-pseudoleaf of F, ,8 = ,8(a) being a positive number which depends on a and 
the geometry of (M, F). As before, ,8(a) "'" 0 as a "'" o. 

In spite of the fact that the above construction cannot be performed in the 
case of an arbitrary foliation, a result analogous to Theorem 6.3.7 holds for folia
tions and pseudoleaves. To formulate it we have to define the notion of separation 
of pseudoleaves. 

Definition 6.3.9. Let (M, F, g) be a compact foliated Riemannian manifold. Two 
a-pseudoleaves N1 and N2 C M equipped with base points Xl E NI n T and 
X2 E N2 nT, T being a complete transversal, are (R, c)-separated when either 
dM(XI,X2) 2: co or there exists a curve,: [0,1] ---+ NI (resp,,: [0,1] ---+ N 2) 
originated at Xl (resp., at X2), of length lh) s: R and such that its orthogonal 
projection l' onto N2 (resp., onto Nd originated in the ball B N2 (X2,cd (resp., in 
BNl (Xl, EI)) exists and satisfies 

(6.3.13) 

Here, co and CI are positive constants which depend on the geometry of (M, F) 
and provide the existence and uniqueness of suitable orthogonal projections NI :3 

X f--+ i E B N2 (y,cd whenever NI and N2 are a-pseudoleaves, as: ao, y E N2 and 
dM(x, y) < co. 

We shall denote by Sa (R, c, F) the maximal cardinality of a set of pairwise 
(R, c)-separated pairs (N, x), N being an a-pseudoleaf of F and X being a point of 
N n T. Also, for any function ,8 : (0,00) ---+ (0,00) such that ,8(R) "'" 0 as R ---+ 00 
we put 

. 1 
S{3(E, F) = lIm sup -R log s{3(R) (R, E, F). 

R~oo 

(6.3.14) 

With this notation we have 
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Theorem 6.3.10. The geometric entropy h(F, g) a foliation F of a compact Rie
mannian manifold (M, g) satisfies the equality 

h(F,g) = lim infs(3(c,F). 
0--->0+ (3 

(6.3.15) 

Note that here again the "error", this time seen as an angle, (3(R) decreases 
to 0 as R ---+ 00. 

Proof. Since genuine leaves of F become O'-pseudoleaves for any 0' > 0, the in
equality ":s" becomes obvious. 

To prove the converse cover M by "coins" Uy , y E Y, as in the proof of 
Theorem 3.4.1. Recall that the coins are defined by 

Uy = U B.r(x,I::.), 
xETy 

where 
Ty = exp(B1-(Oy, p)), 

and I::. and p are small enough. 
Fix a small number TJ > 0 and make Y c M finite and dense in such a way 

that any point of M is at most TJ/2 apart in dM-distance from one of the points Y 
of Y and TJ/2 apart in the leaf distance from a point of T = UyEY Ty . 

Next, take 0' > 0 and e > 0 sufficiently small, two (R,c)-separated 0'

pseudoleaves N l , N2 with base points Xl, X2 and the corresponding (3(0' )-pseudo
orbits Zl, Z2 of the holonomy pseudogroup H = Hu , where U = {Uy, Y E Y}. 
Here zi(e) = Xi, so if dM(Xl,X2) 2:: co, then the pseudo-orbits Zl and Z2 are (n,e)
separated for any n. If "( : [0,1] ---+ N l , "((0) = Xl, l(ry) :S R, is a curve separating 
Nl from N2, then shorten "( if necessary in such a way that dM(ry(l),,'y(l)) = e 
and d(ry(t),i(t)) < e for all t E (0,1). Split "( into n = [1 + R/(21::. - 2TJ)] pieces 
"(j of length l(ryj) :S 21::. - 2TJ. Set x~ = Xl, X~'+l = "((1) and denote by xj the 
mid-point of "(j, j = 1, ... , n. Find points Yj E Y for which dM(Yj, xj) :S TJ/2. 

If 0' is small enough, each piece "(j lies entirely in Uj = Uyj . If hj = hu,uJ+l 
is the holonomy map and gj = hj 0 ... 0 ha, then, again if 0' is small enough, 
dN,(Xj,Zl(gj)) :S TJ, Zl(gj) E Uj for all j and 9 E D Z, . Similarly, gn E DZ2 if e 
is small enough. Moreover, since dN, (Zl(gn),"((l)):S TJ and the similar inequality 
holds for Z2(gn) and i(l) on N2, dM(Zl(gn),Z2(gn)) 2:: Ge for some G > O. Hence, 
the pseudo-orbits Zl and Z2 are (n + 1, Ge)-separated and, consequently, 

sa(R, e,F) :S 8(3(a)([2 + R/(2J - 2TJ)]' Ge, H) (6.3.16) 

for 0' and e sufficiently small. 
Passing to suitable limits we obtain from Theorem 6.3.7 the estimate of the 

right-hand side in (6.3.15) by (21::. - 2TJ) -1 h(H, HI). Since diamU = 21::. and TJ > 0 
is arbitrarily small, the required inequality follows from Theorem 3.4.1. 0 
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a) b) 

Figure 6.1: Orienting leaves of the Reeb component: a) unsuitable, b) suitable. 

Remark 6.3.11. The construction described above of a pseudoleaf from a pseudo
orbit allows us to get an example of a "virtual leaf' which can be defined as a 
family of quasi-isometric a-pseudo-leaves (a > 0) with super-exponential com
plexity growth. 

To this end, choose disjoint open arcs h, h C 8 1 and two diffeomorphisms 
h,12 preserving the arcs and satisfying the following condition: 

(*) If a > 0, then there exists m = m( a) E N such that for any sequence kl' ... , km 

of elements of the set {1,2} and any points x E hand y E 12 there exists a 
suitable (connecting x to y) "piece" of an a-pseudo-orbit of the group generated 
by hand h, that is a sequence ZI, ... ,Zm of points of 8 1 for which ZI = x, 
Zm = Y and d(iki+l (Zi), Zi+l) ::; a for any i = 1, ... , m - l. 

Define a homomorphism of the fundamental group r = 1rl (~2) of the closed 
oriented surface ~2 of genus 2 into the group Diff(81) by 

where ai, bi are the standard generators of r for which alblallblla2b2a2"lb2"1 = e. 
Suspend this homomorphism to get a foliated 8 1-bundle (M, Fo) over ~2. Then, 
construct a-pseudo-orbits z'" of r which stay in h outside m( a)-neighbourhoods of 
some elements gl, g2, ... of r mapped by z" onto y. Equip M with a Riemannian 
metric for which all the leaves of Fo become hyperbolic (curvature = -1). Extend 
each z'" to an a-pseudoleaf ~'" : I;2 ---; M. 

Next, choose a loop I passing through y E h C 8 1 eM transverse to Fo and 
turbulize Fo in a neighbourhood N(r) of,. The obtained foliation F possesses a 
Reeb component R(r) contained in N(r). Modify the Riemannian structure of M 
inside N( I) making the leaves of FIR( I) non-negatively curved. Finally, modify ~'" 
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by pasting to I;2 large pieces of the leaves of the Reeb component at all the points 
mapped onto y by La. Make this carefully enough to get a-pseudoleaves of F. 
In particular, choose properly (see Figure 6.1) orientations of leaves within and 
around R('y) to make the construction performable. Also, choose properly sizes 
of our "non-negatively curved islands" and their distribution all over the I;2 to 
get pairwise quasi-isometric pseudoleaves of super-exponential complexity growth 
(compare Example 6.1. 7). See [Wa13] for a more detailed description. 

Remark 6.3.12. Hurley [Hur] defined several different entropies of inverses of maps. 
If a map is not one-to-one, its inverse is just a relation, not a map. In [LW1], 
the authors introduced a notion of entropy for some relations. When applied to 
inverses of maps, it coincides with one of Hurley's entropies. This entropy has 
been shown by Langevin and Przytycki [LP] to vanish for inverses of arbitrary 
maps of a circle as well as for inverses of rational maps of the Riemann sphere. 
Hurley has shown also some relations between his entropies expressed, for example, 
in terms of pseudo-orbits. More relations of this sort were obtained recently by 
Nitecki and Przytycki [NP] who provided also several striking examples which 
show how different is the behaviour of entropies of inverses in comparison to the 
classical topological entropy of maps. In [LW2] and [LW3], the authors introduced 
more dynamical invariants (like transverse entropy of a flow tangent to a foliation, 
pressure of co cycles for pseudogroups, strength of resiliency for leaves, etc.) for 
different systems and obtained some relations between them. We can imagine that 
some of them can be expressed also in terms of pseudo-orbits and pseudoleaves. 

6.4 Generic leaves 

As was mentioned at the very beginning of this chapter, we shall complete it 
by a presentation of an application of harmonic measures to a description of the 
topology of generic leaves. The main result presented here is the following 

Theorem 6.4.1. [Gh3] Let F be a foliation of a compact manifold M equipped with 
a Riemannian metric and with a harmonic Borel probability measure f.J,. The union 
of all the leaves of F with 0, 1, 2 or a Cantor set of ends is of f.J,-measure 1. 

First, let us recall that an end of a locally compact topological space Z is a 
map E which assigns to each compact subset K of Z an unbounded (that is such 
that its closure in noncompact) connected component E(K) of Z " K in such a 
way that 

Kl C K2 ===} E(K2) C E(Kl). 

If Z admits a countable basis, then the space E(Z) of all the ends of Z can be 
equipped with a metric topology. It can be induced by the distance function d 
defined by the formula 
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where Kl C K2 C ... is a countable family of increasing compact subsets of Z 
for which Z = Uj K j . The topology induced by d is independent of the family 
(Kj ). One can show that £ (Z) equipped with this topology is compact and totally 
discontinuous (see [Ep], for instance). We say that Z has a Cantor set of ends, 
when £(Z) has no isolated points. 

Next, let us consider a harmonic measure J-l on (M, F). Proposition 6.4.4 
plays a fundamental role in the proof of the above theorem. In its proof we shall 
use a slightly delicate version of the classical Poincare Recurrence Theorem. 

Let f : X ----+ X be a measure preserving transformation of a probability 
space (X, fJ,). The classical Poincare Recurrence Theorem reads as follows. 

Theorem 6.4.2. If A c X is a measurable set and J-l(A) > 0, then almost all the 
points of A return infinitely often to A under positive iterates of f, i. e., there exists 
a subset B of A such that J-l(B) = J-l(A) and for any point x of B one can find an 
infinite sequence nl < n2 < n3 < . .. of natural numbers for which all the points 
ri(x), i E N, lie in A. D 

This theorem is pretty well known and it is easy either to manage to prove 
it or to find its proof in the literature ([Wa], p. 26, for instance). 

Theorem 6.4.2 implies that the function RA : A ----+ N assigning to each x of 
A the time of its first return to A can be defined almost everywhere on A: 

RA(X) = inf{n > 0; r(x) E A}. 

The following property of RA will be used later. 

Theorem 6.4.3. [Ka] The first return time Junction RA is measurable and 

i RAdJ-l = 1 - J-l(n':=oBn ) :S 1, 

where Bn = f-n(x "A). 

(6.4.1) 

This theorem seems to be not so popular and its proof is a bit delicate, hence 
we decided to give the proof here to make the book more self-contained. 

Proof. The proof of measurability of RA is rather standard. To establish (6.4.1) 
let An = f-n(A) = X" B n, ao = 1 and an = J-l(Bo n ... n Bn-d when n 2': l. 
Then 

J-l(A n Bl n··· n Bn n An+d = an - 2an+! + an+2. 

In fact, set theoretic manipulations and f-invariance of J-l implies that 

J-l(AnB1 n··· n Bn nAn+!) = J-l(A n Bl n··· n Bn) - J-l(A n Bl n··· n B n+1 ) 

= (J-l(B1 n ... n Bn) - J-l(Bo n ... n Bn)) 

- (J-l(B1 n··· n Bn+d - J-l(Bo n··· n Bn+d) 

= (J-l(Bo n··· n Bn-d - J-l(Bo n··· n Bn)) 

- (J-l(Bo n··· n Bn) - J-l(Bo n··· n B n +1 )) 

= an - 2an +l + an +2· 
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Since RA == k + 1 on An Bl n··· n Bk n Ak+l, it follows that 

i RAdtJ = ~(k + l)tJ(A n Bl n··· n Bk n Ak+d 

= nl~ (~(k + l)ak - 2 ~ kak + ~(k -l)ak) 

= lim (ao - (n + l)an + nan+d 
n-+CXJ 

= 1 - lim (n(an - an+l) + an). 
n-+CXJ 

It is clear that the above partial sums increase, hence the terms 

decrease and, consequently, converge. The series 
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(6.4.2) 

converges as well. In fact, the difference an - an+l is equal to the measure of the 
set of all the points x EX"" A which enter A at time n for the first time and these 
sets are pairwise disjoint. Therefore, 

n 

2)ak - ak+l) ::; tJ(X) = 1 
k=1 

for all n EN. It follows that 

lim n(an - an +l) = O. (6.4.3) 
n-+oo 

In fact, if n(an - an+d -+ c > 0 as n -+ 00, then 2~ ::; an - an+l for n large 
enough and the series 2:n n-1 would converge. 

Relations (6.4.2) and (6.4.3) imply (6.4.1). 0 

Proposition 6.4.4. If B c M is a Borel set, then, for tJ-a. e. x of M, the intersection 
Lx n B of B with the leaf Lx of:F passing through x either is empty or approaches 
all the ends of Lx, i. e., any non-compact domain V C Lx with compact boundary 
av = V "" int V intersects B. 

Proof. Let us consider the space OF of all the leaf curves "( defined on the interval 
[0, +00) and its subspaces O~, A c M, of all the members "( of OF with "((0) E A. 
Put 0; = Of;,} for all x of M. Equip the spaces 0; with the Wiener measures 

Wx and define the probability measure p on OF by 

as in Section 4.7. 

P = r wxdtJ(x) 1M 
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For any Borel set B C M define a function R B : OF -+ 1'1 U { oo} by 

REb) = inf{k E 1'1; ry(k) E B} = inf{k E 1'1; Skb) E O~}, 

where ST' T 2: 0, is an endomorphism of OF given by ST (ry) (t) = ry( t + T) (compare 
(4.7.31) in Chapter 4). Since Sk = (Sdk and, by Proposition 4.7.13, j1 is ST 
invariant for all T, Theorem 6.4.3 implies that 

and, by the Fubini Theorem, 

(6.4.4) 

for f.L-a.e. x of M. 
Also, for any compact subset K of a non-compact leaf L of:F define a function 

rK : Or -+ [0, +00] by 

rKb) = inf{t 2: O;ry(t) E K} = inf{t 2: O;SO E O{}. 

We intend to prove the following claim: The equality 

(6.4.5) 

holds for all x of any unbounded connected component of L " K. 
For this purpose, denote by f(x) the left-hand side of (6.4.5) and take any 

small ball BeL" K. For any ry E O~ we have 

and therefore f(x), x E B, can be decomposed as 

f(x) = JI(x) + Jz(x), 

where 

JI(x) = r rEJBdwx and Jz(x) = r rK(SrBBb)b))dwxb). 
in;; in;; 

From the theory of diffusion and Brownian motion ([Fe], [IW] etc.) it follows that 
Jz is either infinite at all the points of B or is finite and harmonic in B. Similarly, 
JI is finite, C2-differentiable in Band 6.JI = -I, 6. being the Laplace operator 
on L. Therefore, in each connected component of L " K, f is either identically 
infinite or finite, C2-differentiable and 6.f = -1 there. 
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Since L is a leaf on a compact foliated manifold M, its geometry is bounded, 
in particular its injectivity radius is bounded from below by a positive constant 
co. If c < co and S(x, c) c L is the sphere of centre x and radius c, then 

where c is a positive constant which depends on c and the geometry bounds of L 
only. It follows that f(x) > mc if only dL(x, K) :::: 2mc, dL being, as usual, the 
Riemannian distance on L. This means that 

f(x) ----+ 00 when dL(x, K) ----+ 00. 

Assume now that V is such a component of L " K that f is finite on V. 
If the set K is contained in a smooth manifold Ko C L, dim Ko = dim L, with 
the boundary aKo, then - since 6.f = -1 - the inequality f :::: TI along the 
boundary of V n K o implies the same inequality all over V" Ko. Therefore, all the 
sets V n f-1(a), a:::: Tlo = inf flV n Ko, are compact and the sets V n f- 1((0, aD 
are relatively compact in L. 

Passing to a twofold covering, if necessary, we may assume that L is oriented 
in such a way that all the fluxes <l?a, a> Tlo, of the gradient \7 f over the subman
ifolds V n f-1(a) corresponding to all the regular values a of f are non-negative. 
If a < b are such regular values, then by Stokes' Theorem 

- vol(V n r 1 ([a, b])) = r 6.f = <l?b - <l?a 
}vnj-l([a,b]) 

and consequently 
vol(V n j-1([a, b]) :::: <l?a 

for all such b > a. It follows that vol(V n f- 1(a,00)) :::; <l?a < 00. Since the 
set V n f- 1(0, a] is relatively compact, its volume is finite, vol V < 00 and V is 
bounded. (If not, by recurrence of leaves in compact foliated manifolds, it would 
contain an infinite family of pairwise disjoint balls B l , B 2 , ... of radius c > 0, 
volBi :::: v(c) > 0 for all i and vol V = 00.) This proves the claim. 

To complete the proof of the proposition take first a Borel set B C M, a 
point x of B and a connected non-compact set V C Lx with compact boundary 
avo Let 

n~ v = b E n~;I'(l) E V}. 

Clearly, wx(n~ v) > O. Let Vx be the measure on Lx induced by Wx and the map 
n~ :3 I' f--+ 1'(1)'. Then 

vx(V) = wx(n:v) > O. 

Assume that B n V = 0. Then 

REb) :::: 1 + inf{t E [1,00); I'(t) E aV} 



206 

for any '"Y E n: v. Therefore, 

By (6.4.5), if y E int V, then 

Consequently, 

r ravdwy = 00. J[lF 
y 
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(6.4.6) 

Relations (6.4.4) and (6.4.6) show that B n V -=I 0 and, therefore, the intersection 
B n Lx approaches all the ends of Lx for J-l-a.e. x of B. 

Finally, denote by B(7]), 7] > 0, the set of all the points x E M for which the 
Lx-distance from B does not exceed 7]. Considering collar neighbourhoods of ends 
one can see that if B(7]) n Lx approaches all the ends of Lx, then the same holds 
for B n Lx. Denote by A(7]) the set of all the points x of B(7]) for which B(7]) n Lx 
approaches all the ends of Lx and by A the set of all the points x of M for which 
B n Lx approaches all the ends of Lx· Then A = UT) A(7]) and J-l(A(7])) = J-l(B(7])) 
by the previous argument. Therefore, 

B being the F-saturation of B. o 

To begin the proof of Theorem 6.4.1 let us choose a nice covering U of (M, F). 
Denote by T the complete transversal determined by U and by H the holonomy 
pseudogroup of F acting on T. Recall (Section 4.7) that a harmonic measure on 
M decomposes in each chart U of U as 

(6.4.7) 

where mx = fx . vol.F, fx is a harmonic function on the plaque Px C U (x E Px), 
vol.F is the Riemannian volume element on the leaves and a-u is a Borel measure 
on the transversal Tu C U. The measures a-u, U E U, constitute a measure a- on 
T. 

The following fact is evident from (6.4.7). 

Lemma 6.4.5. If AcT is H-invariant and a-(A) = 0, then J-l(A) = 0, where A is 
the F-saturation of A, that is A is the union of all the leaves of F passing through 
the points of A. 0 
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Therefore, we can reduce the problem to a discrete case, that of the orbits 
of H. 

Let H 1 be the generating set consisting of all the elementary holonomy maps 
corresponding to overlapping charts of U. Given x E T, define a distance function 
dH in H(x), the H-orbit of x, as follows: 

dH(y, z) = inf{m; y = h(z) and hE Hm}, y, z E H(x), 

where, as in Chapter 1, Hn denotes the set of all the superpositions of n generating 
elements. Then, consider the graph H(x) which has vertices at all the points of 
the orbit H(x) and edges of length 1 connecting any vertices y and z for which 
dH(y, z) = 1. As we have seen in previous chapters, the leaf Lx and the graph 
H(x) are quasi-isometric. This observation implies directly the following 

Lemma 6.4.6. The spaces of ends E(Lx) and E(H(x)) are homeomorphic for any 
point x of M. 0 

Therefore, Theorem 6.4.1 is equivalent to 

Theorem 6.4.7. The set of all the points x of T for which H(x) has 0,1,2 or a 
Cantor set of ends is of full a-measure in T. 

Observe also that Proposition 6.4.4 implies directly its discrete version which 
can be formulated as 

Proposition 6.4.8. If BeT is a Borel set, then, for a-a.e. x ofT, the intersection 
B n H(x) either is empty or approaches all the ends ofH(x). 0 

Let us consider for a moment an arbitrary locally finite graph f. Fix kEN. 
For any finite connected graph ~ C f containing at most k vertices, define w(f,~) 
as the union of all the connected components fa of f " ~ such that the closure 
fo has exactly one end. Moreover, let wk(f,~) be the set of all the points ~ of 
w(f,~) for which dH(~'~) > k and let Wk(r) denote the union of all such sets 
wk(f, ~). Finally, let Bk(r) = f" wk(f). 

Lemma 6.4.9. If E(r) contains an isolated element and k is large enough, then 
Bk (r) -I f and Bk(r) does not approach some of the ends of f. 

Proof. If E(r) contains an isolated end Eo, then there exist a connected finite 
graph ~ C f and a connected component fa of f " ~ such that fo has just one 
end. Therefore, w(r,~) -I 0 and Wk(r) -10 whenever k is bigger than the number 
of vertices of ~. For such k, Bk(r) -I f. Obviously, Bk(f) does not approach 
Eo. 0 

Lemma 6.4.10. If #E(f) 2: 3, then Bk(f) -10 for k large enough. 

Proof. Let Kef be a connected compact set for which f "K consists of pairwise 
disjoint connected components V1 , ... , V m, where m 2: 3. Take any k 2: diam( K) + 
1. We shall show that K C Bk(r). 



208 Chapter 6. Varia 

Suppose that this is not true. Then there exists a connected finite graph 
~ C f containing at most k vertices and such that wk(f,~) n K =I- 0. There exist 
also a connected component fo of f " ~ and a point x of K such that fa has 
exactly one end, x E fa and dH(X,~) > k. Since k is bigger than the diameter of 
K, K n ~ = 0 and K C fa. Also, ~ is contained in a connected component, say 
VI, of f" K. Since K is connected, the union K U V2 U··· U Vm is connected as 
well. Therefore, K U V2 U ... U Vm C fa and fa has at least two ends (contained 
in V2 and V3 ), a contradiction. 0 

Let us come back to our foliated manifold (M, F) and let 

Bk = U Bk(H(x)). 
xET 

It is clear from Lemmas 6.4.9 and 6.4.10 that applying Proposition 6.4.8 to one of 
the sets B k , k = 1,2, ... , yields Theorem 6.4.7 (and Theorem 6.4.1 at the same 
time). Therefore, it remains to show that we are allowed to do this, i.e., that Bk 
is a Borel set for any kEN. 

Lemma 6.4.11. Bk is a Borel subset ofT for any k = 1,2, .... 

Proof. Let us make first some observations which lead towards the proof of our 
lemma. 

(i) The collection wm of all the sequences (Xl, ... , xm), Xj E T, such that 
Xl, ... ,Xm belong to the same orbit of H is a Borel set. In fact, if Hoo = UnEN Hn , 

then 
wm = U 

occurs to be a countable union of Borel subsets of Tm. 
(ii) The distance function dH : W 2 ---+ N is Borel measurable. 
(iii) The collection of all the points X of T for which H(x) has exactly one 

end is a Borel set. In fact, H(x) has one end when H(x) is infinite and for any 
kl E N there exists k2 E N such that arbitrary points y and z of H(x) satisfying 
the relations 

dH(x, V), dH(x, z) 2 k2 

can be joined by a path contained entirely in the complement of the ball B(x, kd C 

H(x). These properties can be described by countable operations of union and 
intersection of Borel sets. For instance, H(x) is infinite whenever 

xE n U 

(iv) Given a finite connected set ~ C Hoo , the collection of all the triples 
(x, y, z) E W 3 such that X EngEl'.. Dg while y and z belong to the same connected 

component of H(x) " ~(x) is a Borel set. In fact, points y and z belong to the 
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same component of H(x) '-.. ~(x) if and only if there exists a path embedded in 
H(x) '-.. ~(x) and connecting x to y; and the set of all such paths is countable. 

Combining observations (i)-(iv) we get 
(v) Given kEN and ~ as above, the collection of all the pairs (x, y) E W 2 for 

which x E ngE6 D g , dH(y, ~(x)) 2': k and the connected component ofH(x)'-..~(x) 
containing y has exactly one end is a Borel set. 

Now, the statement of our lemma follows since Bk can be seen as the union 
of all the sets considered in (v) for all connected finite subgraphs ~ and the family 
of all such subgraphs is countable. 0 

This completes definitely the proof of Theorem 6.4.1. 

Now, let us restrict our attention to the case of an orient able foliation F of 
dimension 2. As before, consider a nice covering U of (M, F) and the corresponding 
holonomy pseudogroup 1-l. For any chain "( = (h1, ... , hk ) of holonomy maps 
hj E 1-l1 define VI' as the set of all the points x of Tn DhkO .. oh, which are fixed 
by hk 0 ... 0 h 1 . For any two such chains "( and "(' let VI',I" be the set of all 
x E VI' n VI" for which the corresponding free homotopy classes of loops on Lx 
have intersection number ±1. The set VI',I" is Borel and the number of possible 
pairs ("t, "(') is countable. Therefore, Proposition 6.4.8 implies that, for CT-a.e. x of 
T and any pair ("t, "('), either 1-l(x) n VI',I" = 0 or H(x) n VI',I" approaches all the 
ends of H(x). 

If a leaf Lx has non-zero genus, then there exist on Lx loops with intersection 
number ±1 and then x E V

"
I" for some chains "( and "('. Therefore, Lx has genus 

o if only 1-l(x) n VI',I" = 0 for any "( and "('; in this case, all the ends of Lx are 
planar. 

If 1-l(x) n VI',I" approaches all the ends of H(x), then there exist on Lx pairs 
of loops which have intersection number ±1 and which approach all the ends of 
Lx. In this case, Lx has no planar ends. 

These observations, Theorem 6.4.1 and the well-known classification of non
compact orient able surfaces (see [Ril) yield the following 

Theorem 6.4.12. [Gh3] If J.L is a harmonic measure on a compact foliated manifold 
(M, F), F is orientable and dim F = 2, then J.L-almost all points x of M belong 
to the union of all the leaves diffeomorphic to one of the following surfaces (see 
Figure 6.2): 

(i) a closed surface, 

(ii) the plane lR. 2 , 

(iii) the cylinder lR. x 8 1 , 

(iv) the "Cantor tree", i.e., the sphere 8 2 with a Cantor set removed, 

(v) the "Loch Ness monster", i.e., the plane with infinitely many handles at
tached, 
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c) d) 

----------------~ 

DODD 

Figure 6.2: Generic leaves: a) plane, b) Loch Ness monster, c) cylinder, d) Jacob's 
ladder , e) Cantor tree, f) blooming Cantor tree 

(vi) the "Jacob's ladder", i.e., the cylinder with infinitely many handles attached 
in the direction of both ends, 

(vii) the "blooming Cantor tree", i.e., the Cantor tree with infinitely many handles 
attached in the direction of all the ends. 0 

Roughly speaking, Theorem 6.4.12 says that ~-almost all the leaves of Fare 
of one of the types (i)- (vii). 

Finally, let us note that Theorems 6.4.1 and 6.4.12 could be formulated for 
laminations rather than foliations. To get such generalization one should rewrite a 
good part of the theory of harmonic measures (Section 4.7) in terms of laminations. 
Since this is not done here, we decided to formulate the results of this section in 
terms of foliations and to leave generalizing them to the reader. 
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